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PREFACE 


Tli(^ ])resont volume consists of fli(‘ second lialf of the second 
volume of the French (‘dition of (loursat's "(\)urs d’AnalNSi*. 
Mathemat.i({U(‘.” As was stated in th(‘ pndace to tlu‘ first half 
of this volume, it. S(‘em(‘<l Ix'st, for ]>ur|)oses of Ammacan schools, 
to issu(‘ thes(», two jiarts scjKirately, and this was dom; with the 
a])])roval of Proh^ssor (Joursat.. 

Tt is h()])(‘d that the pi’t'seiit volume, whiidi is (*ntith‘(l DitTermi- 
tial F(iuat.ions,” will provi* st‘rvi<*eal)le in American universities 
for (tourses wliudi bear that name. 

K. H. IIKDUICK 
OTTO DUNKKL 
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DIFFERENTIAL EQUATIONS 


ClIIArTEll I 

ELEMENTARY METHODS OF INTEGRATION 

I. FORMATION OF DIFFERKNTIAI. KCiOATIONS 

1. Elimination of constants. Let us eonsidei* a family of plane 
curves represented by the equation 

(^) Vi ^ 2 ^ * * * > ^«) “ 

whieli depends upon n arbitrary constants. If we assign to these (!on- 
stants deliiiite but arbitrarily chosen values, the succ.essive derivatives 
of the fun(5tioii ;// of the variable x defined by the preeeding equation 
are furnished by the relations 




d^F ^ d^F , . 



^->J = 0 , 

d^F 

dV , , 

, dx^ 



If we stop with the equation for calculating the derivative of the 
Tith order, we shall have in all + 1) relations between .r, y, //', 

• . and the constants • • •, The elimination of these n 

constants leads in general to a single relation between jc^ y, y , y^"\ 

(3) //, /,//',•••,//"') =0- 

From the very way in which the equation (3) is derived it is clear that 
every function defined by thci relation (1) satisfies this equation (3), 
whatever may be the values assigned to the constants c ^ ; hence 
we say that any such function is a ijartb'xdor integral of the differ- 
ential equation (3). The whole set of these particular integrals is 
the general integral of the same equation. Using geometric language 
for convenience, we shall also say that every curve represented by 

3 
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ELEMENTARY METHODS OF INTE(HiATION [i, § i 


the equation (1) is an integral ciu've of the equation (3), or that the 
equation (3) is the ditferential equation of the given family of 
curves (1). 

W e see that the order of the differential equation is equal to the 
number of arbitrary constants upon which that family of curves de- 
pends. It is also clear that the reasoning does not at all prove that 
the equation (3) has no other integrals than those whictli are repre- 
sented by the equation (1). In fact, the equation (3) may have other 
integrals, as we shall see presently. 

The above .statements do not apply to the exceptional cases in which the 
elimination of the n parameters r,- between tlie (n + 1) relations (1) and (2) leads 
to several distinct relations between x, y, y\ y'\ . . //(»). We could in those 
cases find one relation not containing so that the family of curves con- 
sidered would be the integral curves of a dilTenmtial ecpiation of an order less 
than n. This will occur if these curves depend in reality upon only n — p 
pammeters (p>0). For example, the curves represented by the equation 
1/, 0(a, 1))] = 0 apparently depend upon two arbitrary parameters a and b ; 
in reality they depend upon only a single parameter c = </>(«, 6). There is also 
another way in which the lowering of the order of the differential e(piatioii may 
occur. For example, the curves represented by the equation = 2 ax y bx^ 
really depend upon the two independent imrameters a and f>, yet these curves 
always satisfy tlie equation y = xy\ This is because the preceding eciuation 
represents two straight lines through the origin, each of which is an integral 
curve of the eciuation y = xy\ 

Examples, 'llie straight lines pas.sing through a fixed point (a, b) are repre- 
sented by the equation 

(4) y-b^ C(x^a) 

and depend upon an arbitrary parameter C. The elimination of this parameter 
between the preceding relation and the relation y' — C leads immediately to 
the differential equation of this system of straight lines : 

(5) y-h = /(x-tt). 

Conversely, we can write equation (5) in the form 

y—b x—a 

and therefore every integral of that equation satisfies the relation 
Log (y^h) = Log (X - a) + Log C, 

which is equivalent to the equation (4). 

The set of all straight lines in a plane, y = C^x form a two-parameter 
family whose differential eejuation is y" = 0. The converse is self-evident. 

The circles in a plane 

( 6 ) 


x’‘ + y^ + 2Ax + 2By + C = 0 
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form a three-parameter family ; the corresponding differential equation must 
therefore be of the third order. Differentiating the preceding relation tiiree 
times, we find 

(7) X + yy' + ^ + By' = 0, 1 + + yy" 4- By" = 0, 

+ yy'" + By'" = o. 

The elimination of B between the last two equations leads to the desired equation 

( 8 ) y"'0 + y'^)-Sy'y"^=:0. 

The only plane curves satisfyiiijr this relation are circles and straight lines. 
We see lirst of all that any straif'ht line is an intt^^ral curve, for the equation 
is satisfied if we have y" = 0 and therefore y'" = 0. Now let us suppose that 
y" then we can write the equation (8) in the form 

y'" ^ ^y'v" ^ 

v" i + y''^ ’ 

from which we derive 

+ 2/'2) + Log(7^, 


where Cy^ is a constant different from zero. This result may be written in the form 


= Cy, 


A second integration gives 


(1 + y'i)i 


: — CyX> + O2 


V1 + /2 
or 

ClX+ O2 ^ 

integrating once more, there results finally 


G^y + G, =- Vl - (GjK + G.^)“, 

which is the cipiation of a circle. 

The differential equation of all conics may be found easily by tbe following 
method, which is due to Ilalphen. If the conic has no asymptote parallel to 
the ?/-axis, its ecjuation solved with respect to y is of the form 


y = mx + )i + V Ax^ + 2 + C, 

After two differentiations we find 


,, A C - 2 

~ {Ax^ + 2 J 1 x+ a)i’ 
or 

(2 ,")- i = (AC -n^)-i(Ax^ + 2 Hx + C), 


SO that (2/")“V8 is a trinomial of the second degree in x. Hence, to eliminate 
the three constants A, H, C three differentiations are sufficient, and the desired 
differential equation can be written in the abridged form 


dx^ 


[(,/')-!] = 0. 
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ELEMENTARY METHODS OF INTEGRATION [i, § i 


Carrying out the differentiations, we obtain the equation 


( 0 ) 


40y"'« - iby"y"'yi'' + 9y''^y'' = 0. 


The differential equation of parabolas may be found by the same method. 
We have, in fact, for a parabola .4 = 0, and is a binomial of the first 

degree. The differential equation is, therefore, in an abridged form. 


dx^ 




or, after carrying out the indicated* differentiations, 
(10) 6y"'^ ^ = 0. 


IT. EQUATIONS OF THE FIRST ORDER 

Every differential equation of the nth order, formed by tlie elimi- 
nation of the constants, has an infinite numlxu- of integrals that 
depend upon n arbitrary parameters. But it is by no means evident 
that a differential equation given a priori has any integrals. This 
involves a fundamental question to whi(;h we shall return in the 
following chapter. We shall first consider some simple types of 
differential equations of the first order whose integration can be 
effected by quadratures. The existcuice of the integrals will be 
established by the very method by which we obtain them. If this 
order of procedure seems subj(*ct to criticism from the point of 
view of purci logic, we may at least observe that it conforms to the 
historical development of the subject. 


2. Separation of the variables. The simplest type of differential 
equation is the equation already studied, , 


(H) 


(lx 


=/(*), 


where /(j*) is a continuous function if the variable x is real, or an 
analytic function if we regard the independent variable x as com- 
plex. We have seen that that ecpiatioii has an infinite number of 
integrals which can be represented by the relation 




f{r)dx + r, 


where the lower limit is considered as fixed, and where C denotes 
an arbitrary constant. The equation 



( 12 ) 
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reduces to the preceding by considering y as the independent vari- 
able and X as the unknown function. Tlie equation may then be 
written in the form a,nd consequently 



In general, when a differential ecjuation is solved with respect to 
the derivative of the unknown function, it is often convenient to 
write it in the differential notation, 

(13) P (x, y) (lx -h Q (.r, y) dy = 0. 

This form does not commit us in any way as to the choice of the 
independent variable, which may be either x or y. If we wish to 
substitute for x and y new variables u and v, we need only replace 
X, y, dx, dy in the equation (13) by their corresponding expressions 
in terms of u, v, dit, dv. Let us also notice that we may, without 
changing the integrals of the equation (13), multiply or divide both 
its terms by the same function of x and y, (x, y), ])r()vided that we 
take account of the solutions of the equation (x, y) — 0 which may 
be made to appear or may be suppressed by the 0 ])tiration. The two 
cases which we have just treated are particular (*ases under a more 
general method, called the sepuratUm of varlfddes. If a differential 
ecjuation of the first order is of the form 

(14) Xdx + ydy=z(), 

where X and 1^ depend only u])on x and y res])ectively, we say that 
the uariuhles are separated. Tlie eipiation is then integrable by quad- 
ratures, for if we put 



the equation can be written in tlie form dll = 0, and the general 
integral is represented by the relation U — C. 

The equation 

(15) A Fj dx -f Xj Ydy = 0, 

where X and X^ depend only u])on x, and where Y and Y^ depend 
only upon y, can be reduced to the preceding form by dividing the 
two terms by It should be noticed that in this example the 

solutions of the two equations, X^ = 0, F^ = 0, are suppressed. Indeed, 
it is clear that if y = 6 is a root of the equation F^ = 0, y = is an 
integral of the proposed equation, while in general it will not be 
included in the general integral of the new equation. 
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3. Homogeneous equations. A differential equation of the first order 
is said to be homogeneous if it can be written in the form 



where the right-hand side is a homogeneous function of degree zero. 
It can be reduced to an integrable form by putting y = ujCy where 
the new variables are x and u. This substitution gives 


dy 

dx 


du 

u -i-x — f 
dx 


and the equation ( 16 ) becomes 




We can now separate the variables by writing the equation in the 
form 

dx ^ du 

X ^ 

and the general integral is obtained by one quadrature in the form 

/ du 

We have only to replace in it u by y/x in order to obtain the equation 
of the integral curves. 

The general equation of that family of curves is of the form 
X =C<l}(j//x), where C is an arbitrary constant. These curves are 
all similar to any one of them, with the origin as center of simili-' 
tude, the ratio of similitude being alone variable ; for we can derive 
the preceding equation from the equation x = <l>(y/x) by replacing 
X and y in it by x/C and y/C respectively. Conversely, given a 
family of curves similar to each other with respect to the origin, the 
corresponding differential equation of the first order is homogeneous. 
We can verify this by actual calculation, but the result is evident 
a priori, for the tangents to the different curves of that family at 
the points of intersection with a straight line through the origin 
must be parallel, and therefore the slope of the tangent f depends 
only on the ratio y/x. 

We can reduce to the homogeneous form any equation of the type 
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where c, a\ h\ c' are any constants, except that h and h' are not 
both zero. In order that this equation be of the desired form, it is 
sufficient that c = c' = 0. Now, if we put 

x = A'-fa, 

where X and Y are the new variables and where a and p are any 
two "constants, the given equation becomes 

dY _ / a A" -\r hY aa hp c \ 
dX \a'A' + i'K + «'« + + c7 ’ 

and this new equation will be homogeneous if 

aa + hp -f- 0 = 0, a'a -|- hp -|- c' = 0. 

These two conditions determine a and p if ah' — a'h is not zero. 
In the particular case in which ah' — a'h — 0, suppose 0; we 
shall have a'jc + h'y = I' (aw />//), where /• is a constant which has 
a finite value. Putting aw by — a, the equation takes the form 



in which the variables are separat(‘d. 

4. Linear equations. A liiu»ar diffennitial equation of the first 
order is of the form 

(19) g + A> + A', = 0, 

where A and A'^ are functions of x. If = 0, we can write this 
equation in the form 

(20) y + Xdx = 0, 

and the general integral is obtained by one quadrature in the form 

- f 

( 21 ) = • 

In order to integrate the complete equation (19), where X^ is 
supposed different from zero, we shall try to satisfy that equation 
by taking for y an expression of the form (21), considering C no 
longer as a constant but as an unknown function of x. This 
amounts to making the change of variable y = Yz, where is the 
aew function to be determined and Y any one of the integrals 
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of the efjuHtioii (20). After this substitution, the e<iuation (19), 
by virtue of the relation (20) whieh 1’ satisfies, takes the form 


>■ 1 + 


which is intcgrable by one (luiulrature. Wc derive from it 

where (' is an arbitrary (Constant. The general integral of the 
e(|uati()n (li)) is thendbn* obtainable by ftro sttrcfsslre f/utulrntun'it, 
Ue,plaeing )' by its valiu‘, we (‘an again write it in the form 


( 22 ) 

wlien^ th(i lower limits in tin* two integrals are chosen at pleasure. 

The g(‘n(‘ral int(‘gral is an infvijml linear funrt Inn nf the enru^tant 
of infet/ratinn of tie* form //== ^ ’/(-(*)+</> (•/*)> wht*re /’(j*) and 
are detinite functions of jr. This property characterizes the linear 
(Mluation, for if we eliminab* tlu* constants between the preceding 
eiiuation and thi‘ ecpiation 

we are evidently led to a relation that is liiu»ar in // and //'. 

This r(‘sult may be stat(*d in another way. Let //^ be thiw 

pjirticidar inb'grals of tlie linear eipiation, corr(‘S])onding to the 
valu(‘s (\^y of the constant ; the elimination of the two func- 
tions y\.r) and </>(.(•) betwetMi the thr(*e relations, 

.'/i = \.fV) + <#> (•'■)> .'/j = ^ 'i-tV) + 4 > (•'•), !u = ( ',/(•'•) + «#> (•'•). 

h'uds to till' rchition — //,)/(//.j — .'/,) = (^'a — which 

shows that the ratio — if — //|) is constant for any three 
particular integrals of a linear ecpiation. If we know two jiarticular 
intt'gials //j of a linear equation, we can then write down imme- 
diately the geiuual integral in the form 


y-i - Hx 

rt is also to lx* lu^ticed that if we know a single jxirtuuilar inte- 
gral //p the general integral (*an l)e obtained by a single quadrature ; 
in fact, putting // = -p we are led to the eciuation A'(£ = 0, 

whieh is identical with the ecpiation (20). 



I,§t«] Etir.VTIOXS OF THE FIKST ORDER 11 

5. Bernoulli’s e<]ustion. llomoulli’s <Hiuivtion 

(23) ;'5 + .Y,/+AV/“ = 0, 

where the ex])onent n may 1 k' any nuinlu'v dilTerent from zero and 
from unity, ean be reduced to a linear tMjuation by tin* substitution 
z — // tor then we can Avrite the precedinjj^ e(]uation, aftei 
dividing all its terms In if, in the form 


^^ (* can reduce* to the* |>r<*ce*ding tvjM* any e*»|ualion of tlu* form 

(-1) -f H" Ux'^^Xihj - //f/.i ) 0, 

where* /• and m are* any twei numlH*rs w]jal(*M‘r. f'or if we* |>ut 
If = iix, the eejuation obtaine*el can Ik* writte*n as follows: 

[<#> ( '0 4- ''‘A ( '0 J 4- .rij / ( /o -h ♦ - - 0, 

.and, putting r: = we are* le*d to a line*ar e*(iualion. 


6. Jacobi’s equation. Le*t us remside’r the eijuation 

-- //dj-) 

\ — (h + fi'x -f h’ y)(hj -f (e f r'x -f- 0 , 

where e/, n', a", h, e, r\ r" uie* any eonM.iiit eoenieients. It a h r t), 

ttie e<iuaticm (•()ine*s uiideT type (*24), lor we ha\«* only to di\idi’ In c'.r fi''// to 
reduce it to this type, lu older to n’lluee the p’uer.'d e’ase to this paitieidar 
case, let us put x = X + a, // - )’ + fty wliere .V and V aie two now variaiiles 

and where a and (i are two constants. Thus we; obtain a iww »’«juati«ni ot the, 
same form, wliich can be written as follows: 

{ (u'X 4 - err)(Xdr- rd.v) 

+ n"Y).r~ .IXpiT 

+ [C + <’'X + c"r- (.1 + ^t'x -f - ^1 >']dx - 0, 

Avhere 

A — a -Y a' a + 71 =- b -f h'a + h"(i, f ,' — c 4 . r/(x + c"/ 3 . 

This equation (25') will be f»f the type (24) if we have A (x — /f 0, Aft — (' ~r 0 . 
We are th?ii led to determine the constants rr, ft hy thcKj* two (‘oiidifions, whi<’h 
may he written in a more symmetric form by introducing an auxiliary un- 
known X : 


X ^ X = 0, 


71 — Xa — 0, 


C-\ft- 0 . 
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The elimination of the unknowns or, leads to an auxiliary equation of the 
third degree for the determination of X : 


a — \ a' 

b b'-\ 

c c' 



The integration of Jacobi’s ecjuation depends, then, first of all on the solution 
of this (*(|u^tion of the third degree, as will be seen by other methods a little 
later. 


7. Riccati*8 equation. RiceatFs equation 


( 2 (;) 




where .V, A'^, A'.^ are fiiiietions of .r, eannot in gtMieral he integrated 
hy (|uadratur(‘S. ^Flii* iiih^grals of this e(|nati()n, when tlu‘ eoidheients 
are unrestrie,te(l, form new transeemlental fiiiudions, whose proper- 
ties w(; shall study. I hit this (*(j nation is related to the matter whieh 
W(‘ are disiuissing on a(*eount of the following jiropmty : If tre 
knotr a jm rtivuhfr intrtjrnf irr atn Jiml the (jeneml inteynd htj tiro 
quiKlntturrs, 

L(‘t //j he a iiartie.iilar int(‘gral. Tlu^ change of variable // = //^ -f- r, 
leads to an eipiation of the same form whieh does not contain any 
term independent of since a; = 0 must he an integral ; that eipia- 
tion is, ill fact, 

(27) 'Jj + (.V, + 2 .Y//,).^ + A = 0, 


ami wi» have only to ]>ut u ^\jz in order to transform it into a 
linear eiiuation. This proves the proposition just stated. 

From this result, several important consequences follow. The 
gimeral integral of the lim‘ar eijiuition in u is of the form (§ 4) 

u =r/(.r)-f 

hence the general integral of the Rieeati equation is of the form 


(28) 




1 






We see that it is a rational fuin'twn of the first dnjrer in the constant 
of integration. Conversely, every differential equation of the first 
order whieh has this property is a Rieeati equation. For, let/(T), 
<^(.r), <^j(.r) Ih' any four functions of .r ; all the functions y 

represented hy the expression (28), where r is an arbitrary con- 
stant, are integrals of an equation of the first order, which is eiusily 
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obtained by s(»lving the e(iuation (L>8) for (' and then taking the 
derivative. Tins gives 

-!/<!> 

' = ; ) 

iU-Jx 

and the corresponding differential equation is 

0//- /i) - //</>') - (<#>1 - (/// -f !tf -fx) = 0, 

wliich is of j)re<;isely the form (2()). 

/A) Vr ifv /A integrals corn'.sjioiuling to the 

values (\, Tg, of the constant i\ l>y the theory of the anhar- 
nionie ratio we have the relation 

/A - Hx ^ !h ~ !h ^ ^ ^ ’i 

/A -.'A ’ /A “/A ‘ 

which is easily veriii(*d also hy direi't cahmlation, and whicli proves 
that ///c anhannunic rafhi *{f tiff fnur //tirfiru/ar uifi tjnfls uf Iiirnt/Pit 
f‘f/ifafion i,s ronsfanf. 

This th(‘orein (Mialdes us to find without any (piadrature iln» gtui- 
eral intt*gral of a Uiccati ecjuation when W(‘ know threi* of its ]>arl.ic- 
ular inh‘grals //j, //^, //^. Kverv other integral // must Im* such that 
tin* anliarinonic ratio (// — //,)/{//— /A^“^A'A /A^/A'A ” //••) 

stant. Idle geiu'ial inl(‘gral is then obtained hy equating this ratio to 
an arhitiary eonstaiit. It is clear that // will he a rational function 
of tin* first degr(*(* in this constant, uhiidi jirovc'S that tin* |)reeediiig 
projH*rty belongs only to tin* Uiccati equations. 

Let us observe that if we know only two particular integrals, //^ 
and //.^, wt^ can conijdcti* tin* integration by itnr quadrat un*; for, 
after the iirst traiisfonnat ion // - //j -f- r;, the e(|uation obtained in z 
iias the integral //^ — //j. The liiicai 4*<piati()n in n has tlierefon* the. 
known ])articular integral 1, (//^ -" //, )• ^I'hc general intc*gral of the 
eipiatioii ill u will tln*ii be found by a singh* quadrat un*.* 

AppUration. L<*l us reiisiUi'r a family cin les in a jilam*, vvliii li depeiKlH 
ujjiui one \ariable parameter. Let (a, }») be tin* eomiliiiates of the center of tlm 
variable circle and let I< be its nnlius (the axi*s being rectangular). We sball 


•The properties of Hieeati's equation estahlishetl in the text <-an be derlveil also 
by obser>ing that the equation is not 4 'hange«l in form hy any general linear traim- 
formation // - ifz + 0)/^ A ^ ^ ^i)» ''here/,/,, 0, 0, are funetlmis of r. If Aie. know 
one, two, 4 >r three integrals of the equation <‘an ah\ays ehoose tin* linear 

tran.sfnniiatimi in such a "ay tliat, in the transformed e(|iiat]oii in z, one, two, or 
three of the eoerti< i»*nts of tiu* jwdynoiiiial 4»f the seeoml degree in z will he /eni. A 
linear 4 *quatimi may he regarded as a Kieeatl ispiation which is satisfied by the 
particular integral »/= «» that is, such that the equation obtained hy putting ym \/z 
has the solutiuu z«0. 
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suppose that a, 6, li are known functions of a variable parameter a. Let us try 
to find the curves which cut each of these circles at a known angle V, which 
may be constant or a given function of a. The coordinates of any point M of 
the circle C with the center (a, h) and the radius R can be represented by the 
eejuations 

X = a + /i cos 6^ y = 6 + R sin 0^ 


where $ is the angle which the radius terminating at the point M makes with 
the direction Ox, The problem reduces to the determination of the angle ^ as a 
function of the parameter ^r, so that the curve described by the point M cuts the 
circle C at the angle V, The differential ecpiatiun of the problem is therefore 


ctn V = 


- - — tan 0 
dx 


1 + tan 6 


(Ij 

dx 


which becomes, after replacing dx and dy by their values and reducing, 


n 


de 

dit 


4- // cos — ((\sin d — ctn V(R' + a' cos^ -f h'shi $) =; 0, 


where a\ R' are the derivatives of u, />, R with n'spect to a. Taking for the 
new unknown t = tan (d/2), we obtain the Riccati ecpiation 

(2i)) 2 + (<'(1 - t-) - 2<t't - ctii r[/f'(l + fi) + u'(l - + 2t/t] = 0. 

It will suffice, then, to know a single traj(‘ctory in order to obtain till the others 
by two quadratures. 

Let us consider tlu* particular case of orUuxjonal trajertorivs ; the angle V is 
then a right angle, and the cotangent is zero. If we alst) su]»pose that the circles 
consider4*d have their cent4*rs on a straight line, we know a priori two particular 
integrals of the eiiuation (2tb, tor the line of the centers is an orthogonal tra- 
jectory and meets each circle in two points. It is easily shown that the inte- 
gration requires only one iiuadrature, for if we take the x-axis for the line of 
ctuilers, the equation (21)) re»luces to R(dt/dx)— at — 0. 


8. Equations not solved for y\ lii the different eases which we 
have just examiiuql the e<iuation was supposed to In* solved with 
respect to //'. Let us now consider the general eipiation of the first 
order F(.r, //, //')= 0. Let N l)i» the surface represented hy the equa- 
tion F(.r, //, x)=: 0, obtained by replacing if by To every integral 
y zsz of the ])roposed equation there corresponds a curve F, rep- 
resenttnl by the relations 

(r) '/=/(A 

which lies entirely on the surface since we have 
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But this curve F is not *iny curve on the surface N ; alonj^ this ciivvi', 
in fact, y and z arc functions of .r satisiying tlic relation — 
and that relation preserves the same form if we take any independ- 
ent variable in place of a*. 

Conversely, let T be a curve lying on tlu* surface N; the eotirdi- 
nates a-, ijy z of a point of that curve are functions of a variable a. 
If these three functions, .r = y ), *. - <^.,(^0, satisfy the 

relation dy = zdr^ we cun dediuv from thmu an inti‘gral of thegivi'ii 
equation; for the iirst two relations, x = // ~ rejnesent 

a plane curve (\ Let y =/(a*) be the etpiation of that eurv(‘, supjios- 
ing it solved for y. Along the entirt*, curve V wt^ hav(‘ -=/\.r), and 
consequently 7^’[a-,/(.r), /'(*r)] = 0; the eurvi‘ r is tlun-efore an inte- 
gral curve. There would be an ex(‘eption only in ease tin* curve 
were to reduce to a point, and the curve Y to a straight line jiaralh'l 
to Oz. The two problems an* then e(|uival(*nt : to integrate tht» given 
equation F(xy y, y')~ 0 or to iind the curv(‘s of the surface S for 
which we have 

dy ~ zdx = 0. 

This being the c.tise, let us suppose that wa* can (‘X]>ress the coor- 
dinates of a jioint .r, //, z of the surface *s’ (*xj)licitly as funct ions of 
two variable; iiarameters Uy v : 

.r =/(//, c), y =-■ <^(//, c), -- r). 

Every curve Y of the surface* S is obtained by (‘stablishing a <*crtain 
relation bi*tween w and r, and, in order that, that ciirvi* shall define 
an integral, it is necessary and snflicieiii that w«* have f/y ~ zdxy or 

Cu Cv \Vu / 

We have thus a differential efpiation drfdu -- 7r(e, c), solved with 
respect to dv/du. It is clear that the prcc(*ding discussion ajiplies 
also to equations which can Ik; solved for y\ 

This transformation is iinim*diate for the equations solved for one 
of the variables jr <)r //. For examjile, let tin; ucpiatioii lx; 

(•*^0) y=/(.r, y';; 

we can here take for tin; variable jiaraineters x and tj — />. Tin; sup 
face S is then represenUxl ]>y the equations 


X Xy 





16 


ELEMENTARY METHODS OF INTEGRATION [i, 5 8 


and the relation dy = zdx becomes 


(31) 


P = 


djr dp dx 


This result (jould have been obtained directly by differentiating the 
relation (^10) and rejdacing //^ hy y>. Let (') l>e the general 

integral of the equation (.‘^1) ; to deduce from it the general integral 
of the equation (30), it will only lie necessary to replace y' in the 
equation (30) by <^(./*, r). 


9. Lagrange’s equation. Ti('t us consider in particular .an ecpiation 
linear in the two variabl(*s x and // : 

O'^S) // = W)4-iAry). 

Diff(‘rentiating the two sides, and denoting y' by y?, we obtain the 
ecpiation 

P = ^{p) + ^<^\p) + ^\p) -Jy 

If we consider p .as the* ind(*p(Uid(*nt v.ariabh*, and x Jis the unknown 
function, that e<iuation, which can Ix) written in the form 

d T 

[</»(;') - pI -j- + + <l>'ip) = 0 , 

is linear and is integr.able by two qtiadratures. Having obtaimnl x 
as a fuiKition of y, by putting that value of x in the expression 

we shall have the co(')rdinates x and y exjm'ssed as functions of the 
parameter p and of an arbitrary eonstant.* 

We can rt'adily (ilsciiss the ijiMieral ap])t‘arance of the family of integral 
ciirvfs by observing that x and y are polyiioini.als of the first degree in the 
arbitrary constant C: 

(;«) X = CF(i}) 4- y = CF^(p) + 4>i(p). 

Hut tbo functions F(p), F^{p), 4>(p), ^i{p) are not arbitrary fuiiction.s, since 
the parameter p represents the slope dy/dx of the tangent. On this aecoiint 
wo must have F^{p) ~ i)F'{p), ^[{p) — jy^'{p). Lot P^, Pj be two particular 
integrals corresponding to the values C = 0, (7 = 1 of the constant: 

/ -^0 -♦(;>>• r J', - P{p) + *(>>)< 

" \ !>t) - ' 1 = f i( /') + *1 ( P) • 


* The eqmitloii (.‘VJ) can also he n'diieeil to a linear equation hy means of Legendre’s 
transformation (I, § (VJ. ‘Jd eti , § .’Kt, 1st ed ) 

A homogeneous equation of the form »/ = not solved for »/', may he consid- 

ered as a particular case of Lagrange's equation and integrated in the .same way. 
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and the relation dy = zdx becomes 


(31) 


P = 


dx dp dx 


This result could have been obtained directly by differentiating the 
relation (30) and replacing by bet p = ( ’) be the general 

integral of the equation (31) ; to deduce from it the general integral 
of the equation (30), it will only be necessary to replace y' in the 
equation (30) by <^(ir, C). 


9. Lagrange’s equation. Let us consider in partimilar an equation 
linear in the two variables x and y : 


(32) y = a-<^(y') + ^(y'). 

Differentiating the two sides, and denoting y' by p, we obtain the 
equation 


If we consider p as the independent variable, and x as the unknown 
function, that eciuation, which can l)e written in the form 

d, 'V 

^ + ^<l>'(p) + 't'Xp) = 0 , 

is linear and is integrable by two quadratures. Having obtained x 
as a function of p, by putting that value of x in the expression 

y = H{p) + 4'ir'), 

we shall have the coordinates x and y expressed as functions of the 
parameter p and of an arbitrary constant.* 

We can readily discuss the general appearance of the family of integral 
curves by observing that x and y are polynomials of the first degree in the 
arbitrary constant C: 

(33) x=CF(p) + ^(p), l^ = CFi(p) + $i(p). 

But the functions F(p), ^i(p) are not arbitrary functions, since 

the parameter p represents the slope dy/dx of the tangent. On this account 
we must have F{(p) = pF'{p)^ ^i(p) = Let Fq, F^ be two particular 

integrals corresponding to the values C = 0, (7 = 1 of the constant ; 

r = 4»(p), r / ^ 

"Uo = *iW- '\yi = Pi{p) + *i{p)- 


* The equation (32) can also be reduced to a linear equation by means of Legendre’s 
transformation (I, § 62, 2d ed. ; § JiG, 1st ed.)- 

A homogeneous equation of the form y = Xip{y'), not solved for y\ may be consid- 
ered as a particular case of Lagrange’s equation and integrated in the same way. 
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The equations (33), which represent any integral T, may bo written also in 
the form 

U = + ^0* 

At the points 3f(,(jrQ, 3/(x, y) of the curves r„, r, which 

correspond to the same value of p, the tangents to these curves are parallel. 
Moreover, we derive from the preceding expressions 

y - Vo ^ ^ ^ 

y-yl c -V 

which proves that the three points M, Jlf^, are on a straight line and that 
the ratio is constant. We have then the following geometric 

construction: Given the two cui'vcs F,, we join the points of these 

two curves where the tamjents are parallel^ and we take on the straUjht line joining 
these points the point M such that the ratio MM^/MM^ will he eiiual to a yiven 
constant K. If the points 3fy, describe the curves F,,, Fp the jmint M describes 
an integral curve \\ and we obtain the general integral by varying the constant K. 

10. Clairaut’s equation. A remarkable ])arti(uilar (*ase of Lagrange’s 
cMiujitiou had been treated previously by (dairaut ; every equation of 
the form 

O'U) y = .r// +/(//) 

is ctilled a Churaut equation. Following the gcmeral nndliod, we 
differentiate the two sides and put p = //'; this letids to the eciuatiou 

(35) D'-+/'(y')]'7i'=o. 

This o(piation is satisfied by putting dp/dx = 0 ; whenc.e p — (\ The 
general integral of Clairaut’s eipiation is, tlum, 

(r>0) y = 

This equation represents a family of straight lin(*s, and it is nwlily 
S(‘en that they are really integral curves. Hut tin*, (‘(|nation (;b5) is 
also satisfuMl by causing the first factor x -\-f{p) to vanisli. From 
this it follows that there exists a new integral of the equation (;14), 
which is represented by the two equations 

+ f\P ) = 0, y = px -f- /( p). 

Now the elimination of p between these two eciuations would lead 
])re(dsely to the envelope of the straight lines represented by the 
(‘(piation (8b). hlence (dairaut’s equation has also as an integral 
curve the enetdope of the straight lines which represent the general 
integral. Since we cannot obtain this integral by giving a jiarticular 
value to the constant C, we say that it is a singular integral. 
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We are led to Clairaut’s equation when we undertake to determine a plane 
curve by a property of its tangents in which the point of contact does not enter. 
In fact, let y =f{x) be the equation of the desired curve ; then the equation of 
the tangent is y = y'X + y ^ xy\ and we are led to a relation between y' and 
y — xy\ that is, to Clairaut’s equation. It is clear that in this c.ase it is the 
singular integral which gives the real solution of the problem. 

Let us propose, for example, tofirui a curve mch that the product of the dis- 
tances from two fixed points F' to any one of its tangents is always equal to a 
constant b^. Let 2 c be the distance FF\ let the middle point of the segment 
FF' be taken for the origin, and let the straight line FF' be the x-axis. This 
leads to the differential equation 

{y - xy')^ - c2y'2 = 62 (1 + y'^) 

if we suppose that the two points F, F' lie on the sa me side of the tangent. This 
equation reduces to the form y = xy' ± y''^ ; hence the general integral 

represents the family of straight lines 

y = Cx±Vb^-\-a^c\ a^==b^ + c^. 

The singular integral curve, the envelope of these straight lines, is the ellipse 


which is the true solution of the problem. 

11. Integration of the equations F(jir, = F(y, y^) = 0. The 

equations which contain only one of the variables x or y are inte- 
grable by a quadrature, provided that we can solve the ecfuation for 
y' (§ 2). If the equation is algebraic, y is an Abelian integral or 
the inverse function of an Abelian integral. Whenever the relation 
is of deficiency zero or deficiency one, we can express x and y as 
functions of a variable parameter, either rationally or by means of 
the classic transcendentals. Let us consider, first, equations of the 
type F(ij, y') = 0, of deficiency zero ; we can express y and y' as 
rational functions of a parameter u, y= f{u), y' and the 
condition dy = y'dx gives us f\u?)du = f^(^ii)dx. Then the variables 
X and y are given by the expressions 

(37) y = /(m), as d%i 

in terms of the variable parameter ?/. The same procedifre is applica- 
ble to the equations F(i/, y') = 0 if the relation is of deficiency one ; 
but we must take for/(?^) and f^{u) elliptic functions, and x and y are 
expressed in terms of the transcendentals p, f, a (Part I, § 75). 

We can proceed similarly with the equations F(x, y')= 0 if the 
relation is of deficiency zero or one ; besides, they reduce to the pre- 
ceding form by interchanging x and y. 
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Ezample 1. The equation (y' — 1) = (2 — y')'^ is of deficiency zero. Putting 
2 — y' = yu, we derive from it y' = 1 + y = l/u— u. The relation dy = y'dx 
becomes here dx —— du/u^. We have, then, a; = 1/u + C, and the general inte- 
gral of the given equation is y = jr — C — l/(x — C). 

Example 2. The equation y'® — Sy'*-* — 1) y"* — 12y’‘* = 0 represents, if we regard 
y and y' in it as the coordinates of a po int, a unicursal qiiartic having three 
double points {y = 0, y' = 0), {y —±y/— 2/3, y' = 2). We can, in fact, write 
the preceding equation 

(/-2)2(^' + 1) = (32/^ + 2)2. 

Putting first y' = u^ — 1^ we have 3 //^ = (u + 1)2 (u — 2) ; if we then put 
u — 2 = 3^2, we obtain finally the following expressions for y and y' as func- 
tions of the parameter t : 

y = S(t-\- 1% y' = 3(1 + 

The relation dy = y'dx reduces here to (1 t-)dx = dt ; we derive from it 

i - tan (x + C), 

and the general integral of the given eiiuation is therefore 
// = 3 tan (x 4- ( 7 ) + 3 tan^ (x 4- 0). 

Example 3. Let li (//) be a polynomial of the third or of the fourth degree, 
prime to its derivative ; let us consider the differential equation 

(38) y'"=h*(y). 

We have seen in § 78, Part I, that we can satisfy this ecjuation of deficiency 
one by putting y =f(a)y y' =/'(«)» where f{u) is an elliptic function of the 
second order. The condition dy — y'dx becomes du = dx ; the general integral 
of the equation (38) is theretoie an elliptic function y =/(x + C). 

If the polynomial R (y) is of lower degree than the third, or if the polyno- 
mial, although of the third or of the fourth degree, is not prime to its derivative, 
the relation (38) is t)f delicieney zero. We can express y and y' by rational func- 
tions of a parameter m, and, by applying the preceding method, we easily show 
that the general integral is a rational function of x or a rational function of e*®. 

12. Integrating factors. The iiu^tliod of integration by the separa- 
tion of the variables was generalized by Euhn-. The reasoning of § 2 
applies really to every ecpiation of the first order 

(39) P (.T, y) dx 4- Q (a-, y) dy = 0, 

where the (ioeftieients P and Q contain both x and y, provided that 
we have dP/dy = dQ/dx. This condition is necessary and sufficient 
in order that Pdx -f (Idy shall Ixi the total differential of a function 
U{x, y), and the function r(.r, y) is obtjiined by (piadratures, as we 
have seen (I, § 151). The e(piation (39) is then identical with the 
equation r/f/ = 0, and ihn most gendfal solution is given by a rela- 
tion of the form ir(.r, y) = P Ixitween x and y. The equation (39) is 
therefore integrable by quadratures whenever the coefficients P and 
Q satisfy the condition dP/dy = dQjdx. 
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In order that the preceding method may be applied, it is not 
necessary that we have dPfdy = dQ/dx ; it suffices to know an inte~ 
g?^atlng factor, thsit is, a factor yL(x, y) such that the product 


y)[PdX‘\- Qdy^ 


satisfies the integrability condition d (fiP)/dy = d (fiQ) /dx, or, after 
developing, 



The investigation of the integrating factors is thus reduced to the 
integration of the preceding equation, which is a partial differential 
ecj^uatioii of the first order. It seems that in proceeding in this way 
we have made the integration of equation (39) depend on an appar- 
ently more difticmlt problem, but it is to l)e noticed that it suffices 
to knowwnf? particular sol ution of the equation (40) in order to apply 
the method, and in many eases we can find a particular iiihjgral of 
the ecjuation (40) by more or less directt processes. Tjet us see, for 
exam})le, in what case the equation (39) has an integrating factor 
depending only on x. If we suppose dp/dy = 0, the equation (40) 



and the expression [dP/dy ^ dQ/dxyQ must be independent oiy] 
if it is, we obtain an integrating factor /it by a quadrature. Let us 
suppose in addition that Q = 1 ; then dP/dy must be a function A' 
of the variable x, and the equation (39) is a linear equation, 

(39') dy 4 - (Ay -f- A'^) dx = 0, 

where X and A'^ denote functions of x alone. In this case, the equa- 
tion (40) is satisfied by 

r Xdx 

p = e-'*o , 

and it is easy to show that if we multiply the equation (39') by this 
factor, we have on the left an exact differential 


Xdx 

I 


{dy + Xydx Xftx) = -f X^e‘^^o^'^dxJ= 0. 


♦ 

The calculations which have to be made for the integration are 
exactly the same as in the first method (§ 4). 

We shall show farther on that the equation (40) has an infinite 
number of integrals under very general conditions, which are always 
satisfied in the cases in which we are interested. If we know one 
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integrating factor we can obtain all others in the following way : 
Putting (I = fi^v, the equation (40) becomes 

Now we know one function satisfying tliis relation : it is tlie func- 
tion, U(oc, y), whose total clilferential is -f Qt^!/), since the 

partial derivatives dU Jdx, are equal to and to We 

have, then, also (^i//^y) (3/7/^a:*) — = 0, which proves 
that V is of the form and that the general expression for the 

integrating factors is fi = where is an arbitrary function 

of IL It is easy to show that /i is really an integrating factor, for 
from the identity 

fi^(P(lx -p Qdf/)=dU 
we derive, by multiplying by 

y)%]= 

and the right-hand side is the exact differential of the function 
F(I/)= J 4,{U)dU. 

We deduce from this an interesting consequemje : if /a, and an* 
two integrating factors, the ratio is a function of /'. If this 

quotient P 2 IP 1 constant, the general integral of tlu*, differimtial 

equation can then be written in the form — constant. 

The preceding theorem is sometimes helpful in linding an inte- 
grating factor. Let us consider the differential ecpiation 

(41) P dx 4 - Q (ly -P P^dx + Qp7y = 0, 

where P, P^, Q, are functions of x, y, and let us suppose that we 
know how to find an integrating factor for eacli of the (ixpressions 
Pdx -p Qdyy P^dx -P Q^dy. The general expression for the integrat- 
ing factors of Pdx -P Qdy is where fi is the known fac;tor, 

a function of x and y which vre obtain by quadratures, and an 
arbitrary function. Similarly, the general expression for the inte- 
grating factors of P^dx + Q^dy is where and are 

definite functions and if/ an arbitrary function. If we can choose the 
functions ^ and xj/ in such a way that we have 

P<l>(U)=p^xKU,), 

we shall have an integrating factor for the given equation (41). 
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Let us take, for example, the equation 

axdy + bydx + x”^y^(axdy + ^ydx) = 0, 

where a, 6, or, p are constants. Every integrating factor of axdy by dx is of 
the form <t>(x^y^)/xy^ and, similarly, every integrating factor of the second 
part is of the form + + In order to have a common integrating 

factor, it will suffice to find two exponents, p and q, such that we have 

X»iyn y^)P — (x3 

which leads to the conditions 

pa — g'or + n = 0, p6 — ry/9 + ?n = 0. 

These conditions are compatible if ap — ha is not zero, and determine an inte- 
grating factor of the form x^y^. Multiplying by this integrating factor, the 
equation takes the form -f v^-^dv^ = 0, where we have put v = x*y“, 

v^=xPy*‘; and this equation is immediately iiitegrable. 

In the particular case where ap — ha = 0, we obtain from it a/a = p/h = k, 
and the equation can be written in the form {axdy -f bydx){l -f kx^y^) = 0. 

Note. If we know the general integral of a differential ecpiation of the first 
order, it is quite easy to obtain an integrating factor. For let/(x, y) = C be 
the general integral of the eiiuation (31)). The differential ecpiation of the curves 
represented by that relation is also {df/dx)dx + (df/dy)dy = 0; in order that it 
be identical with the equation (30), we must have 

and the common value of the two preceding ratios is evidently an integrating 
factor for Pdx -f Qdy. Every other integrating factor is equal to this one 
multiplied by an arbitrary function of /(x, y). 

13. Application to conformal representation. The theory of integrat- 
ing factors finds an important application in the problem of conformal 
representation. Let 

ds^ =Edu^ + 2 Fdudv -f 

be a quadratic form in dit^ dv whose coefficients E, F, G are analytic 
functions of u and v such that KG — F^ is not zero. We can also 
write ds^ in the form 

ds^ = (adu + hdv) (a^du + h^dv\ 

where a, ft, are also analytic functions of u and According 
to a result which will be rigorously proved later, each of the expres- 
sions adu -h bdvy a^dii -f h^dv has an infinite number of integrating 
factors, which are themselves analytic functions. If ya, are two 
such factors, we have the identities 

IJL(adu + bdv)= dUy fi^(a^dH -j- b^dr) = dU^y 
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and therefore 

= dUdU ^ ; 

whence, substituting 

U = A- + Yl, = A - Yi, J > 

we obtain 

Edit‘d + 2 Fdudi^ + Gdii^ = \{dX^ + dY^y 

Every analytic surface can tluu’cfore be represented on a plane 
conforinly ; that is, without alteration of the angles between pairs of 
curves. If the surfacHi is ical, we may suppose that the real points 
of the surface corr(‘S])ond to wixl values of the variables ?/, v ; the 
coefhcients E, E, (i are real, while a and are conjugate iinaginaries, 
as also h and We (-an also take for /x and and therefore for U 
and Uj, (ionjugate iinaginari(»s, so that to real values of ?/, v corre- 
spond real values of A' and of 1". To real points of the surface 
correspond therefore real points of the ])lane. 

Since it is possibhj to rei)resent (‘very analytic. surfac.e on a plane 
coufornily, wo conclude that any analytic surfacie (*an be represented 
coiifornily on any other analytic surface. 


14. Euler’s equation. A gr(‘at many devic.es have, been iuventcul for 
the integration of difier(‘ntial e(piations of sj)ecial forms. A cele- 
brated examide, due to Euler and now known by his name, is the 


ecpiation 

(42) 


+ J!' = 0 

va vr ’ 


where A' and Y are two ludyiiomials of the fourtlr degree in x and y 
respectively, having the same coefficients : 

X = 4 * + « 4 , 

y = + '' 2 / + + " 4 * 

The variables l)eing separabul, we obtain the general integral of 
equation (42) by two quadrature's, whhdi introduce two transcen- 
dental functions depending respectively upon x and y. Euler’s fun- 
damental discovery, whi(*h wiis tlu^ starting ])oint of the theory of 
elliptic functions, c;onsisted in showing that that relation between 
the variables x and // whicdi in appearance is transcendental is in 
reality algebraic. 

Let us first consider the case where A' is a pedynomial of the sec- 
ond degree, not a perfect snuare. A linear substitution enables us tc 



24 


ELEMENTARY METHODS OF INTEGRATION [I, § 14 


bring it to the form X = A (x^ — 1), and in this particular case the 
equation (42) becomes 


(43) 


dx 

Vl — 


d]f 

vT^ 


= 0 . 


Clearing of fractions, we can write this in the form 


Vl — tfdj' 4“ Vl — x^dy = d{x Vl — ?/* + y Vl — 

dx . dy 


which shows that we have identically 


vr 


■ V 1 ■ 




d{x. Vl — if 4- // Vl — x^) 


+ 


<j>j y 
Vl — if) 


The expression V(1 — x^) (1 — f) — xy is therefore an integrating 
hietor for the (Miuation (48), and the general integral is given by the 
relation 


(44) x^l-f + y^l-^ = C, 
or by the relation 

(45) V(1 — x^) (1 — y*) — xy = 

since tlie equation (43) has the two integrating factors, 1 and the 
(‘.xpvession on the left-hand side of (45). It is also very easy to 
v(‘riFy that the two expressions (44) and (45) are equivalent by 
means of tlie identity 

(lt Vl — if 4- ?/ Vl — x^Y “b [ V(1 — x^) (1 — //) — xiJY = 1* 

Rationalizing the expression (45), we can write the general integral 
of tlie equation (43) in the form 

(40) x^-^f + 2 C^xy 4- 1 = 0, 

wliere C' denotes an arbitrary constant, and this equation represents 
the conics tangent to the four straight lines a: == ± 1, y = ± 1. 

Ry a bold induction Euler was led to a more general formula of 
tlie same- kind, which corresponds to the case where X is any poly- 
nomial of the third or of the fourth degree (Institutiones calvuli 
hit vy rails, \;ol. T, chaps, v, vi). 

Let F(x, if) be a polynomial of the second degree in each of the 
variables x and y and symmetrical with respec.t to these two variables : 


(47) F(x, y) = A^x^ f -\-A^xy(x 4- y) 

+ + f) ^A^xy +A^{x 4 - y)+A^ 
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This polynomial depends upon six arbitrary coeffieieiits .1^, 

relation F(Xy 2/)~0 can be written in two 

equivalent forms : 

/4g\ / ^ (^> ?/) = !/ A- F =0, 

\F(xy ij) = + AV + 1\ = 0, 

where My N , P are three polynomials of the second degree in x : 

M^A^x^+A^^ + A^y iV = 4^;r2-fd^a-+d^, 7> = .l^;r2 + ,1^^. 

and where il/^, A\, are the polynomials obtained by replacing x by;/ 
ill My Ny P. From the relation F(Xy y) = 0 we derive F'^tlx + Fydy = 6, 
or, after replacing F'^ and F' by their values, 

(49) (2 M^x + dx 4- (2 My + N) dy = 0. 

We derive, moreover, from the relations (4S), 

2 Jl/y + iV = ± - 4 Ml\ 2 + iV, = i: - 4 

and the preceding equation (49) may be written in the form 


(50) 


y/]\rl 


dx ^ dy 

~’4l//> VAf - 4 M^P^ 


0 . 


This relation will be identical with the given equation (42) if wo 
have N‘^ — 4 MP = A', whi(?li neccisSiarily carries with it the other 
equality N\ — A^M^P^=iY, Now, since My N, P are of the second 
degree, N'^ — 4 MP is of the fourth degree, and the prcicediiig condi- 
tion is an identity b(*tween two polynomials of the fourth degree, 
which requires only five (ionditions. SiiKio we have six coefficients 
Ai at our disposal, we see that one of these coefficients will remain 
arbitrary. Tluu-e are therefore an infinite nunilxn* of iiolynoinials 
F(Xy y) of tlie form (47), depending upon an arbitrary constant C 
and such that the relation 


( 51 ) 

between the variables x and ;/, leads to the relation (42). ITence the re- 
lation (51) represents the general integral of the proposed equation. 


The actual determination of the polynomial F(x, y) requires a calculation by 
equating coefficients which can be simplified by means of a geometric repre- 
sentation due to Jacobi, Let us consider, in order to take the general case, a 
polynomial of the fourth degree R(t) prime to its derivative, and let (j, t.^y tg, 
be the roots of R (t) = 0. On the other hand, let 2 be any conic the coordinates 
of any point of which are rational functions of the second degree of the varia- 
ble parameter t, so that to a point (x, y) corresponds a single value of t; let us 
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call mj, mj, mg, m^ the points of S which correspond to the values ig, 
of the parameter. Finally, let S' he a second conic passing? through the four 
points m^, mj, mg, m^. Every straight line tangent to S' meets S in two points 
M and 3f' ; if < and t' are tlie corresponding values of tlie parameter, the rela- 
tion between t and t' is the one desired. It is evident, in fact, that that relation 
is symmetric in i and i', and that it is of the second degree in each of the varia- 
bles, for through a point M' we can draw two tangents to S', and so to each 
value of t' correspond only two values of t. 

Let 

(62) F(t, t') = 0 

be that relation. We can derive from it, as we liave just seen, a relation 
between the differentials di, dt\ of the form 


(53) 


dt ^ (U' 

VP{t) V?T) 


where P(t) is a polynomial of the fourth degree. This polynomial P{t) is iden- 
tical except for a constant factor with R (t ) ; for, according to the preceding 
method for obtaining the polynomial P(t) from F(t^ t') = 0, the roots of P(t) = 0 
are the values of t for which the two values of t' coincide. Now the geometric 
significance of tlie relation (62) shows immediately that this can only occur if 
the two tangents from hf to S' coincide ; that is, if the point M is one of the 
points m^, mg, mg, m 4 . We are thus led to the following method, which requires 
only rational calculations, for obtaining the general integral of the equation 


(64) 


(tt ^ dt' 

Vb(F) 


= 0 , 


where R(t) = ajt* + equation differs only in nota- 

tion from the proposed equation (42). We begin by forming the general 
equation of the conics S' passing through the four points ywj, mg, m^ of S ; 
that equation is of the form /(a;, y) + C4>(x, y)= 0, where C is an arbitrary con- 
stant. We then write the condition that the straight line joining the two points 
M and M' of S, which correspond to the values V of the parameter, shall be 
tangent to S'. The resulting relation, which contains the arbitrary constant C, 
represents the general integral of Euler’s equation. 

To carry out the calculations, let us take for S the parabola y^ = «, and let 
us put X — y = L The conic S' given by the equation 


(66) + A'y2 + 2 B"xy + 2 Rx 2 By + A" ^ 0 


cuts S in four points, given by the equation of the fourth degree in t which is 
obtained by replacing x by and y by t. In order that that equation shall be 
identical with R{t) — 0, it is sufficient that 


(66) A = ao, A' + 2B' = a^, 2B" = a^, 2B = a^, A" = a^. 
The coefficient B' remaining arbitrary, we shall put B' = C7, which gives 
A' = tto — 2 C. 
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Let us recall now that the tangential equation of 2', that is, the condition that 


equation 

A 

B" 

B' 

a 

( 67 ) 

B" 

A' 

B 

P 

B' 

B 

A" 

7 


(X 

/3 

7 

0 


= 0 . 


The straight line joining the two points (t^, I) and (t'», I') of 2 has for Ita 

equation ^ 

X — (i + t')p + tt' = 0 . 

We can therefore take 

rtr = l, y = tt\ 


Substituting the values obtained for A, B, A\ B\ A", B", a, /3, 7 in the con- 
dition ( 67 ), and replacing t and t' by x and y respeotivoly, we arrive at the gen- 
eral integral of Euler’s equation in the following form, which is due to Stieitjes; 


(Iq 

2 

C 

1 

2 


2 

- (35 + 1/) 

C 

oa 

Y 


xy 

1 

- (x -1- 2 /) 


0 


This equation represents a family of curves of the fourth degree, having two 
double points at infinity on Ox and Oy respectively. The ecpiation being of the 
second degree with respect to the constant O, through each point of the plane 
there pass two curves of the family, as wo might have foreseen, since the given 
differential equation gives two c(iual values, but with opposite signs, for the 
derivative y' at each point. These two values of y' become ecjual only If the 
point (x, y) belongs to the curve 0, which is composed of four straight 

lines 2 )^, 2)3, 2)3, 2 )^ parallel to the axis Oy^ and of four straight lines Aj, A^, A,, A4 
parallel to the axis Ox. Let us write Euler’s equation in the rational form 
Y dx^ — X dy^ = 0 , and let us take a point M (x, y) on one of these straight lines, 
Aj for example, not belonging to any one of the 7 > lines. For the coordinates 
of the point M we have F = 0 , 0 , and Euler’s equation gives for y' a double 

value, y' = 0 . Hence the straight line Aj itself is an integral curve through M. 
But it can be verified that the curves represented by the equation (68) have as 
their envelope the set of eight straight lines given by the equation A'F = 0. 
Hence there is a new integral curve tangent to the first one at 3 f. Thus the 
eight straight lines 2),, A^ are singular integral curves, for they are not included 
among the curves represented by the general integral. 


Note. We have supposed, in order to arrive at the equation (68), that the 
polynomial R(x) was one of the fourth degree and prime to its derivative; but 
it is clear that the result can be verified directly without the hypothesis that 
R{x) is prime to its derivative. Wo could, for example, form the differential 
equation of the curves represented by the equation (68) by applying the general 
method of § 1, and the equation obtained would necessarily be identical with 
Euler’s equation, whatever may be the values of the coefficients a^, flj, a„ a,, 
since we reach this result when the coefficients do not satisfy any particular 
relation. The equation (68) therefore applies to all cases. 
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15. A method deduced from Abers theorem. We can also very easily deduce the 
general integral of Euler’s equation from Abel’s theorem. Let us now denote 
by R{x) a polynomial of the third or of the fourth degree, prime to its deriva- 
tive, and let us consider the curve C which has for its equation = R(x), 
If a variable algebraic curve C' meets the curve C in three variable points 
only, Jlfj, Mj, Jfg, we have shown (Part I, § 103) that the coordinates (x^, 

(^ 2 > 2 ^ 2 )? (^8» y^) these three variable points satisfy the relation 

(59) ^ + ^ + ^ = 0. 

If the variable curve C' depends upon two variable parameters which we 
can select in such a way that two of the points of intersection, (x^, (Xg, ^ 2)1 
can be brought to coincide with any two points of the curve C given in advance, 
the coordinates of the third point of intersection, (Xg, y^), are functions of the 
coordinates (x^, y^; Xg, yg) satisfy the relation (59). The equa- 

tion dx^/y^ 4- dx^/y^ = 0 is therefore ecpii valent to the equation dx^/y^ = 0, whoso 
general integral is Xg = constant. Now, since the points (Xj, 2 ^^), (Xg, y.^) are on the 
curve C, we have yl = R (x,), y ?2 = R (Xg), and the equation dx^/y^ + dx^/y^ = 0, 
which may be written in the form 


(60) 


I 


<^2 


= 0, 


is identical with Euler’s except in notation. In the expression which gives the 
general integral 

(01) Xg = F(Xi, 2 / 1 ; Xg, 2 / 2 ) = const. 

we should replace y^ and y^ by VR (X|) and V R (x^) respectively, the deter- 
minations of the two radicals being the same in the two expressions (60) 
and (61). Wc thus obtain for the general integral an expression containing 
radicals, while the result (68) is rational. But the irrational form is in certain 
cases the more advantageous. 

Let us carry out the calculations, supposing the polynomial R (x) reduced to 
the normal form of Legendre, R(x) = (1 — x*) (1 — where is different 

from zero and from unity. The parabola C', 


(62) y = ax^-{-bx-\- 1, 

meets the curve C represented by the equation y^ = R(x) in the point (x = 0, 
2 ^ = 1) and in three variable points whose abscissas x^, Xg, Xg are roots of the 
equation 

(63) (a2 - A:a)x8 + 2abx^ + (62 -H 2 a + A:^ + l)x -1- 26 = 0, 

which is obtained by eliminating y and suppressing the factor x. 

We derive from this equation the relations 

2a6 , , 62 + 2a + A:2 + l 

+ + *i *2 + *»*8 + »i*a- ^ • 

26 


whence 

(64) 


*1 + *2 + *8 = 0 * i * 2 * 8 - 
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The condition that the parabola C passes through tlie two points (Xj, j/j), 
(•®ai J^a)i enabies us to determine a and 6 . We have in particular 

Xl-Xj 

Substituting this value of a in the preceding expression, we obtain finally the 
expression for aCg in terms of 3 / 1 , : 

_ xj - x\ 


Xol/i-x^ya 

The general integral of Euler’s equation, 


(65) 


dx, 


V R (Xj) y/R(x^ 
is therefore represented by the expression 


(66) 


J-2 — j-2 

^ 5 ^ 


x.^VK(x,) - XiV'R(xJ 


:= C. 


16. Darboux's theorems. Let us consider a differential equation of the tonn 


(67) — Ldy + Mdx + N(xdy — ydx) = 0 , 


where L, N are three polynomials in x, y of at most the with degree, and 
where at least one of them is actually of the 77 J.th degree. In order that the 
relation < 7 (x, //) = constant shall represent the general integral, it is necessary 
and sufficient that the eipiation (67) be identical with the eciuatioii 


which recpiires that wc have 
. 0 


(08) 


dx 


dx + dy = 0, 
0 x dy 


-kt/ I A 

M —N[x—-\-y — )=0. 
cy \ dx ^ dyj 


This condition assumes a more symmetric form if we replace x by x/z and y 
by y/z^ where ^ is a fictitious variable which we shall always sui)pose etpial to 
unity after the indicated operations have been performed, 'riien u(x, y) 
changes into a homogeneous function of degree zero, and we have 



4-2/ - + 2 
dy 



The condition ( 68 ) takes now the form 


(69) 


^ du , , ^.jdu ... - 

L 4- 3/ - 4- ^ = -4 (u) = 0. 

0x dy dz 


Conversely, if we have obtained a homogeneous function of degree zero, 
u(x, 2 /, z), which satisfies the relation (69), u(x, y, 1) = constant represents tlie 
general integral of the equation (67). 

Darboux* has shown that we could form a function u (x, y, z) satisfying 
these conditions if we knew a certain number of algebraic integrals of the 


* Sur les equations di0rentielles alySbriques du premier ordre et du premier 
degre {Bulletin des Sciences matheniatiquea, 1878). 
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equation (67). Suppose that the equation (67) has an algebraic integral defined 
by the relation /(x, y) = 0, where the polynomial /(x, y) is irreducible and of 
degree h. Repeating the previous work, we find that the relation 


(70) 


dx 



0 


must be a consequence of the equation /(x, y) = 0. If we again replace x by 
x/x, and y by y/z^ and then multiply by z^,f(Xy y) becomes a homogeneous 
function of x, y, x, of degree satisfying the relation 




and the condition (70) becomes 


(71) = 

This condition is not satisfied identically, but by reason of the relation 
/(x, j/, x) =0. Since the last relation is irreducible by hypothesis, it is neces- 
sary that we have identically 

(72) A(f)^Kf, 

where K denotes a polynomial in x, j/, x which is necessarily of degree m — 1, 
for if / is of degree A(f) is of degree -f /i — 1. 

Let us now suppose that we have found p algebraic solutions of the equa- 
tion (67), defined by the p following equations : 

/i(J57y) = 0, /,(x, 2/) = 0, ..., fp{x,y) = 0, 

where /j, /g, • • •, /^ are irreducible polynomials of the degrees hp. 

This requires that we have p identities of the following form : 

(73) A(f,) = KJ,, ^(/2) = AV2, •••, 

where the polynomials Kp are all of degree m - 1. 

Let us observe that the symbolic operator A{^f) has properties analogous to 
those of a derivative. In particular, we can apply to it the rule for the deriva- 
tive of a function of functions ; if F (it, o, w) is any function of w, v, lo, we have 


Consequently, if we put u =/“> . . . f‘r, where a„ ay, are any con- 

stants, we have 


A(tt) = a,/fi • • •f^" A(/,) + a,/f* /».-i • • •//‘■A(/j) + . . ., 
or, by (73), 

A (u) = (or^ + • • • + apKp)u. 

The function u (x, y, x) is a homogeneous function of degree 

-f- aplip. 

If we can dispose of the constants • • • trp in such a way that we have 

r + h aphp = 0, 

^ cTj iTj 4- • • • 4- ap Ap = 0, 


( 74 ) 
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the equation u (x, y, z) = constant will furnish the general integral of the given 
equation, by what we have established above. 

The equations (74) form a system of m{i/t +l)/2+l homogeneous equa- 
tions in •••, since the polynomials Ki of degree m—1 contain 

m(m+ l)/2 terms. We shall surely be able to satisfy all these equations by 
values of a* not all zero, and therefore to complete the integration, whenever 
there are more unknowns than equations ; that is, whenever we have 


(75) 




m(m -I- 1) 
2 


+ 2 . 


This is Darbouz\^ Jirst theorem. If the equations (74) are not independent, 
we can find the solutions without requiring p to reach the preceding limit 
m (m -f l)/2 4- 2. A large number of examples in which this is the case will 
be found in Darboux’s paper. 

If we know only p = m (m + l)/2 + 1 particular algebraic integrals, we can, 
in general, dispose of thep constants at in such a way as to satisfy the conditions 


(70) 


I + tro A^2 + * * * + o^pl^p 

[cri/ii + + • * • + (Xphp == 


dL dM dN 
0x dy dz * 
m — 2, 


which are equivalent to a system of m{m + l)/2 + 1 linear non-homogeneous 
equations. The function u thus obtained satisfies the two equations, 


du 




du 


dx dy dz 


/dL . ^ 

dy dz 






whence we derive, by eliminating du/dz and replacing z by 1, 


x?“ + 

dx 


M®" wF, . ®“ . . (SL m ^ dN\ . 

M^-N\(m + 2)u + X- + + + ^) = 0. 


But, since the function N has been made homogeneous by substituting x/z for at 
and yfz for y, and then multiplying by z»», we also have, after making « = 1, 

— = mN —X-- y -5- » 

dz dx dy 


so that the preceding relation may be written also in the form 


(77) 


/dL dM dN 

-\-u{ [- X-- 

\dx dy dx 




It is easily seen that this last condition expresses the fact that u is an integrat- 
ing factor for the equation (67), and we obtain thus Darboux's second theorem : 

If m(m + l)/2 +1 particular algel/raic integrals of the equation (67) are known, 
an integrating factor can be determined. 

The proof of this last theorem is not complete in the particular case where 
the determinant of the coefficients of the unknowns a< in the m(m + l)/2 + 1 
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equations deduced from the relations (76) turns out to be zero. But we can then 
satisfy the m (m + l)/2 + 1 homogeneous equations, obtained by suppressing the 
right-hand sides, by values of the ai not all zero, and therefore obtain the 
general integral by the first theorem. 

Example. Let us consider in particular Jacobi’s equation (§ 0) ; the num- 
ber m is here equal to 1. Let us look first for the linear integrals of the form 
ux vy + wz = 0. By the general method we must have identically 

u (bz + b'x + b'!y) + v (cz + c'x + c"y) 

+ la (az + a'x + a"y) = \(ux-{- vy + wz), 

where X is a constant factor. This leads to the three conditions 

4- t)c -f- 10 (a — X) = 0, u ip' — X) + rc' -1- wa' = 0, 
ub" 4- V (c" — X) + loa" = 0, 


and, after eliminating u, v, lo, we find again the equation in X obtained by the 
first method (p. 12). 

Let us limit ourselves to the case in which the equation in X has three dis- 
tinct roots Xj, Xj, Xg. Each of these roots furnishes a linear integral, and we 
therefore have three linear functions, X, Y, Z, giving the three identities 

A (X) = X^X, A (Y) = X^ Y, A (Z) = XgZ. 

By the general theory we can deduce from them the general integral, since 
in this case m = 1. For this purpose it is necessary to determine three numbers 
a, y satisfying the relations 

-f- ^ + 7 = 

We may take a = Xg — Xg, = Xg — Xj, 7 = X^ — Xg, and the general integral of 
Jacobi’s equation is therefore 

X^a"'^3Y^3"^iZ^i“^a = const. 


17. Applications. When we seek to determine a idane curve by a 
given relation F(x, y, m)= 0 between the coordinates (x, ?/) of a 
l)oint on the curve and the slope m of the tangent at this point, the 
curves desired are evidently obtained by the integration of the differ- 
ential equation of the first order F(Xy y, y') = 0, which we obtain 
from the given relation by replacing in it m by y'. If this equation 
is of the j^th degree in y^, there i)ass in general q such curves through 
each point of the plane, as will be proved farther on. Let us con- 
sider, for example, a family of curves C, represented by the equation 
^ (oj, y, a) = 0, depending upon an arbitrary parameter, and let us 
try to find their orthogonal trajectories, that is, the curves which 
cut orthogonally in each of their points a curve C passing through 
the same point. Let m, m' be the slopes of the tangents to the two 
orthogonal curves C, C' passing through the same point (a?, y). Then 
m and w' must satisfy the relation 1 + = 0. On the other hand, 
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let F (r, y, y") = 0 be the differential equation of the given curves C, 
Then we have F{x, y, vi)= 0, siiuMJ vi is the slope of the tangent to 
a curve C passing through the i)oint (x, y). It follows that 

Moreover, //// is also the slope of the tangent to a eurve r' passing 
through the point (x, //) ; hence the curve C' satislies the equation 

("8) ■'’(•O '/. “ p) = 

ajid we obtain the differential eqaation of the orthotjonal trajeetories 
of the curces C laj replacimj ff hy — Xfff in the differential equation 
of the curves C. 

In order to obtain the ditferential equation of the (uirves C, we must 
eliminate a between the two equations ^ = 0, (d^/dx) -f //'= 0. 

Therefore, in order to obtain the differential eij nation of tJ^e orthogonal 
trajectories^ it adll suffice to eliminate a betwee7i the two 7'elatwns 
= 0 , (d^jZx) if -- (^^/^//) = 0 . 

Let us take, for example, the conu^s represented by the equation 
if — 2 ax = 0, 

where a is a variable parameter. The application of the jireceding 
method leads to the homogeneous differential eipiation 

(^f -^x^f -\r2xij = 

which becomes, after imtting y = ux and separating the variables, 

dx ^ 3 dn du ^ dn ^ ^ 

X u 1 w — 1 

Solving this equation, we find 

xid = r ’ (?r — 1), or f = C {if — x^. 

The orthogonal trajectories are therefore cubics with the origin as a 
double point. 

Let us consider in a more general manner a surface S the coordi- 
nates X, y, « of any point of which are expressed as functions of 
two parameters u, v : 


x=f(v,v), y = 


* = ^(m, v). 
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We derive from these expressions 

3 3 fh 3\b 3\b 

dx du dv. dy = -^ du -)r dvy dz = -~du dv, 
3u dv ou dv du dv 


To every value of the ratio dv/du corresponds a tangent to the sur- 
face passing through the point (u, v). If we wish to determine the 
curves of that surface such that the tangent to one of these curves in 
any point depends only on the position of that point on the surface, 
we are again led to integrate a differential equation of the first order ; 

(79) 


Conversely, every equation of this form establishes a relation between 
a point of a curve lying on the surface 5 and the tangent at that point. 

Let us, for example, try to find the trajectories at a constant 
angle 7 to a family of given curves lying upon the surface. Given 
two curves, C, C, passing through a point (w, v) and cutting at an 
angle 7, we have the general formula (II, Part I, § 20) 


„ Edit hi -|- F(dti3v + dvhi) -f Gdvhv 

(oU) cos 7 = = 77 -'-- 

WEdti^ + 2 Fdudv + Gdv^ "w Ehd -f- 2 Fhihv + 


where E, P, G have the usual meanings, where dn and dv denote 
the differentials relative to a displacement on C, and where 8?/ and 8/; 
denote the differentials relative to a displacement on C\ The curves 
C' being given, 3v/hi is a known function of ?/ and 3v/hf = r). 

Replacing 3v/hi by ir{uj v) in the preceding relation (80), the result- 
ing relation F{u, v, dv/du) = 0 is the desired differential equation of 
the trajectories. 

Let us consider in particular the trajectories at a constant angle 
to the meridians of the surface of revolution. 


X = p cos (I), y = p sin Cl), z = f(p)- 
We have here 


u = p, i; = ai, E = l-^J^(p), F=0, G = p^, 8y = 0; 

hence the equation (80) becomes 


Solving for d<a, we find 

dw = tan 7 

P 

whence w can be obtained by a quadrature. 



cos 7 = 




V[i +r(p)W + p*'/*-* 
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18. Integration of the equation d"y/dr" =s/(jr). Given a differen- 
tial equation of the nth order, 

^ ^ y'' y"^ ' ' ■’ 


where = d^y/da^\ this equation and those which are obtained from 
it by repeated diiferentiation enable us to express all the derivatives^ 
Uiginiiing with in terms of #/, y\ y", . . If, then, for a 
particular value or^ of the indcj^endent variable we are given the cor- 
responding values ?/o, • • •, of the unknown function y and of 

its 71 — 1 first derivatives, we (*an calculate the values of all the 
derivatives of y for the value .r^ of a*, and form a power series, 


( 82 ) % + 




2 ! 




whose value rci)resents the integral in question, provided that inte- 
gral can be develo])(*d by Taylor’s series. Up to the time of Cauchy’s 
work the convergence of this series had been assumed without 
])roof.* We shall se(* later that the series does converge under cer- 
tain (ionditions which will b(» stated precisely. We shall indicate 
here only some simple ty])es of differential (M|uations of the nth 
order whose int(*gration can Ik? reduexHl to ([uadratures or to the 
integration of an c<iuation of lower order than w. 

The differential equation 


( 83 ) 


f/"// 


=m 


constitutes the simplest possible type of differential equation of the 
nth order. It can be integrated by means of n successive quadra- 
tures ; for, indicating by any arbitrary constant, we have 


^ J »^2 


+ C\, 


•/Xq 

^ = f\lx fy(x)dx + C\(X - x^)+ Cj, 

y = r,ix Tdx . . . r 

+ -7«-Zl)!— + („_2)! + 


• See, for example, the Traite by Lacroix. 
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where * • *> ^ arbitrary constants which are equal 

respectively to the values of the integral and of its first (n — 1) 
derivatives for x = x^. 

We can replace the expression 


= f dx f'dx -- . r 

t/ar. Jx^ 


f(x)dx, 


which contains n successive signs of integration, by an expression 
containing only a single quadrature, to Ix^ carried out on a function 
in wlii(ih the variable x appears only as a parameter. It is easy to 
verify this fac.*t, wliicjh will appear later as a special case of a general 
tlieory (§ 39). For if we put 


W(* obtain successively, by the application of known rules. 








and, finally, d'*)\/</x” = f(x), Tlu» function 1"^ is thertdbre an inte- 
gral of tiu* e(iiiati()n (<S3). Besides, the two functions I'and I'^vanisli, 
as do also their first (/i — 1) derivatives, for x = x . Tlaur differ- 
ence, which is a ])olynoinial of degree equal to n — ^ at most, cannot 
be divisible by (^ — u’y)" unless it is identically zero. We have 
therefore 


19. Various cases of depression. The most usual cas(*s in which tlie 
order of the ecpiation can he depressed are the following: 

1) Thf Vfjuation does not contain the unknoirn function. An equa- 
tion of the form 


(85) 



</*■// 




dx' 


:').o 


(1 ^ A’ ^ 7l) 


reduces immediately to one of order n — k by taking u = d^y/dx^’ as 
a new unknown function. If the auxiliary equation in u can In? inte- 
grated, shall then obtiiin y by quadratures, as has just been 
explained. 

it sometimes happens that we can express x and n = d^ y/dx^ in 
terms of an auxiliary parameter t. 


•e =/(0, 


d^y . ^ 
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where the functions f and contain also the arbitniry constants 
introduced by the integration of the equation in it. Wo caxw then 
express y in terms of t also by quadratures. We have lirst 

whence we derive Continuing in this way, we ealinilato suc- 
cessively y*- • j l/ U}) to //. 

2) The efiitation tioes not contain the imtejmutent rariahtr. Given 
ail equation of the form 


( 86 ) 


F 


./A 


iji 


(Fi/ 

Vic-' 


//'•/A 

f/y/ 


-0, 


we can reduce it to the preceding form bv taking // for t.lu’ independ- 
ent variable and .r for the unknown function. Then tlu* new e(|ua- 
tion does not contain .r, and, tiiking for the new unknown, we 

are led to an equation of order — 1. Ihit we can carry (uit these 
two transformations simultaneously by taking // for the, indiqiendent 
variable and j) = dijldx for the dejiendent variable. This gives 


d^y 

d,v^ 


y ^dp __ dp dp dp 
dx^ dx dy dx ^ dy 



djp 

dy^ 


f 


and so on. In general, d*pfdx' can be (‘xpr(‘sscd in terms of p and 
of its first r — 1 d(*rivatives with r(*spect to //. Tla* resulting dilTer- 
ential equation is of order — 1. 

Let us suppose that we have* integrate*! this auxiliary ecpiation of 
onlor w — 1, and for the sake of generality let us suppos** that // and 
p are expressed in terms of a variabh? ])araim*b*r /, whicli may 1 m* oiui 
of the variables themselves. Then w** shall hav*; //=/(/;, p = <^(G, 
where the functions / and de]H*iHl also on arbitrary consbints. 
From the relation dp = pdx we derive, = ^(J)dXf so that x in 

turn is obtained by a quadrature. 


= 

J 4>(‘ 


4>in 

This method is esixjcially useful for the eciuation of the second order, 

y\ y”) = 

which is thus reduced to an eejuation of the first order, 


F 


( 


i/,p>p 


dy) 


0 . 
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Let 2 ? = (y, C) be the general integral of this equation of the first 

order. From the relation dyldx = (y, C) we obtain a: by a quadrature, 





dy 


If the general integral of the equation in is solved for y and 
appears in the form y = /( 7 >, C), we have, in the same way, 


and therefore 


f\p)^P = P 

. Cf\p)^p 
a; = a*. 4 - I . 

® j p 


The coordinates of a point of an integral curve are thus expressed 
in terms of an auxiliary variable j) which represents the slope of the 
tangent to the curve. 

3) The equation is houioyrnrous in //, y\ y”, • • y^"\ If the degree 

of homogeneity is ??i, the equation is of the form 




and we see that, if //, is a particular integral, Xy^ is also an integral 
for any value of the (^onsbint X. The order of this equation is 
lowered by unity by putting 

f uUx, 
y = e^ 

if ^ {id 

and, in general, if"* is equal to the product of and a polynomial 
in ?/', \d\ • • •, Substituting these values in the given etjua- 

tion, we obtain an equation of order n — 1. 

4) The equation is homoyeneous in .r, //, dxy di/y d'^y^ • • •, r/"//. In 
this case the equation is not changed by substituting ("x for Xy and 
Cy for ijy whore r is any constant. Let us now take a new dependent 
variable u = y/x and a new independent variable f = Logj-. The 
new differential equation does not change if we replace f by t -f Log 
leaving u unchanged ; hence it does not contain expli(*itly the vari- 
able t. This is readily verified, for it is easy to see that the given 
equation must be of the form 

F . y', xy", x^y’", • • = 0 . 


This substitution gives 
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If we put y = we have, as a general expression, 

y/') = 4 - 

and the quantities y\ xif, • • • are ex])ri*ssil>le in terms of »/, jrw', 
so that the transformed etjuation takes the form 

^{Ky xu\ = 0. 

If we now put x — we have sueeessively for the ])roduets xti*, 
• • • certain functions of du/dt^ d'^u/dt'\ • • •, and we are led to 
an e(]uation whicli does not contain the variable /.’* 

Xtdf. In the various cast's of reduction which j>recede, it may 
happen that we can obtain certain integrals of tin* auxiliary e(juatioi\ 
without being able to determine the gt'iH'ral integral. The j)reeed 
ing methods are still ajq)lieable and enable us to obtain by tjuailra 
tures inti'grals of the given ecjuation containing less than n arbitrary 
constants. 


20. Applications. 1) EtjuatioiiH of the form y" - f(l/) come under thepreeetU 
ing tyiH's. We can integnite the.m directly without any transf»)rmation, fm* If w« 
multii)ly the two sides by 2//", \\v deduct' from tin* result, by a first inttgralion, 


y'i - U + f '2f{y)dy - F{y) + U, 


and we have next, by a (luadrature, 


■ / Vk 


(11) + '■ 


+ f". 


Let us consider, for example, the equation 

!/" = -f 1 / -f rt-,, 

where one at least of the coetlicientH a^ is not zero. Multiplying the two 
.sides by 2//' and integrating, we find 


y'^ = y* + .v" + 2 rq 1/ + C. 


The general inU'gral of this new equatitm is an elliptle function (§ U), whicli 
may in special cases reduce to simply juTifsIie funetlf)nK, or even rational func- 
tions, if the constant (> luis been so eh<»wii that the polynomial on tlie right has 
a factor in common witli its deiivative. 


• We may pnwecd in another way hy taking u and v ^ ru' for the variables. Thin 
gives dv/dx=^ u.' + xu'\ and therefore (th'/i/u) u x-~ xti , or 

o „ dv 

- r. 
da 

Continuing in this way, we are led to a differential equation of order (n-1) in 
u and V. 
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2) It may happen that we can apply successively several of the methods of 

reduction to the same equation. Let us take, for example, the equation of the 
fourth order 6y'"^ — Sy"y^^ = 0. If we first put y" = u, we derive from it an 
equation of the second order, 5 — 3 uu" = 0, which is homogeneous in u, u', u". 

Let us put 

u = 

the equation becomes = 2r^, or v'/v^ = 2/3, from which we obtain 

^__3 1_ 

2 X -f- 

where a is an arbitrary constant. Hence we have 

u = y" — b(x a)~ i, 
y' 2b{x + a)“i + c, 
y = — 4 6(i; 4- a)i + cx 4- d, 

where b, c, d are three new constants. We find, therefore, that the general 
integral represents a system of parabolas (§ 1). 

3) Let it be reipured to determine the plane curves whose radii of curvature 
are proportional to the portion of the normal included between the foot ^f and 
the point of intei*8ection N of that normal with a fixed straight line. Taking 
the fixed straight line for the x-axis, the differential equation of the problem is 

( 88 ) 1 + !/'■•' + itvt/" = 0 , 

where the coefficient y. is equal to the ratio of the radius of curvature to the 
length 3fiV, preceded with the sign 4- or—, according as the direction from M 
to the center of curvature coincides with the direction MX or with the opposite 
direction. In order to integrate this differential equation (83), let us put 
y' = p; it becomes , 

1 + 4- yyp ~ = 0, 

dy , 

which can be written in the form 

from which we ilerive, by a tirst integration, 

// = r(l4.p«)“2", 

where C is an arbitrary constant. The relation dy = pdx gives us next 

-'"-i 

— mGp(1 + P^) dp -pdx, 
or 

Let us put p — tan ; all the curves obtained by varying C and x^ result 
from a translation and an expansion about the origin of the curve r represented 
by the equations 

(r) X = — A* I co8#*ada, y = cos^a. 

Jo 

It is easy to get an idea of the form of the curve from these equations, what- 
ever may lie the value of y. If y is an integer, we can carry out the integration. 


/ I’t/x 
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If is a positive integer, the curve has no inlinite branches, Inn it may have 
two forms that are very different in appearaiict^ suvording to tlie character of 
If is an odd integer, x is a lunnuiic function (Tan 1, § KS), and the curve 
r is an algebraic closed coin ex cinne. If ft i.s even, / incre.\>es by a constant 
quantity different from zero \Nhen a increases by 2 tt , // Is ahvavs posiiivi*. 
We have a periodic curve with an inlinite nuinber of cusps on the j--axis. 'I'lie 
appearance of the curve is that of a cycloid , it is a cyclonl for ^ , 2. 


Note. In the examples which we ha\e just stmlieil we always try to reduce 
the integration of a differential etpiation to the iniegiation of an (U|uation of 
lower onler. However singular it may appear at liist sluhl, llu‘ reverse proeess 
may sometinu's succeed. (il\en, for example, an equation «)t lh»‘ lirst ordi'r 
/(•f» .V, i/') ~ 0, by combining with it a second equation i»btaiiu*d from it by 
differentiation, we obtain an inlinite nuiiibm* of etpialions of tiie second onler 
which are satistied by all the integrals of the original equation. Suppose that 
we can lind thus an eiiualiou of the seccual onh*r which is iiitegrahlc. and let 
1/ — 0(/, (\ C') be the general integral All the integials of the oiiginal i‘qua- 
tion of the lirst order are inclndeil in this e\pre.ssion, hut siiue !lii*\ di'peiid 
upon only a single arbitrary constant, iliere must he a i chit ion bi t ween the 
constants f’, C'. In order to obtain it, it .snihces to wiite the coialition that the 
function 0(j, (\ U) satislies the original cipiation of tlu‘ liist tmler, we are 
thus led to a certain nuinber of lehitions lM*t ween the constants (\ f ' , and these 
relations should reduce to a single one. 

A most interesting example ot this device is ihie to .\Ionge, who made use of 
it to find the lin(‘s of curvature of an ellipsoid. Let 2c be the thiee 

axes; the projections of the lines til cuiwatun* on the ]»lane «if the major axis 
and the intermediate axis are determined by the ditlerential eipiatmn 


(89) 


Axyi/^ -h (/“ — Ay^ -> H)y' — xy I). 


Differentiating the eijuation (Hh), and then eliminating the exju'ession 

A y ^ - /I, 

we obtain the differential equation of the .secfunl ord«‘r, 


whence we derive first yy' — f’/, then + (y. 

The general integral of the equation (Hit) will be obtained by eKtablishing 
between C and (V the relation AiA'' + f" iiC - 0, as is seen by replai ing y'^ 
by C’x** + C' on the right-hand side * 


• The equation (Mtt) can also h<* easily integrated hy the claHsic pn>ceHHeH. It siifliceH, 
in fact, to put - .V, — Y, after having multiplied all the terms hy in order 

to transform it into the Clairaiit form. 

Lagrange and Darhoiix have employed similar devices to liitegraU* Killer’s equation 
(see J Bkrtband, Trails de fUtlrul int^grul^ pp. .'>72;. We can also regani a €‘er- 
tain theorem of Appell’s as an illustration of the same procedure {fJoinpien renduH, 
Nov. 12, Ibbb). 
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EXERCISES 

1 . Find the differential equation of all conics by starting from the general 
unsolved equation and eliminating the coefficients between it and the rela- 
tions obtained by live successive differentiations. 

2. Integrate the differential equations 

(y'2 (y'2 ^ yyl^ 2^ (1 + 2 y'^) + Xy' = 0, 

(1 + y'^) y'y'" = (Sy'^ — \) y"'\ + y^) y" — yy'‘^ + xy'^ + xy' — 2 / = 0, 

x^y'^ + 2xy(y — 2 a)/ — 2y2(y- 2 a) = 0, xyy" + xy'^ - yy' = 0, 

y'^ + y"-* + / — 4 = 0. 

3. Apply the general methods of depression to the integration of the differ- 
ential equation of conics. 

4 . Find the inti!grals of the equation y" = 2y2(y — 1) which are rational 
functions or simply periodic functions of the variable. 

[Licence^ Paris, 1899.] 

5. Given a triangle A BC and a curve P in its plane, let a, 6, c be the points 
of intersection of the sides of the triangle with the tangent at jn to the curve l\ 
Find the curves V for whicdi the anharmonic ratio of the four points 7/1, a, 6 , c 
is constant when the point in moves on one of them. 

The anharmonic ratio of the tangent at m and the straight lines mA, mB^ mC 
is also constant. 

6. Given a point 0 and a straight line find a curve such that the portion 
of the tangent MN included between the point of contact M and the point of 
intersection N of the tangent and the line IJ subtends a constant angle at O. 

[Licence, Besan^on, 1885.] 

7. Find the projections on the xy-plane of the curves lying on the paraboloid 
2 az — mx'^ + y‘^, whose tangents make a given constant angle y with the axis 0^. 

[Licerice, Paris, 1879.] 

8. Find the orthogonal trajectories of each of the families of curves repre- 
sented by one of the following Ciiuations : 

//*■* (2 a — x)= X*, y2 + inx^ — 2 ax = 0, 

(x2 4- y‘^)^ = (i^ xy, x2 -I- y2 = ^2 i^g , 

where a is the variable parameter. 

9. In order that tlie ecpiation 0{x, y) ~ C shall represent a family of parallel 
curves, it is necessary and sufficient that we have 



where is any function of 6, 

[Write the condition that the orthogonal trajectories are straight lines.] 

10. Find the necessary ami sufficient condition that the integral curves of 
the equation y' =/(x, y) form a family of parallel curves, and show that the 
integration can be carried out by a quadrature. 

[Licence, Paris, 1898.] 

11*. Form the general equation of the conics which cut a given conic C 
orthogonally at the four coininon points. These conics form, in general, several 
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distinct families. Find the orthofronal trajectories of each of these families. 
Hence derive all the orthojjoiial systems of whicli the two families are made up 
of conics. [If / = 0, 0 = 0 are the equations ot two conics cutting oach other 
orthogonally at each of their four common points, we have an identity of the 
form 


a/ H 
ax ax 


^a/a0 

cy ay 


— X/ + 


where X and fi are two constant coefficients.] 

12. Find the condition that the integral curves of the differential Cijuation 
y = /(•>!» y) form a family of isothermal curves, and show that an integrating 
factor can be found. 

[Sonins Lik.] 

13. Let yj, be two particular integrals of Hiccati’s etjuation (2d) (§ 7). 
Show that the substitution (y y,)/(y - y.,) = z reduces the equation to the 
linear equation 

2'+ -V(//j-y2)z = 0. 


14. Find a plane curve C sucli that the triangle formed by any point of 
the curve, the corresponding center of curvature*, and tlu* foot of the onlinate 
of the point jl/, has a constant area. Show that one of tin* coorcliimti's can bo 
expressed as a function of the other by a (piadrature, and that we can obtain a 
knowledge of the form of the curve without having tlie definite equation. [The 
axes of coordinates are supposed to be rectangular.] 

[lAmirc^ Paris, 1877.) 


16. Given a plane curve C\ let M bo any point of that »*urve, I* tin* center of 
curvature of the curve at the point, and MT the tang<‘nt. Through the point 
T where the tangent cuts the axis of x, draw a straight, liiu* parallel to the, axis 
of y, meeting the normal Ml* in a point N. Deiermino the curvt* f/ so that the 
ratio of MP to MN is constant. 

[Lirnirc, Toulcnise, 1884.) 

16. Determine the surfaces of revolution such that in each of their points 
the radii of curvature of the principal .sections are din*cted in flu* saiin; sense 
and have a constant sum a. Sketch a figure, of a meridian of the surface. 

[lArnirr^ Toulouse, 1878.] 


17*. Show that the general integral of Euler's equjition can 1)0 written in 
the form 


y / 


” S ■= 


where X = a^x^ + Ji"^l where Y has an analogous 

meaning. „ ^ 

[Lacjkanob.] 

[It suffices to solve the equation (68) (§ 14) with respect to the constant. 
After a few transformations we obtain Lagrange's form.] 

18. The asymptotic lines of the surfai’e represented by the equations 


X = A (u — ii)"*(» — a)", 
y = 7i(u— 6)”»(r— ^)»», 
z= C{u-^ c)”*(tJ — c)» 
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are obtained by the integration of Euler’s equation when we have m = n or 
m + n = 1. Deduce from this result the asymptotic lines of the tetrahedral 
surface 



19. How can we determine whether a differential equation 
dy—f{x, y)dx = 0 

has an integrating factor of the form XY, where X depends only upon x, and 
Y depends only upon y, and find this integrating factor when it exists ? 

[Licence, Paris, October, 1002.] 

20*. Given a plane curve C, the middle point in is taken of the cord MM' 
which joins any two points M, M' of that curve. The point M remaining fixed, 
if the point M' describes the curve C, the point m describes a similar curve c. 
Prove that the curves <* satisfy a differential eciuation of the first order, which is 
integrated, like Olairaut’s ccpiation, by replacing ?/' in it by an arbitrary con> 
stant. (Bulletin de Id Soci(^M maMmatufUc, Vol. XXIII, p. 88.) 

21. Integrate the differential equation 

t'lv", v' - ty'\ v-xv' s/") = 0. 

We observe that y'" appears as a factor in the derivative of the left-hand 
side. Th(*rc exist eiinations of an analogous form and of any order (see Dixon, 
PhiloHophicdl TransactionH, Vol. CLXXXVI, Part I; Kvff^, Bulletin dc la 
Soci^td math^math/ue, Vol. XXV, p. 71 ; Boiinitzky, Bulletin des Sciences 
matMmdtu/ucs, Vol. XXXI, 2d series, p. 260). 



CHAPTER II 


EXISTENCE THEOREMS 

The first rigorous investigations to est4il)lish the existenee of the 
integrals of a system of ordiiuirv dilYenmtial e(|uations or of partial 
differential equations are due to ('auehy. That, illustrious inathe- 
inatician gave for analytic etpiations a tvp(‘ of demonstration based 
on a method of eom])arison to wliich he gave thi‘ name of "calculus 
of limits^* (calctil dea II mites). We owe to him also another imd.hod 
which does not assume th(‘ functions to Ih‘ analytic, and which we 
shall discuss later. 


T. CAUrid'S OF IdMITS 

21. Introduction. The fundamental idi‘a of the calculus of limits 
consists in the use of dominant functions. Tln‘ reasoning is (juite 
analogous to that whi(‘h has already Ihsmi usiul to establish the 
existence of implicit functions (1, § ItKl, 2d ed. ; S 1S7, 1st cd.). 
Since every analytic function has an iniinit<‘ numbi*r of dominant 
functions, we see that the method can he varit'd in a gri‘at many 
ways. The simidicity of the demonstrations deptunls largely on the 
choice of the dominant functions. Since tin* work of (’auchy, his 
proofs have In^en ]>erfected and extend(*d to more general cases by 
Rriot and ]lou(|uet, Weierstrass, Darboux, Mthay, Kiipiier, Madame 
Kovalevsky, and many otln*rs. Even to-day we make use of this 
same method constantly to treat analogous (juestions relative to ]>ar- 
tial differential ecpiations with various initial conditions. 

^ 22. Existence of the integrals of a system of differential equations. 

Let us consider first a single ecpiation, 

( 1 ) 

the right-hand side of which, /fr, y), is an analytic function in the 
neighborhood of a system of values :r^, y/,^. W(* jiropose to jirovo that 
this equation has an interjral y{s) analytic in the neiyhborhood of the 
point and reducing to y^fur x = 
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Let us suppose for the sake of brevity that = 0, which 

amounts simply to writing x and y in place of x — and y -- 
If the given equation has an integral which is analytic in the neigh- 
borhood of the point x = 0, and which vanishes with Xj and if we 
can calculate the values of all the successive derivatives of that 
integral for x = 0, we can write the development of that integral in 
a power series. 

The equation (1) gives us first of all ((ly/dx)^=f(0y 0). On the 
other hand, the eciuations which we derive from it by re|)eated dif- 
ferentiations enable us to calculate the value of a derivative of any 
order in terms of x, y and of derivatives of lower order, 


^2) 


dx^ Cx dy dx^ 

^ I q y d^y 

K/x’’ dx^ dxdy dx dy^\dx) dy dx^^ 


Setting in these relations u* = // = 0, we calculate step by step tht 
initial values {d^y/dx^)^, * * * of the succes- 

sive derivatives of die desired integral in terms of the coefficients 
of tlie development of /(.r, //) in a power series in x and //. Until 
Cauchy’s work appeared, mathematicians had assumed without proof 
that the power seri(*s thus obtained. 


/o\ ^ , A^”A 

y - \cu\ 1 + ^ TTi 


+ 


was convergent for valiu*s of x near zero. 

To establish rigorously this essential point, let us observe that the 
0 ])erations by which we calculate the coeffiiuents of the series (3) 
rediK'.e ])recisely to additions and multi])lications alone, so that the 
value obtained for {d'*y/dx^)^ can be written in the form 


where 7\, is a polynomial with positive integral coefficients, and where 
is the coefficient of j**// in the development of /(x, y). If, then, we 
replace the function f(x,y) by a dominant function F), and if 
we seek to determine an analytic integral of the auxiliary equation 

( 5 ) 


vanishing with x, the coefficients of the series obtained for the devel- 
opment of 1' will be positive numbers greater than the absolute value 
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of the corresponding coetHcients of the saiuo rank in the series (3). 
If the series obtained for Y is convergent in a certain neighlK)rlu>()d, 
the same must be true a fortiori of the series (^3). Now the series 
obtained for Y will certainly be convergent if the auxiliary eipiation 
has an analytic integral vanishing for .r = 0. 

Let us suppose that the function /(.r, //) is analytic when tlu' varia- 
bles X and i/ remain in the circles (’'of radii a and h desc.rilHMl in 
the planes or the two variables about the two origins as cmders, and 
that it is continuous on tin* circumferenct*s, and let M be the u])per 
limit of \f(Xy y)| in this neighborhood. \Ve can take for the domi- 


nant function 






and, multiplying the two sid(‘s by (1 — I'/^O, ’'ve may write the 
auxiliary equation (5) in the form 



We can show directly that this eejuation lias an analytic integral 
which vanishes for x = 0. In fact, separating tin* variables, we obtain 
the integral of that e(piation in the form 


( 7 ) 


- uM I 



The constant which must Im* added to the, right-hand side to 
express the general int(*gral of the c(|uation ((>) is hen*, /,(‘ro if we, 
adopt for the determination of the logarithm tlic one which is zero 
for a? = 0. Solving e(iuation (7) for we, g(»t 

(8) y= h - h 

If we take for the radical the d(dormination which reduces to 1 
for a; = 0, the result (8) represents pn‘<'isely an integral of the, 
equation (6) which is zero for x = 0. This function Y is also ana- 
lytic in the neighborhood of the origin, for the function under 
the radical is analytic in the interior of tlie circle C of radius a, 
and is zero for ^ 

( 9 ) x = p = a{l-e~^“"). 

When the variable x remains in the interior of the cinile of 
rjulius p described about the origin as center, the absolutxi value 
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of (2 aM /b)JjOg(l — x/a) remains less than unity,* and the radical 
is an analytic function of x in this circle. The series obtained for 
the development of Y is therefore convergent in the circle of radius p, 
and the same is true a fortiori of the series (3) first obtained. 

It is easily seen from the formula (8) that all the coefficients of 
the development of Y are real and positive, a fact which is evident 
also a priori. If we give to x any value whose absolute value is less 
than p, the absolute value of Y will \ye less than the value obtained 
by replacing x by p. We have, then, for every point in the circle 
1 1 I therefore |y | < b. If we replace y in f(x, y) by the 

sum of th(^ scu'ies (3), the result of the substitution is therefore an 
analytic, func.tion in the circle of radius p. Eroni the manner 
in which we have obtained the coefficients of the series (3), the two 
fuiKitioiis <P(x) and (fy/(/x are equal, as well as all their successive 
derivatives for x = 0. Hence they are identical, and the analytic 
fuiKition // satisfies all the given conditions. 

In ordtu' to (ialculate the coefiicnents of the series (3), we can substi- 
tute directly for // in the equation (1) a power series . . . 

and write the conditions that the two si<les are identical. The coeffi- 
cient of in is n('„y while the coefficient of .i"' * on the right 

depends evidently only on (\, (\^ . . ., and the coefficients 
It is easily s('mi that the <;oefficients (\ are cahnilated in this way 
by the use of the operations of addition and multiplication iilone. 

The method (*an be exteiuh*d without difficmlty to a system of any 
number of differential ecjuations of the first order. Jj(*t 


( 10 ) 


=/. 0 »-, ?/,. y.„ 


•. Un) 


(; = i, 2, 


be a system of differential equations in which the functions / are 
analytic in the neighborhood of the values 77/c.sr 

eijuatlons barf a systt^m of integmh anahjtic hi thr neighborhood of 
the point x^ and taking on the rabies (yj)^, (y.^)^, . • (y„)^ respectively 

for T = 

The proof of this theorem can lie, made to dei)end on the fact 
that the system of auxiliary equations 


( 11 ) 


•ill 

dx 


d)\ 

dx 


dY^ ^r 


•In fact, all the eoeCicients of the ilevelopnieiit of tlmt function in jiowcrs of x 
are real and negative. The absolute value of the preceding expression for [ j* j < p is 
therefore less than its absolute value when x—p, that is, less than unity . 
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has a system of integrals which are analytic in the neigh l)orhoo(l 
of the origin, and which vanish for = 0. The func'tions arc 8 n^> 
posed to be analytic as long as we have |.r - .rj ^ < 7 , \ff^ -1 ( 7 /,)J s h, 
and M denotes again the niaximnin absolute value of the functions 
fi in this neighborhood. These integrals, having their derivatives 
equal and all vanishing for .r = 0, must Ih) identical, and it sufliees 
to consider the single ecpiation 

r/r_ .1/ 

in which we can again sejarate the variables. This equation has 
the integral 


which is analytic in the circle with the radius 
p =77(1 - 

and which is zero for .r = 0. Hence the system (10) has a system 
of integrals that are analytic in the same circb*. 

A single equation of the ?bh order, 


( 12 ) 


(/" 1 / 




!/y 


(ix 



can be repl.aced by an e(pii valent system fornu'd of n ecpiations of 
the first order, 


(13) 




= V 

,lx 


dr 




(•^ .'A .V,, •• •, 


by introducing as auxiliary dejM*nd(*nt fumd.ions the successive 
derivatives of y up to the (ti — l)th ord(*r. We deduce, from the 
general theorem, then, the proj>osition that thr ( 12 ) han an 

annJyfir inteyrni in the neiyhhurhfmd of thr ynint x^ and suck that 
that funrt ion ami its first n — \ drriratirrs fa hr tni for x = the 
values y', • • •, given in advamr^ pravided that the fnnetwn 

F is analytic in the neighborhood, of the system, of values y^, y', 

From the demonstration it results that there cannot be more than 
one analytic integral of the eejuation ( 1 ) taking on for x the 
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value t/q. But nothing enables us to say up to this point that there 
do not exist iion-analytic functions satisfying the same conditions.* 
This is a point which will be rigorously established farther on 
(§ 26). 

23. Systems of linear equations. We shall find farther on, by another 
method, a larger value for a lower bound of the radius of convergence 
of the series wliich represents the integrals (§ 29). If the functions 
fi have siHicial forms, we can sometimes employ more advantageous 
dominant fun<;tions, still making use of the method of the calculus 
of limits. 

In particular, this is what happens in the very important case of 
linear equations. Let 

(1^) = ^U\!h -h • • • -h 2, • • •, n) 

l)e a system of linear equations in which the functions and are 
functions of tln^ singh? variable jr, analytic in the cinde of radius I! 
about the point as center. 2'hese equations have a system of inte- 
fjraU analytic in the circle (' and reducing respectively to 

• • (!/n)oM^==^0^ 

We may suppose in the proof that 

(//,)o = (y.A = • • • = 0/n)o = 

for if we change y^ into (y,)^ -f- y,, the system (14) does not cnange 
in form, and the new coeilicients are again analytii^ in the circle (\ 
Let M 1)0 the maximum value of the absolute values of all the 


• Tho foltowin)^ is the rcasoiiinK used by Briot an<l Kiiuquet to treat this matter. 
I.q ffy 1m« all analytic integral of the iMiuation (1) taking on the value j/q forz^ar^,. 
Flitting f/^ |/i + the equation (1) takes the form 

(10 ar), 

where x) is analytic for z Zo. Let us siipi)ose that this equation has an 
Integral, other than z-0, approaehing zero when the variable x describes a cune C 
ending in the ixdnt Zq. I.et z, be two points of this curve to which correspond the 
two values 2 | and of z. We obtain from the equation (iq 





If Zi approaches z^, Zj approaches zen>, and the absolute value of the left>hand side of 
this equality becomes iiiHiiite, while the absolute value of the rightdiand side remains 
hnite; there cannot be, then, an integral approaching zero different from z-0. But 
the reasoning supposes that the ladnt z approaches Zq along a curve C of finite length. 
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functions />,• in a circle with the centt'r and the radius r < It 
The function 


M 


1 - 





is a dominant function for all the functions -|- f- -|- A,., 

and we are led to consider the auxiliary system 


(15) 


iOj 

dx 


i/y, 

dx 


l'I'h 

dx 



(I 4- -f F.J H h 


Since the functions • • •, )\ are recjuired to W zero for 

X = Xqj and since tluir derivatives are e<|naL they an* iih*ntical. and 
the system (15) can Ik* replaced hy the sin^di* »‘ipiation 


(IG) 


d y 

dx 



(i-f /iL), 


which can Im* inl(*^n*ated by scparatinj^^ the variables. The inU*gral 
which is zero Tor x = x^ lias the form 



and it is analytic in the circle Tlu* same thin^; is therefore true 
of the integrals of the system (11), and, since the numlH‘r r may 
be biken as near K as we wish, it follows that these iiiti^grals arc 
analytic in the circle (\ 


24. Total differential equatione. Let jr,. r,, • • •. t>e a K>hteiii of u indopeiul. 
ent variables, let z be an unknown function of these viiiiahh-s, iiiid let/,, 
...,/* be n given functions of x,, x.^. • • •, x„, 2 . A total flilTereutial equation is 
a relation of the form 


(17) dz =/idx^ +/ 2 #iXj + • • • +/«'//« ; 

it la really equivalent to n distinct e<|uatioiiH : 


(18) 




^In 


-u 


Let us suppose that there exists a function z of x,. x,, .... x„ satisfying 
these n relations. We can calculate the wcond derivative ^ k) in 

two different ways. Writing the results obtained as identical, we obtain thus 
n{n - l)/2 ! relations of the form 


dXk 


fu 


(19) 


(i, = 1. 2, . . n) 
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and the function z can only be taken from among those functions which satisfy 
these relations. We are going to consider only the very important case, in 
which these relations are satisfied identically. The equation (17) or the equiva- 
lent system (18) is then said to be completely integrable. 


Given a completely integrable total differential equation in which the functions 
are analytic in the neighborhood of the system of values (J5i)o, (JCjlo? * * *» 
this etiuation has an analytic integral in the neiglU)orhood of the system of values 
(•fw)o» '^hivh reduces to when Xn = (Xn)Q. 

The equations (18) and those which are derived from them by successive 
differentiations enable us to express all the partial derivatives of the unknown 
function z in terms of z, arj, * * *i i hence we can obtain the values of the 
coefficients of the development of the analytic integral, if it exists. But, while 
it is evident that we can calculate such derivatives as d**z/dx^ in only one way, 
it requires a little more care to assure ourselves that we shall always obtain the 
same expression for a derivative of any order, such as df^ + ’iz/dx^ dxl, which can 
bo calculated in several different ways. This will be the case for the deriva- 
tives of the second order, if the conditions (Ifi) are identically satisfied. In 
order to show that the same property is true in general, it suffices to show that, 
if it is true up to the partial derivatives of order p, it will also be true for the 
partial derivatives of order p + 1. We shall base the proof on the following 
fact : Let U(x^, • • •, z) be any function of x,, X 2 , • • •, z, and let us put 


dXi dXi az ‘ * 


dHr _ d / dU \ 

dx^dXi. ~ dXk \dXt/ 


(i. A; = 1, 2, . . ., n) 


From the conditions (19) it follows immediately that we have for any function U 
the relation 

dHT _ dHr 
dxidxk dxjidxt 


Let now u and v be two partial derivatives of the pth order differing only in 
the fact that a differentiation with respect to Xj in one has been replaced by a 
differentiation with respect to xji in the other. The proof depends on showing 
that we have 

du du dv dv ^ 

dXk dz dXi dz 


or that du/dxk = dv/dXi. But u and v have been obtained by taking the partial 
derivatives of a partial derivative w of order p — 1 with respect to the variables 
jr, and Xk respectively. We have therefore u = dw/dxi, v = dw/dxk, and the 
eipiality to be established reduces to d^w/dXtdXk = d’^w/dxkdx^, an equality which 
has already been proved. 

To prove the convergence of the series thus obtained, we can therefore replace 
the functions/, by dominant functions 0,, provided that we choose these func- 
tions 0, so that the*resulting auxiliary total differential equation shall itself be com- 
pletely integrable. For simplicity let us put (Xi)o = (x 2 )o = • • • = (Xn)o = 2^0 = ® i 
we can take for the dominant function of all the functions /, an expression of 
the form 

M 

_ Zy 
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and the auxiliary equation 


( 20 ) 


dZ = 


M (tfai + (fan + . ■ • + dx„) 


is completely integrable from the symmetry of the right-hand side relative to 
the n variables lo order to obtain an analytic integral that vanishes with 
these variables, we need only seek an integral which is a function oi the single 
variable A" = -f- + • • • + jr„. This leads to an ordinary differential equation 

of the form (6) 



MdX 



r 


Since the integral of this equation is represented by a development in a con- 
vergent series the coefficient of any term /">••• of which is real and positive, 
the development obtained for 2 is a fortiori convergent in the same neighborhood. 

The theorem can be extended without difficulty to systems of total differential 
eipiations in n independent variables Xj, Xg, • • •, x„ and m dependent variables 
* * * ’ • 

( 21 ) dzH=fiHdx,+...+f,HdJti+...+udi^. 

By calculating in two ilifferent ways the derivatives of the form d'^Zh/dXtdXk 
wo are led to the conditions 




, ^fth f ^fkh , ^fkh - , . ^fkh . 

' — X.. ^ q- . . . q. ---Jini 

CZfn OXi CZt CZm 


The system (21) is said to be completely integrable if these conditions (22) arc 
satisfied identically, and we have the following theorem which is demonstrated 
like the preceding : 


Every completely integrable .system in which the functions f are analytic in the 
neighborhood of a system of values (x^)^, • • •, (x«)o» ( 2 ^ 1 ) 0 ? • * {^m)^ has a 

system of integrals analytic in the neufhborhood of the point (Xi)^, • • •, {x„)^^ and tak- 
ing on respectively the values (Zj)^, ( 22 ) 0 , • • (2m)o ^'hen = (Xi)^, • • •, Xn = (x„)o. 


25. Application of the method of the calculus of limits to partial differ- 
ential equations. The calculus of limits enables us also to prove the 
existence of integrals of a system of partial difPereiitial ecpiations. 
Let us consider first an equation of the first order, 


(23) 


dz ( dz dz dz\ 


in which the right-hand side does not contain the derivative dz/dx^. 
This equation and those obtained from it by successive differentia- 
tion enable us to express all the partial derivatives of z in terms of 
ajj, a;2, • • •, and of the partial derivatives of z taken with res|)ect 
to the variables alone. This property is evident for the 
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derivatives of the form as is seen by 

differentiating the two sides of the equation (23) times with 
respect to * • - , and then times with respect to :r„. If we differen- 
tiate the two sides of the equation (23) once with respect to and 
any number of times with respect to the other variables 
and if we then replace in the right-hand side of the result the par- 
tial derivatives which involve just one differentiation with respect 
to the variable x^ by the expressions already obhiined, we shall obtain 
also the derivatives expressed in the 

manner stated above, and it is clear that we can continue to apply 
the same process indefinitely. 

Let us now suppose that the function f is analytic in the neigh- 
borhood of a system of values (*„)„, (p„)^, 

and let <i>{x^y x^, • • •, a-„) be a function of the (^^ — 1) variables 
Tg, • • •, x^ analytic} in the neighborhood of the point* {x^^y 
(^a)o> * * 'J (’^m)o have for these particular values 


(<^)o = 



If these conditions are satisfied, the eqvation (23) has 'an integral 
which is regular hi the neighhorhood of the qwint {x^^y • • •, (x^^ and 
which reduces to <l>(x^y -r,, • • ., x,,)for x^ =(xX 

By hypothesis, the funcition <h(x^, x^y . . ., x„) can be developed in 
a serie^s of positive powers of the variables x^ —(Xi\y and the coeffi- 
cients are, exe.ept for certain numerical factors, the values of the 
partial derivatives of tliat function at the point (x,^)^y (.r^\y . . ., (x„)^. 
Since the function Zy the existence of which we wish to prove, must 
reduce to <h(x^, x.^, . • ,r„) for x^=(x^\y we know from that fact 

alone the values at the point (.r^)^, (x,^^y • • ., (x„\ of all the partial 
derivatives of the function z which involve no differentiation with 
respect to the variable x^. We have just seen how all the other partial 
derivatives of z can be expressed in terms of these. We can there- 
fore (calculate, step by step, all the coefficients of the development of z 
according to powers of Xi — (x^\ in terms of the coefficients of the 
two developments of the function f and of the function <f>y and the 
calculation involves the operations of addition and multiplication 
alone. We can therefore employ again dominant functions to prove 
convergence ; if the series obtained by replacing, in the preceding 


♦For the^ sake of brevity we shall designate as a point every system of particular 
values, real or imaginary, assigned to the variables appearing in the discussion. 
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calculation, / by a tloiuinaiit function /•’, and by another dominant 
function is c.oiiveu’gent, the same thing must necessarily be true of 
the •series obtained for 

We can, first of all, replace the given initial c.onditions by other 
simpler conditions by means of a succession of easy transformations. 
We may suppose =(-^ 2)0 = * * * =(®n)o = amounts to 

writing in place of x^ — If we also put 

* • •> ^«) + 

the new unknown function u must redu(;e to zero for x^ = 0. We 
may suppose also that after these transformations the right-hand 
side of the equation, when developed, does not contain a constant 
term, for if the development (iomnienced witli a constant term a 
different from zero, it would suffice to jmt v = ux^ -f in order to 
make it disappear. Having made th(*se transformations, if we now 
rejdace the right-hand side by a suitable dominant function, the 
demonstration of the theorem reduces to showing that the equation 


(24) g = - 


M 


( 1 -^ 


-f- a’a -h • * • + d- 




dZ 

dx.2 




dz 


dx. 


-A/, 


where M, r, p are determined positive numbers, has an integral which 
is analytic in the neighborhood of the origin and which reduces to 
zero for x^ = 0. If we replace on the right-hand side by xja, 
where a is a positive number less than unity, we increase the coeffi- 
cients, and the theorem will be established a fortiori if we prove 
the proposition for the new equation 


(2^) s= 


M 


- -f a; H hx„ + Z^ 


1- 


1 - 


dZ 

dxo 




dx„ J 




Indeed, it is sufficient to show that this equation has a regular 
integral, represented by a power series whose coefficients are all real 
5 ind positive; for the coefficients of this third development are at 
/east equal to those of the series obtained by supposing that Z van- 
ishes when = 0, since the coefficients are all obtained by means 
of additions and multiplications of the coefficients of the terms inde- 
pendent of x^. In order to establish this last point, let us try to 
satisfy the ecjuation (25) by taking for Z a function of the single 
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variable X = x^/a + x^ + • • • x^. We are thus led to the differen- 

tial equation of the first order, 


(26) 


e 


n — 1 
P 



dZ 

dX 


n-l/dzy M 

ctp \dX/ ^ _ X -{-Z 


- M, 


Let us suppose that a has been chosen so small that the coefficient 
of dZjdX on the left is positive. For X = Z = 0 the equation (2()) 
has two distinct roots, one of which is equal to zero. That equation 
has therefore an analytic integral in the neighborhood of the origin, 
which, together with its first derivative, is zero for A' = 0. It is easy 
to show directly that all tlie (*oef!icients of the development of this 
integral are positive; for the (*quation (26) may be written in the 
form 


dZ 

dX 





where A is positive and where Z) denotes a series whose coefK- 
(dents are all positive. After a first differentiation we find 


d^Z ^ dZ d^Z dZ 

dX^ dX dX'^ dX dz dX 


For X =0,-2' and dZjdX are zero; heime d'^Z/dX^ is positive. The 
verification for the following derivatives is similar. 

The series obtained for the development of the desired integral z 
is therefore convergent as long as the absolute values of the differ- 
ences X. — remain less than a positive number r. The value of 
that series is an analytic function in the neighborhood of the point 
(-'A- (* 2 )o> • • •> (^»)o '^"‘1 reduces to a-,, • • a-„) for x^ =(*,),. 

That function satisfies the given ecjuation ; for if we replace in / the 
variables z, dz/dx,^, • • •, dzfdx^ by the preceding function and by its 
partial derivatives, the result is a function x,^y . • x^) which 

is regular in the neighborhood of the point (x^\, (x^^y . . ., (x„\y 
and, from the manner in which we have obtained the coefficients 
of the series Zy the two functions ^ and dz/dx^ are ecjual, as well as 
all their partial derivatives, at the point (Xg)^, • • •, They 

are therefore identical. 

The proof is the same for a simultaneous system of equations of 
the first order. 


dx, •'>’ dx, 




dx^ 


Jp9 


(27) 


* * ’> 
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whose right-hand sides contain only the variables o-j, the 

functions • • •, and the partial derivatives of the first order 
excej)t those with respect to x^. Supposing the right-hand sides ana- 
lytic in the neighborhood of a system of particular values 

assigned to all the variables which appear in the function /, 
these equations have a system of Integrals which are analytic in the 
neighborhood of the imint ami which reduce for 

= (xf)^ to qj given fanctioTis •• - j of the (n — 1) variables 

* 2 > ' ' 'y '^ohich are analytic in the neighborhood of the qmint 

{xfj^y (a*g)o, • • *, and are such that the values of <l)n^ and of d<l>,^/dxi 
at that 'point are precisely and (A: = 1, 2, • • •, jl; ; i = 2, 
3, . . n). 

26. The general integral of a system of differential equations. The 

preceding theorem enables us to complete the theory of differential 
equations on several important points. Thus, the existence of an 
infinite number of integrating facitors for an expression of the form 
P {Xy y) dx -f Q (x, y) dy is an immediate consequence of it if P and 
Q are analytic functions of the variables x and y (§ 12). 

Let us (joiisider again the equation of the first order if = /(.r, y), 
and let(irQ, be a pair of values for which the function /(o’, y) 
is regular. The analytic integral the exishmct^ of which has been 
established, which takes on the value y^ for x = x^y may be con- 
sidered as a function of three independent variables Xy x^y y ^ ; it is 
from this i)oint of view that we are going to study it. For definite- 
ness let us suppose that the fumjtion f{xy y) is regular in the 
neighborhood of a point {x = a, y = p). We can evidently consider 
the given equation as a partial differential equation, 

(28) 

which defines a function y of the three variables x, x^y y^, and we 
propose to determine an integral of that equation which is analytic 
in the neighborhood of the point x = Uy = rr, y^ = p and which 
reduces to y^ for x — x^. This last condition is not in the same 
form as that of the prec.eding paragraph, but it suffices, in order 
to overcome the difficulty, to take instead of x and of x^ two 
new independent variables u x x^ and v = x — x^. Then the 
equation (28) becomes 
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and we are led to seek an integral of this new equation which is 
analytic*, in the neighborhood of the values w = 2 a, v = 0, = p 

and which reduces to for = 0. By the general theorem, there 
exists an analytic integral, and only one, which satisfies these 
conditions; we shall denote it by </>(.r, y^), supposing that we 

have replaced u and v by their values in terms of x and y. Jjet D 
be a region defined by the conditions — ci:| ^ r, — 

\i/q — P\^P, in which the function <^(.r, is regular. The 

function has the following properties in this region. In the first 
place, from the very way in which we have obtained it, if and 
are constants, it represents the integral of the differential e([uation 
y' !/)y wliicdi takes on the value y^ for x = x^. This integral 

is surely analytic whenever is less than r, for any point 

(•^o» 2/o) region J). 

The development of </>(a-, y^) is of the form 

Z/ = 2/0 + - ^0) ''‘oy ^/i>)y 

where P also denotes a regular function. By the general theory 
of implicit functions, we can solve the above relation, obtaining 
y^ = y), in which the right-hand side is also a power series. 

The function {(/{x, y) is identical icith //). In fact, let 

and x^ be two values of x in the region 1 ) ; then the integral whicdi 
is eciiial to y^ for x = x^ takes on at the point x^ a certain value y^, 
and we have y^ = x^^ y^). But it is evident that the relation 

between the two pairs of values {x^y y^, (x^, y^) is a recipro(‘al one; 
hence we have also y^ = x^y y^. 

Let Xq be any value of x such that we have ja-o — «[< r. Every 
analytic, integral of the O(|uation (28), passing through any point 
(a*o, y^) of the region 7), satisfies a relation of the form 

(30) <f>{x'^,x,y) = C. 

For, let us consider the analytic integral ec^ual to y^ for x = x^. 
That integral takes on a value //q when x has the value a-o, and we 
have, from the definition of the function (./•', x^, y^) = //q, I^ct x 
be another value of the variable in the same region and y the corre- 
sponding value of the integral. We have also </>(x'y x, y)= y', and 
therefore ijie analytic integral considered does satisfy a relation of 
the form (30). l^y differentiating it with respect to x and replac- 
ing y' by its value f(x y) we find that the function </>(a*o, Xy y) 
satisfies the relation 
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This relation reduces necessarily to an identity, for it must be true 
for X = y = and the point (.r^, y^ is any point of the region D. 

This enables us to answer a question left undecided in § 22. 
In the plane of the variable x let any curve V approacdi tlie i)oint 
as a limit. We shall say that a function y of the variable ,/• which 
can be continued analytically along the whole length of V ai)i)roaches 
//q as X approaches x^ on F if for every i)ositive number c we C4in find 
a (iorrespoiiding positive number -q such that |y — y^\ remains less 
than € for all the values of x lying on F in the interior of a idrcle 
with a radius rj and with the center 

The reasoning of Briot and Bouquet does not prove that there do 
not exist other integrals than the analyti(3 integral, approac'hing //^ 
as X approaches in the manner which lias just Imhui deliin'd. This, 
however, is the fact. For let us consider a (hdinite ])oiiit (.r^, //„) 
of the region D, and let us take for i\u) new dtqiciident variable in 
the equation (28) the function l'= (.r^, .r, y) defined above. Then 


we have 


(lx dx dy (lx 


and, by the relation (31), the given dilferential equation reduces to 
(lY jdx =0. If, now, y approaches y^ wluui x a[)pr()aches x^^ the same 
thing is true of F, and the only integral of the new ecj nation d Y/dx 0 
which satisfies this condition is evidently F= y^. The iiitegjul sought 
must therefore satisfy the relation 

y)= //o^ 

or 

= // + (x - .r,) /’(./•, //, »•„), 

and, by the theortuu on implicit functions (T, §103, 2d cd. ; §187, 
1st ed.), there is only one root of tlui eipiation (32) apju’oaching y^ 
as X a])]U’oaches .r^, and that root is an analytic function.* 

It follows that every integral of the e([uation (28) which ])asses 
through a point of the region D satisfies a relation of tluj form (30). 
On that ac.count we say that that equation represents the 
intefjvfd of the differential equation in this region. The number C 
is the (ionstant of integration whi(di remains arbitrary at h^ast l)e- 
tween certain limits. We have seen that we could filso jait the 
equation (30) in the equivalent form y=:<^(j-, a*', yo), where the 
constant of integration is y'^. 

* Picard, Traite (T Analyse, Vol. II, pp. 315-317. Paindkvk, Zeyo/w de Stockholm, 
p. 394. 



60 EXISTENCE THEOREMS [ll, § 2« 


All these properties can be extended to a system of differential 
ecjuations of the form 


(33) ^ =/,(x, y„ y^, 


; Vn), 


dlh _ . 
dx 


dx 


Let us suppose that the right-hand sides are analytic in the neigh- 
borhood of the system x = //^ = •••,?/„ = /?„. We may again 

regard the preceding equations as a system of partial differential 
equations involving the n de])endent variables //j, and 

the n + 2 incleiiendeiit variables x, a-,, (yX, imd we 

may seek the integrals of this system which are regular in the 
neighborhood of the values a- = a, = n, (//,)„ = /3„ • • (//„)„ = 

and which reduce to (//j),, • ■ •, (//„)o respectively for x = 

Let 

/34\ r^l ~ 0/i)o> * • *> (//w)o]) //2 ~ ■ • *> 

\ 2/n 0A\> * * (//n)ol 

be the n functions thus defined, which we suppose to be analytic 
in the region D defined by the conditions |.r — 1./’^ — 
|Oa)o— A| — P* l^h’om the equations (34) we derive, (amversely, 


(33) ('/,)„= <Z>i(3o,a-,?/,, 


?/»), • • •> (y«)o = <#«n (^o> ^>VV-> Vn), 


and each of these functions satisfies, for any value of the 
relation 


(36) 


dx-^dy/^^ 




We prove this just as before by observing that the analytic 
integrals which take the values for x = x^ satisfy 

the relations (35), and therefore the relations (36), which we deduce 
from them by differentiating with respect to tlie independent 
variable x and by replacing the derivative fhjjdx by /. These 
relations (36) must reduce to identities ; for if x^ is supposed fixed, 
we can show as above that we can choose (//j)^, • • •, (z/„)q in such a 
way that the integral curve* passes through any given point of the 
region D, The left-hand side of the e(iuation (36) must therefore 
be zero for" the coordinates of any point whatever of this region. 

If in the equations (33) we take for new dependent variables 
the n functions = ?/n)> where x^ is constant, these 


♦Asa generalization we shall say that every system of integrals of the equations 
(33) defines an integral curve. 
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equations become, by the conditions (36), 


(37) 





It follows that all tho integrals of the system (33) satisfy relations 
of the form (35), where are constants — at least all 

of those integrals which have a point in the interior of the region 
D where the fuiK'tions <fi are regular. We shall say, then, that the 
equations (35 j represent the general integral of the system (33) in 
this region. 

From th(‘se ecpiations it follows also that there are no other 
systems of integrals than the analytic integrals which approach 
(yi)oj • • , (!/u)o 'vhen ./• approaches .i*y. We have, in fa(;t, 

<#>. = //, + (•'• - ;'/j, • • •, !/,.), 

and the rlacohian * * *> // 2 > * * ’> //«) to 

unity for A(*(*or(ling to tin* general theory of inqilicit func,« 

tions, the e<piati()ns (35) hav(‘ only a single system of solutions i’or 
!/v Uv • • 5ipi)roach . . ., (//J^ when u* approaeju's 

and these solutions are analytic,. 

To sum up, through every ])oint of the region 1) there passes an 
integral (uirve, and only one, represented hy n e<iuations //,• = 
where the functions \\^^ are analytic so long as /*. 


11. THE IMETirOD OK SUCCESSIVE APPROXIMATIONS. THE 
C A UC 1 1 V-Ll PSCillTZ METHOD 


27. Successive approximations. The inetluKl of successive approximations lia.s 
been applied with success by E. Picard to ordinary differential eijuations and 
to a great number of cases of partial differential eipuitioiis. We sliall ajiply it 
to the treatment of differenlJal e(iuatioii.s with an important addition due to 
Ernst Lindelof. 

Let y{x) be an integral of the differential equation dy/dx =/(x, y) taking 
on the valiKi for x = 'Phe function y(x) satisfies the relation 


(38) 




and conversely. The eipiation (38) is an integral equation which is equivalent 
to the two conditions i/(x) =/[x, y (x)], y (J„) = and which lends itself readily 
to the method of .siicces.sive approximations. We shall develop the method on 
a .system of two equations of the first order 


(39) 


2=/(av.^), 


— = 0(x, v,z), 
dx 
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supposing first that the variables are real. We shall assume that the two func- 
tions f and 0 are continuous when x varies from to Xq + a and when y and z 
vary respectively between the limits (y^ — 6, j/o + and (z^ that 

the absolute value of each of these functions / and 0 remains less than a posi- 
tive number M when the variables x, y, z remain within the preceding limits; 
and, finally, that there exist two positive numbers A and B such that we have 

(40i i\f{^^V^z)-f(x,y\z')\<A\y-y'\^B\z-z'\, 

\ 2/, 2 )- 0(x, y% z')\< A\y — y' \ B\z — z' \ 

for any positions of the points (x, y, z) and (x, y% z') in the preceding region. 

Let us suppose, for ease in the reasoning, a > 0, and let h be the smallest of 
the three positive numbers a, b/M, c/M. We shall prove that the equntiom (39) 
have a syatem of inteyrals whkh are continuous in the irderoal (x<^, + h) and 

which take on the values y^ and z^for x — x^. For this purpose we shall write the 
equations (39) in the form of integral equations : 

(41 ) y (X) -= 2/0 + r V[^ 2/ (th 2 (0] 2 (X) = 2o + r 2/ (0i 2^ (0] 

'o 

and we shall solve these eijuations by successive approximations in the same way 
as for a system of simultaneous equations (I, § 34, 2d ed. ; § 25 ftn., 1st ed.), 
taking for the first approximation values the initial values y^ and z^ themselves. 
We are* thus led to write 


(42) 


and, in general. 


(43) 


= *0 + f ^0- ^o)***. 

'o 

= j/,. + V[«, yi(t), 

~ ^0 f ^ 2/i(0» z^{Vf\dt 

I Vn(x) /[t, Zn-l(t)]dt, 


Let US prove first that this process of approximation can be continued indefi- 
nitely if X is contained in the interval (Xq, Xq -f h). We have, in the first place, 
if X is within that interval, 

ll/i - Vol < 

and, similarly,^ I — 2^1 <c. If we replace y and z by y^ and z^ in the functions 
/and 0, the functions of x thus obtained are therefore continuous between Xq 
aiul x,) 4- h^ and their absolute values remain less than M. For the same reason 
as before, y.^ and Xg are continuous functions of x in the interval (x^, Xq -f- h), 
and wo have in this interval “ yol<^ 1^2 “ reasoning can be 

continued indefinitely ; all the functions and Zn are continuous between Xq and 
Xq + h, and we always have in this interval |2/n — 2/ol<^ l^n — 2ol<^* 
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In order to prove that and z, approach limits wlien u becomes inliiiitc, ict 
us notice that we derive iirst, from the first of the relations (-J2), 

(44) li/,(x)-3/ol<-*^('*-*o). l«i(*)-Xol< ^W(x-x„), 

where a is any value whatever except in the interval (x„, + A). We have next 

2/zW - J/i(x) =/'"{/[«, !/,(<), ^,(0] 
and, by taking account of the lirst of the ineciualities (40), 


|y2(x)- Vi(x)l<J^ A|Vj(<)-p,|dt + B\z^{t)- Za\dl-, 


and therefore, by the iiuMiualities (44), 

\y^(x)^y,(x)\<{A + B)M 






We have an analogous result for W — '2i(-c)U I'-nd, continuing in this way, 
we see that we have in general 

1 y»(x) - Vn - l(x) I < Jtf (. I + «)» - 1 , 

(46) - . ” ’ . 

|z„(z) - z„_i(j) 1 < M(zi + «)»-! 

n I 

The two series 


(40) rVo+ (i^i -i'o) + (i'2- yi)+ •••+(!/«- ?/»-!)+ •••, 

l.*o + (^i ~ x„) + (Zj — Zj) + • • • + (r,i — z» - 1) + • • •> 

Whose terms are all continuous functions of x in the interval (.r,j, + /(), are 

therefore uniformly convergent in that interval. The values of these two series, 
Y(x) and Z (j), are consequently continuous functions of x Ix'tween and x,, + h. 
As the number n becomes infinite, the relations (43) become, at the limit. 


P(x) = y„+^V[«, T(t), Z(0]f«, Z(i) = z„ + T(«), Z(«)]'«. 


For we have just seen that the differences Y(x) — yn-\(x)^ 7j(x) — z„^i{x) 
approach zero uniformly in the interval (ir^, x^ 4- ^), and therefore, by virtue of 
the relations (40), the integrals 



{/[f, Y(t), Z(0]-/[f, 

{^[t, Y(t), Z(f)]-<)[t,2/n-i(0, Zn-im]dl 


approach zero when n becomes infinite. The functions Y (x) and Z (x) therefore 
satisfy all the given conditions. 

The preceding method is evidently applicable, whatever may be the number 
of the equations in the system. The inecpialities (40), which jday an essential 
part in the demonstration, are certainly satisfied for suitable values of A and U 
whenever the functions/ and </> have continuous partial derivatives with respect 
to y and z within the limits indicated for the variables ; this is an easy conse- 
quence of the law of the mean (I, § 20, 2d ed. ; § 11, 1st ed.). Let us also notice 
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that if the functions f and 0 roinain continuous when x varies between — a 
and Xq + a, and the variables y and z between tht‘ same limits as above, the same 
reasoning proves the existence of a system of integrals, Y (x) and Z (x), which 
take on the values and for x = and are continuous in the interval (x^^— 

Xq + h), where h has the same moaning as before. 

There are no other systems of integrals tluin Y (x) and Z (x) taking on the values 
y^ and z^for x = Xq. The reasoning being always4,he same, let us take for sim- 
plicity a single ccpiation dy/dx V)-, and let us put, as before, 

2^1 = ^0 + r 2/o) dt, • • •, = 2 /o + r f\t, _ i(i)] dL 

Let Y^(x) be an integral of that equation which takes on the value y^ for x = Xg 
and which is continuous in the interval (Xg, Xg -f- ri'), where a' is loss than the 
smaller of the numbers a and h/M and such that we have | F^(x) — ?/g| < 6 in this 
interval. Since Y^ satisfies the given equation, we can write 

and, consequently, 

Y,(x) - yn(x) = r{f[t, Y,(t)] -/[/, Vn-imdt. 

Let us put successively in that relation n = 1, 2, »3, • • • ; we have first 

then 

I Ti(j') - ?/,(/) ]<A f 'Ah (I - a -„) dt = AV> , 

and, in general. 

The right-hand side of that iueipiality approaches zero when n becomes 
infinite ; the integral Y^ is therefore identical with the limit of that is, 
with Y*, 

28. The case of linear equations. The general reasoning proves that the integrals 
are certainly continuous in the interval (Xg, Xg + h) defined above ; but in quite 
a number of cases we can state the existence of a more extended interval 
in which the integrals are continuous. If, in fact, we go over the proof again, 
we see that the conditions h<h/Mj h<c/M are needed only to make sure that 
the intermediate functions z^, j/g? ^21 * * * intervals 

Vo + ^0 + c), so that the functions /(x, z,), 0(x, z,) 

shall be continuous functions of x between Xg and Xg -f h» If the functions 
/(x, i/, z), 0(x, y, 2 ) remain continuous when x varies from Xg to Xg + a, and 
when y and z vary from — 00 to + oo, it is unnecessary to make those require- 
ments. All thfe functions y, and zj are continuous in the interval (Xg, Xg -|- a). 


•Regarding questions concerning the approximate integration of differential 
equations, the reader is referred to the articles of E. Cotton {Acta mathematical 
Vol. XXXI ; Bulletin de la SocAete mathematique de France, Vols. XXXVI, XXXVII, 
and XXXVIII; Annalea de V University de Grenoble, Vol. XXI). 
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Again, in order to prove the convergence of the two series (4(5) it is sufficient 
that there exist two positive numbers^ and B such that the two inequalities (40) 
are satisfied for any values of y, z, z' if x remains in the interval (Jq, Xq + a). 
We recognize, in fact, on going over the calculations made above, that the in- 
equalities (45) still hold, provided that we indicate by M an upper bound of 
|/(«i 2/o» ^o)\ Vo^ ^o)\ interval (x^, 4- a). 

These conditions are satisfied, according to the law of the mean, if the 
functions /(x, z), 0(x, y, z) have partial derivatives with respect to the 

variables y and z which remain finite for all values of y and z when x varies 
from Xq to Xq + a. Such, for examine, is the case for the equation 

dy , . 

- - = X + sin y ; 

dx 

the right-hand side is a continuous function, whatever x and y may be, and 
the partial derivative ^f/dy is at most eipial to unity in absolute value. 
All the integrals of that eipiation are therefore continuous functions when x 
varies from — oo to + oo.* 

The preceding conclusions apply in particular to systems of linear equations 

(47) = Cful/i + ^^2^/2 + • • • + (linyn + (l = 1, 2, • • ., Tl) 

where the coefficients o,x, hi are functions of x. If all these functions are 
continuous in an interval (Xq, Xj), all the integrals of this system are likewise 
continuous in this interval ; if the coefficients are polynomials, all the integrals 
are then continuous when x varies from — oo to + 00 . 

Limiting ourselves to real variables, we see that the integrals of linear equa- 
tions can have no other singular points than those of the coefficients. I'his very 
important property cannot be extended to many other etiuaiions, even though 
they are apparently just as simple — for example, to the eciuation y' = y^. 

Note. We often have occasion to study systems of linear eriuations whose 
coefficients are analytic functions of certain parameters. Let us suppose, for 
definiteness, that the coefficients aa and of the eciuations (47) are continuous 
functions of x in an interval (a, 6), and that they depend also upon a parameter X 
of which they are analytic functions in a region D. 

The integrals of this system which take on given initial values for a value Xq 
of X included between a and b are represented in the whole interval (a, b) by 
uniformly convergent series, and from the very manner in which we obtain 
them it is clear that all the terms of this series are analytic functions of the 


•We can deduce an analogcms theorem from the calculus of limits. Let /(x, y) be 
a function which is real for every system of real values of x and y and analytic in 
their neighborhood. Suppose, liesides, that |/(x, ?/)j remains less than a fixed num- 
ber M when we have respectively 1 {x/i)\ ^ a and 1 (y/i)\ = b. If Xq, j/q are a pair 

of any values of x and ?/, the function /(x, ?/) is analytic in the region defined by 
the inequalities Ix-Xyl^a, ! ?/ - ?/o | = ^>, and its absolute value is less than M. 
Then, by the calculus of limits, the integral of the equation y'^f{x, j/), which is 
equal to j/q for x = Xq, is surely analytic in a circle (J whoso radius r is independent 
of xa, yo- We can follow the analytic extension of that integral along the real axis 
by means of circles of radius r, and we see that it is analytic in the interior of the 
strip bounded by two parallels to the real axis at a distance r from it. 
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parameter X in D. These integrals are ther^ore ihe^nselves analytic functions of X 
in the region 1) (Part I, § 39). 

Most fre(iuently the coefficients Otk and bi are integral functions of the 
parameter X; the integrals are therefore themselves integral functions of X. 
We can obtain directly the developments, according to powers of X, of tin; 
integrals which take on given initial values, by first substituting in the two 
sides of the equations (47) developments of the form 

Vi = Mio + Uii\ 4- • • • + + • • *, (i = 1, 2, . . n) 

where the variables Ui^ are functions of *, and by then ecjuating coefficients. 
The functions it,o must take on the given initial values for x = a*o, while the 
other functions Utk, where /c^ 1, must be zero for x = Xq. 

Proceeding in th’s way, we find, step by step, systems of linear differential 
equations for determining these coefficients. We shall return to this subject 
later. 


29. Extension to analytic functions. The method can be extended to complex 
variables. Jo do so it suffices to observe that we have for analytic functions 
of one or awteral variables inequalities analogous to the in(M|ualities (40). First, 
let/(a!) be an analytic function of a complex variable y, in a region bounded 
by a convex curve C and also on the boundary, and let A be the maximum 
value of \f{x)\ in this region. The difference /(/o) — where and are 
any two points of that region, is equal to the definite integral f /'(x) dx taken 
along the straight line joining these two points. We have, therefore. 

Similarly, let /(y, y) be an analytic function of the two variables x and y 
when these variables remain respectively in two regions and il' bounded by 
two closed convex curves C and O', and let A and B be the maximum values 
of \f^ \ and of |/'l in this region. If x^ and x^ are any two values of x in 0, and 

and any two values of y in O', we can write 

Vi) -/(-Ti, Vi) = [/(■'s. Vi)-f(^xi Vi)) + [/(■I'l. Vi) -/(Jti. s/i)]. 
and, consequently, from what we have ju.st shown, we have 

\f(^i ,yi)-f{^i,Vi)\<-^\Xi-Xi\ + B\Vi-Vx\. 

The proof is the same whatever the number of the independent variables. 

Having seen this, let us limit ourselves, for simplicity, to the case of a single 
equation, 

(48) ^ =/(*, V), 

the right-hand side of which we shall suppose to be analytic in the region defined 
by the inequalities [x — a, \y — y^l^b. Let M be the maximum value 
of |/(x, y)| in this region, and h the smaller of the two numbers a and b/M. 
In the plane of the variable x let us de.scribe a circle Ch of radius h about the 
point Xq as center, and let us put, as above, 

Vi = Vo+ rV(«, Vi = yo+ fV[«, Vi(«)]<K, 
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where the upper limit x is a point within C*. We prove first, step by step, that 
we have 

\yx-Vt\<b, |y2-yol<^ •••. |j/n-vol<*. 

All the functions yg* * * *» Vny * • • ^'^e therefore analytic functions of x in the 
circle C*, and the process can be continued indefinitely. Moreover, we have 

(49) Vnix) - y„_i(x) = r"|/[f, Vn-iit)-] -/[f, 

*'•^0 

where the integi*al is taken along the straight line joining the two points x. 
Let A be the maximum value of | df/dy | in the region | x — Xg | ^ /i, | | ^ ; 

then, according to the observations made just above, we have always 

\f[t, Vn-l (0] -/[«, 2/«-2 (0] I < ^ I y«-l (0 - yn-.2 (0 I . 

In order to prove that we have an inequality analogous to the inequalities (46), 
let us suppose that we have 

which is evidently the case for n = 2. Let x = x^ + ; the changftof variable 

t — Xq — pe®* reduces the integral (49) to an integral taken along the real axis 
from 0 to r, and we have (Part I, § 44) 

\yn(t) - y»-i w I < ^ j 

or 

|y,(x) - 2/,-i(x)|< MAn-i 

n 1 

The proof can be completed as before. The series whose general term is 
yn — !/n-i is uniformly convergent in the circle 0^, and, since all the terms 
are analytic functions, the sum of that series is an analytic function in the 
same circle (Part I, §39), which satisfies the equation (48) and which takes 
on the value for x = Xq. The development in power series of this integral 
is necessarily identical with that furnished by the calculus of limits, but the 
limit obtained for the radius of convergence is greater than that given by the 
first method. 

The remark relative to linear e<iuations applies also to analytic functions. 
Let us suppose that the coefficients a,i' Jmd 6,- of the equations (47) are analytic 
functions of the complex variable x. Let us mark in the plane the singular 
points of these functions, and let us suppose that from each of these singular 
points a ray is drawn following the prolongation of the segments from Xq to the 
singular point. The set of points of the plane which are not situated upon any 
of the preceding lines is called the star corresponding to the system of singular 
points. The straight line which joins the point x^ to a point x of the star does 
not pass through any of the singular points, and the method of § 28 proves 
that all the integrals of the system (47) are analytic functions along that straight 
line. The point x being any point of the star, it follows that all the integrals of 
the linear system (47) are analytic functions in the whole star — a result which 
will be estaMished later in another manner (§ 37). 

The method of successive approximations enables us also to obtain for the 
integrals developments in series converging in the whole star. Let A be a region 
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of the plane bounded by a closed curve C lying entirely in the star ; the series 
furnishod by the method of successive approximations are uniformly convergent 
in A. The remaining details of the proof are left to the reader, since they do 
not differ essentially from the details of the proof given before. 

30. The Cauchy-Lipschitz method. The first proof given by Cauchy of the 
existence of integrals of a system of differential equations has been preserved 
in the lectures by Moigno published in 1844. It was considerably simplified by 
Lipschitz, who made clear just what hypotheses were necessary for the validity 
of the proof. 

In order to gain a clear grasp of the whole process, let us take the simple 
equation , 

We have shown (I, § 78,* 2d ed. ; § 70, 1st ed.) that the integral of this equa- 


tion which takes on the value Vq for x = 
(50) 3/o + /(*o) (■^i - ®o) + /(•'i) (•'a - 


a*^ is the limit of the sum 
■ ^l) "4* • * * fi'^n—l) (j" — ^n — l). 


becomes infinite in such a way that all the intervals (r, — Xt-i) approach zero. 
It is this process, suitably generalized, which leads to (Jauchy's iirst method. 
In order to simplify the exposition, we shall take the case of a single equation, 


(51) 


g=/(x,.). 


We shall suppose that the function /(x, y) of the real variables x, y is continuous 
when X varies from to + a and when y varies from y^^ — b to y^ + h, and 
that there exists a positive number K such that 

(52) \f{x, /) -f(x,y)\<K\y'~ y\, 

where y and y' are any two numbers included between y^^ — h and y^ + 6, and 
where x lies between x^^ and x^y + a. 

This condition, the importance of which was brought out by Lipschitz, will 
be called, for brevity, the Lipschitz condition. It has already been used in the 
method of successive approximations (§ 27 ; and I, § 34, 2d ed. ; § 25 ftn., 1st ed.). 

Let 3f be the upper limit of \f(x, y)| in the preceding region, and h the smaller 
of the two numbers a and b/M (we suppose « > 0, 6 > 0). In order to prove that 
the equation (61) has an integral which takes on the value y^^ for x = Xq and 
which is continuous in the interval (Xy, Xy+ /i), we shall imitate so far as pos- 
sible the procedure followed in establishing the existence of a primitive function 
for /(x). Let x be a value of the variable belonging to the interval. Let us take 
between Xq and x a certain number of intermediate values, x^ Xg, • • •, Xf_i, x<, 
• • • , Xn-i, proceeding in increasing order from Xy to x. We shall put successively 

(53) 1^1 = !(o+/(Xo, j/o)(Xi-*o)> Vs = yi+/(*i. yi)(X2-*i). •••. 

and, in general, 

(54) 3 /. = 3 /i-i+/(x.-i, y<-i)(x,-i(-i). (i = l, 2, n-1) 
The sum 

fy. = Vo + /(Xfl. Vo) (*i - *o) + /(*1. Vi) (*2 - »i) + 

+ /(x»-l, Vn-l) (* — 


( 55 ) 


{’ 
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presents an evident analogy with the sum (50), to which it reduces when the 
function / (x, y) does not depend upon y. AVe ai e thus led to investigate whether 
or not that sum approaches a limit wdien the number n becomes infinite. Wo 
shall generalize the ciuestion by defining first two sums analogous to the quan- 
tities S and 8 (I, § 72, 2d ed. ; § 71, 1st ed.). 

Let us consider the triangle ABC formed by the straight lines defined by 
the equations 

a: = xo + h, r = 3/0 + -fo), ^o)- 

From the way in which we have defiiu'd h, the function /(x, y) is continuous 
when the point (x, y) remains in the interior or on the sides of this triangle, 
and its absolute value is at most ocpial to M. 

The parallels to the ?/-axis, A"=x^, A"=X 2 , •••, A' = x, divide the triangle 
ABC into a certeiin number of isosceles trapezoids of which the first reduces 



to a triangle. Let ai\d denote respectively the maximum and mini- 
mum values of /(x, y) in the triangle Ab^c ^ ; then we have — 

Through the point A let us draw the straight lines with slopes equal to and mj, 
meeting the straiglit line AT = Xj in two points, and whose ordinates are 
respectively = 2/o + ■" Vi = 1 / 0 + — x^). The letter y^ no 

longer denotes the same thing as in tlie expressions (68) to (55). These points, 
andpj, are evidently in the interior of the triangle ABC or on its sides, and 
we have > y^. Through the point Pj let us draw the straight line with the 
slope M up to its intersection with the straight line in and through 
let us draw, similarly, the straight line with slope — M up to its intersection 
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with the same straight line Let and be the maximum and minimum 
values of /(x, y) in the trapezoid straight line with the slope J/g 

drawn through meets the straight line in a point P^ whose ordinate is 

Tg = + ^2 (^2 ®i)» 

and the straight line with the slope drawn through meets in a point 
Pj with the ordinate 2/3 = — We have evidently and 

Fj - P 2 — - 2 /n equality holding only if the function /{x, y) is constant 

in the trapezoid Pi%q^Vv process can be continued. Having obtained two 
points, P,_i and p,_i, on the straight line let us draw through P.- _i a 

parallel to AB^ and through pf_i a parallel to AG. We thus form an isosceles 
trapezoid Pi _iQt</tPt-i. Let be the maximum value of /(x, y) in this trape- 
zoid, and mi the minimum value; the straight line with the slope Mi drawn 
through Pf_i meets the straight line c^bi in a point P,*, and the straight line 
with the slope mi drawn through pi_i meets in a point pf. We thus form 
two broken lines starting from the point A^ namely, A P^P^ • • • P,_iP, • • . P„. 
or L, and Ap^ P 2 " ^ Pt-i Pt ••• Pn, or ending in the two points Pn and p„ of 
the straight lino X = x. From the manner in which these two lines were con- 
structed it is evident that they both lie in the triangle ABC^ that the line L is 
never below i, and that the distance between these two lines, measured on a 
parallel to the axis Oy, cannot diminish when the abscissa increases from Xq to x. 
The ordinates Fn and of the two extreme points are entirely analogous to the 
sums S and s (I, § 72, 2d ed. ; § 71, 1st ed.). We shall put /? = F„, 5 = 

To each method of subdivision of the interval (x^, x) corresponds a sum S 
and a sum s. If we subdivide each of the partial intervals (x,. 1 , x*) into still 
smaller intervals in an arbitrary manner, the preceding geometric construction 
shows immediately that the lino L' corresponding to this new division is never 
above X, and the line V is never below 1. We have, therefore, S' ^ »S\ ^ «, 

where the accented letters denote the sums relative to the second division. We 
conclude from this (as in § 72, 2d ed. ; § 71, 1st ed.) that if 8 , s, .S,, represent 
respectively the sums relative to any two methods of division ivhdtevcr of the 
interval (x^,, x), wo have s ^ ^ S. Indicating by I the lower limit of the 

sums *S, and by P the upper limit of the sums s, we have, therefore, 7'^ 7. 

In order that the sums S and s shall have a common limit when the maximum 
length of the partial intervals approaches zero, it is necessary anti sufficient that 
/S — s approach zero. In fact, we may write 

8 ~s = .S-H-7-P + r-«, 


and the difference S — 5 cannot be less than a number € unless each of the num- 
bers 8 — I, I — i', r — s (no one of which can bo negative) is itself leas than «. 
Since < is an arbitrary positive number, this cannot happen unless we have 
/' = 7, and it is, moreover, necessary that S and s shall have the same limit I. 
In order to prove that S — s has zero for its limit, it is not sufficient to suppose 
that the function /(x, y) is continuous, and it is here that the Lipschitz condition 
plays a part. 

Let F| and yt be the ordinates of the points P,- and pi, and di the differ- 
ence Yi^yi, Since the function /(x, y) is continuous in the triangle ABC^ 
corresponding to every positive number X we can find another positive number 


T such that 


l/(*. V) -/{*', y')\ < \ 
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provided that the distance between the two points (jr, y) and (x', y') of the tri- 
angle ABC is less than a. We shall suppose that all the differences xi— a*,_i 
are less than <r. From the construction by which the points P,-, p,* are obtained 
from the points Pi_i, Pf-i, we have 

= 5t-i + {Mi - m,) {Xi - 
On the other hand, we can write 

Ml - ?/i. =f{x', y[)-f{x[\ y") 

=/(4 n ' i ) -/«, y ',) + [/«, y ',) 

where (x', y\) and (x\\ y') are the coordinates of two points of tlie trapezoid 
We have, therefore, by the condition (62), 

Jl/, — m,< \ + K\yf — y\\. 

Put the difference \y[' — y\ \ is at most equal to 5,_i + 2ilf(x, — Ji_i), and we 
have 

Jl/, — ?/ii < X 4- 2 MK (x, — Xi-i) 4- 

If we take all the intervals so small that each of the products 2 3f/r(/, — x,_i) 
is less than X, the difference j\r, — m* will be less than 2X4- and coiise- 

(luently we shall have the inequality 

(5ff) 5; < 4- K (Xf- Xf_i)] + 2X(X;~ X,-i), 

which can be written in the form 


We have, therefore, a fortiori, 

4" ^ ^ ^ i) 4 " ^ * 


Putting i = 1, 2, • • •, n successively in this last iiiecpiality and multix^lying the 
two sides of the inequalities obtained, we lind 


or 


, 2X 2X 
A A 


S - S = J„ < ^ [c'TCc-V _ 1]. 
A 


Since it is po^ible to take the positive number X as small as we wish, provided 
that all the partial intervals are themselves l(*ss than another suitably chosen 
positive number, we see that the sums *S and s have the same limit. That limit is 
a function of x, say F(x), defined in the interval (x,„ Xy + h). We shall now show 
that this function F(x) is an integral €>f the given ecpiation (61), and that it 
reduces to y^ for x = Xq, In showing this we shall continue to make use of the 
geometric representation. 

If all the partial intervals approach zero, not only the extremities of the two 
broken lines L and I approach a limit point, but the lines themselves apiiroach 
a limiting curve. Any straight line parallel to BC meets the line L in a point P, 
and the line I in a point p, and the distance Pp is less than S — s. E'rom the 
properties of these broken lines, all the points P have their ordinates greater 
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than the ordinates of the corresponding points p ; and since the distance Pp 
approaches zero, it follows that the points P and p approach a single limit point tt 
lying on the line considered. The locus of these points, ir, is evidently a curve C 
lying between the two broken lines L and I and passing through the point A. 
The ordinate of a point of that curve with the abscissa x is equal to the func- 
tion F(x) just defined, for in order to obtain the position of the point tt on the 
line JIT = X, we make use of only the portions of the broken lines which are on 
the left of that line. Let us suppose the two broken lines L and I produced up 
to the side BC, all the partial intervals being less than the smaller of the two 
numbers <r, X/(2 MK), and let P{£) and Q(x) be two continuous functions which 
represent the ordinates of a point of the line L and of the line I in the interval 
(*o» difference P{i) ~ Q(x) is less than 2X(e^''‘ — l)/ii, and each 

of the functions P(x), Q(x) differs from F(x) by a still smaller quantity. Since X 
can be made as small as we wish, we see that we can construct a uniformly 
convergent series of continuous functions in the interval (Jq, + h) which has 
F(x) for its sum ; this function is therefore itself continuous (see Vol. I, §81, 
2d ed. ; § 178, 1st ed.). 

Every broken line included between L and I has evidently the same curve C 
for its limit. Such would be the broken line A, whose successive vertices have 
the coordinates obtained by the recurrent formula 

Zt-Zi-i +/(X,_i, Z*-.i)(X. ~Xf_i), 

the first vertex being the point (x^, Thus we find again the expressions (64) 
which served as our starting point. Let us notice also that if we apply the 
construction starting with a point M'(x\ y') on the curve C, we obtain two 
broken lines 1/ and I' lying between L and Z, which also approach more and 
more the portion of C included between M' and the straight line BC. Let now 
M'(x% y') and M" (x'% y") be two neighboring points of C{x" > x'). The slope 
of the straight line M'M" lies between the maximum and minimum values of 
/(x, y) when the point (x, y) moves over the triangle formed by the straight lines 

X= X", r- y' = Af(jr-x'), y' =- 1/(.V- x') ; 

if the difference x" — x' is less than a suitably chosen positive number, these 
two values of /(x, y) will differ from /(x', y') and from /(x", y") by as little as 
we wish. If one of the two points, M" for example, approaches the first one as 
a limit, the slope of M'M" will therefore have for its limit /(x', y'). The func- 
tion F(x) consequently satisfies the given differential ecpiation (61). It is, more- 
over, evident that the curve C passes through the point A, that is, that we have 
P{^o) = Vo- 

The curve C is the only solution of the problem. If there existed a second 
solution O', this curve C' could not be at the same time below all the lines L 
and above all the lines Z, since these lines approach the curve G. We can there- 
fore find a line — for example, L — which will be cut by this curve G'. Since C' 
is below the line L in the neighborhood of the point A^ let us suppose that it 
passes above L, crossing that line in a point m of the side P,-i Pt, and let 7nf_i 
be the point of G' with the abscissa x,--i. The slope of the chord mi^im is equal, 
by the law of the mean, to the value of the function /(x, y) at a point of the arc 
m,_i n,-; hence this slope cannot be greater than the slope of the side P, ..iP<, 
since the arc mx^xUi is in the trapezoid P,_iQt9<P»-i* l-h© figure shows 
that the slope of the chord must be the greater. 
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Cauchy’s first method and that of the successive approximations give, as 
we see, the same limit for the interval in which the integral surely exists. But 
from a theoretical point of view Cauchy’s method is unquestionably superior : 
we shall show, in fact, that this method enables us to find the integral in every 
finite interval in which the integral is continuous. More precisely, let us suj)- 
pose that the equation (51) has an integral y =±F(z) continuous in the interval 
(jCq, Xy + Z), that the function /(x, y) is itself continuous in the region (E) of the 
xy-plane bounded by the two straight lines x = Xy, x = Xy + Z and by the two 
curves Y= F(x) ± vi, where is a positive number taken at pleasure, and that 
/(x, y) satisfies the condition (52) in this region. Let us suppose that we divide 
the interval (Xy, Xy + Z) into smaller partial intervals and that we construct 
the broken line A by the method which has just been explained, relative to 
this manner of division and starting from the point (Xy, j/y). If all the partial 
intervals are less than a suitable positive numi)er cr, this broken line will lie entirely 
in the region (E*), and the difference of the ordinates of two points having the same 
abscissa, taken on the integral curve C and on the line A, will be less than any positive 
number e given in advance. 

Let Xy, Xj, Xo, • • •, x,_i, Xe • . *, x„_i, Xy + Z be the abscissas of the points of 
division, let j/y, Z/j, • • •» P the corresponding ordinates of the curve U, and let 
2/o» Zi, • • Zn be the ordinates of the vertices of the line A. Let us 

lirst suppose that all the vertices to the left of the vertex (x.. z,) are in the 
region (E), and let us consider the problem of calculating an upper bound 
for the difference d, = |2:i — 

We have, on the one hand, from the very definition of A, 

Zt ^ Zt-.i -|-^(Xi_i, 2J|_i) (X, — X,’ — i). 

On the other hand, from the law of the mean, we have also 
yi = yi-i +/(x', y[){x^-z^^l), 

where (x', y[) are the coordinates of a point of C, and where xj lies between 
x,_i and Xt. We derive from these equations 

(57) Zi - yi = z,-i - y^-l + (X, - Xf_i) [/(Xf-i, z^-l) -/(x,', y')] ; 
and the coefficient of (x, — Xf-i) can be written in the form 

[/(x,_i, Zi-i)-f(Xi-i, i/.-i)] + [/(x»-i, yi-\)—f{fi^ K)]- 

The absolute value of the first difference is, by the condition (52), less than 
Kd,-i. On the other hand, since the function /(x, y) is continuous in the region 
(E), it is a continuous function of x along C, and we can find a positive number <r 
so small that |/(x, y) ~/(x', y')\ is leas than a given positive number 2 X for any 
two points of the curve C, provided that |x — x'| is less than <r. Having chosen 
the number <t in this way, we have 

(58) di < di-i + (Xi - x,_i) (2 X + Kdi^i), 

a relation which is very similar to the relation (66), and from which we obtain, 
as before, the inequality 



74 


EXISTENCE THEOREMS 


[II. § 30 


Let us suppose that the number X is so small that we have 2 \ — 1) < Krj, 

We may then establish, step by step, that each of the differences • • •, dn is 
less than ri. All the vertices of the broken line A are therefore in the region (E). 

Let P{x) be the ordinate of a point of the line A ; similarly, let Q{z) be the 
ordinate of a point of the auxiliary broken line A' obtained by joining the 
points of C having the abscissas Xq, Xj, Xg, • • *, /„_i, Then we have 

P{x) - F(x) = P(x)~ Q(x) + Q(x) - F(x). 

If the oscillation of the function F(x) in each of the partial intervals is less 
than e/2, we have always | Q(x) — E(x)l < e/2 (see Vol. I, § 206, 2d ed. ; § 199, 
1st ed.). If also the number i; is less than e/2, we have \P(x)— Q(x) | <€/2, and 
therefore | P(x) — P(x) | < e. Then the continuous function P(x) represents the 
function F(x) with an error less than e in the whole interval (Xq, Xq + 1). 

The Cauchy-Lipscliitz method can be extended to systems of differential 
eciuations without any other difficulty than some complications in the formulai. 
It applies also to complex variables. The investigations of E. Picard and of 
Painlev6 have shown that the method leads to developments of the integrals in 
convergent series in the whole region of their existence if the right-hand sides 
of the given equations remain analytic in this region. 


III. FIRST INTEGRALS. MULTIPLIERS 

31. First integrals. Given a system of 7^ — 1 (inalytlc differential 
equations of the first order, we shall write these eciuations in the 
symmetric form 

^ ^ 

where the denominators A^ . . A^ are functions of the n variables 
^n- form of the equations does not involve a choice 

of the independent variable, which may be any one of the variables 
or may be chosen arbitrarily. We have seen above that, under 
certain conditions which have been defined, all the integrals of this 
system which pass through any point of a region D are represented 
by a system of equations of the form 

(GO') f2^v ~ 

where /j, /^, •••,/„-.! are (n — 1) functions analytic in 7), and where 
are constants which may be arbitrarily chosen, at least 
witliin certain limits (§ 26). The formulae (60) represent the general 
integral of tlie system (69) in the region B ; but there may be other 
values of the variables also, for which (60) represents the solution. 
It may happen that we obtain several different systems of formulae 
representing the general integral in different regions. It is also clear 
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that, in the same region /), the system of efiuations (60) is not the 
only possible representation. We cjxn replaxie the (71 — 1 ) functions 
ft iP' — functions l\ which depend only upon the functions yb 
provided that these (n — 1 ) functions J\ are independent functions 
of the variables 

However the functions /, have been taken, if the fornmlie (GO) 
represent the general integral of the system (59), the functions J\ 
satisfy the same partial difPerential ccpiation of the first order. For, 
let us suppose the coordinates of a ])oint .r^, • • •, of an integral 

curve expressed as functions of a variable ])arameter. If we replace 
the coordinates .r.^, • • •, in fi by their expressions as fuiKitions 
of this parameter, the result reduces to a constant. We have, there- 
fore, dfi = 0 , and, replacing the differentials dx,^^ • • • in df\ by 
the proportional quantities A'.^, • • *, we find that satisfies the 
relation 


(61) 


X(f)- X X + + V -^^ = 0 


This relation must reduce to an identity, when,/’ is r(q)ljiced by/,’, 
since we can choose the constants C\ in sucli a way tliat.tlie integral 
curve passes through any point of D, The {n — \) functions/’,/^, 
. . •,/J,_i are therefore {n — 1) integrals of tlie (‘(juation X (f) — 0. 
Every function n(/p /g, • • ulso an integral of the- same 

equation, whatever may be the function n, by the relation 




?TT 

+ . -7- -V 

V»-l 


which is easily verified. 

Conversely, we obtain in this way all the integrals of the (Mpiation 
X(f)= 0. For, eliminating the coefficients A\. from the n relations 


A'(/)=0, A(/,) = 0, A(/„_:) = 0, 


we obtain 


D{x^, • • *, x„) 


which shows that /is a function n(/,/ 2 , of the (71 — 1 ) par- 

ticular integrals /, /, • • •, /n_i (I, § 55, 2 d ed. ; § 28, 1 st ed.). We 
can also verify this by a change of variables. Let us suppose, in fa(;t, 
that we take a new system of independent variables //j, • • •, //„, 

where the n^l variables y^, y.^, • • •, y„-i are precisely the functions 
/i> /n-i themselves, and where the variable y„ is chosen in 

such a way as to form with y^, y^, • • •, y„_i a system of n independent 
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functions of the original variables x^. Then the equation 

X{f) = 0 is replaced by an equation of the same form 


( 62 ) 


+ 


+ r ^ = 0 


which must have the {n — 1 ) particular integrals 


/=yx. •••j f=yn~v 

We have, therefore, 

F^ = r^=... = r„_, = o, 

and the equation (62) reduces to — 6 * The general integral is 

therefore an arbitrary function of 

The integration of the partial differential equation A’’(/) = 0is 
therefore reduced to the integration of the proposed system of dif- 
ferential equations (69). Conversely, let us suppose that we have 
obtained an integral f of the equation X (/) = 0 in any manner 
whatever. If we replace a*.^, • • •, in that fumition by the coor- 
dinates of a point of an integral curve, supi)Osed to be expressed as 
functions of a variable parameter which may be one of the coordi- 
nates themselves, the result obtained reduces to a constant. In fact, if 
we suppose that are functions of a variable parameter 

satisfying the redations (59), the total differential df of the pre(;ed- 
ing function reduces to A^V(/), where K denotes the common value 
of the ratios d,rjX^, The equation /=r is therefore a consequence 
of the given system of differential eejuations. For this reason wo say 
that the function/ is first integral of that system. t 

If we know n — 1 independent first integrals, we can write im- 
mediately the general integral of the system (59) ; if we know only 
p independent first integrals ( 7 ; < n — 1 ), we can reduce the integra- 
tion of the given system to the integration of a system oi n— p — 1 
differential equations. For, let /j, •••,/, be these p first integrals. 
From the p relations 




/. = C’p 


* The two modes of reasoning do not require that the function / should be analytic. 
The only necessary conditions are those which are required in order that we may 
apply the forraulm for change of variables, that is, the existence and the continuity of 
the partial derivatives of the desired function /. 

t The reasoning would no longer apply if the factor K were infinite for all the 
points of the integral curve, which would be the case if the coordinates of all the 
points of that curve were to make the n functions Xi vanish. It is also necessary 
to make an exception of the integrals which are such that at least one of the functions 
Xi, X 2 , • • •, Xn is not analytic in the neighborhood of any point of that curve. This 
case arises when there are singular integrals. 
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we can obtain p of the variables x^, • ■ r„, for example, x^, ar,, 
•••) »p) as functions of the remaining n—j) variables a-p + ,, • • •, 
x„ and the^ arbitrary constants (\, (\, It will sufficie, then, 

to determine a:,+i, as^+j, • • •, a-„ as functi ons of a single index)endent 
variable. If w'e denote by A^ the new functions 

resulting from A'„.,,i, A'^ . . ., A'„ after we have, reidaced a-,, x,^, • • ., 

Xj, in them by their expressions, it will suffice, therefore, to integrate 
the new system, 

H 

'■ P "Y 'T- ■ "T-- 

in which the new denominators depend upon p arbitrary constants. 

We can also reason in another way. If we take a new system of 
independent variables, y„, where the p variables y^, y.^, . • 

yp are identical with the known first integrals • • • , the 

e(iuation .Y (/) = 0 is rc])la(ted by an equation of the same form, 
r(/) = 0, which must have for integrals /= y^, . . y^. That 
equation is therefore of the form 


i: 


V n 




+ ' 


P + i 


■»;/. ' 


and its integration reduces to that of a system of n — p — \ differ- 
ential equations of the first order. 


^1JL±X— —‘Ilia 
i;+i ■" 

We see from this the importanc.e of loc^king for first integrals. 
In each particular case the discovery of a m^w first inti'gral con- 
stitutes a step farther toward the cxmiph'te solution. It would not 
be possible to give a very definite rule of jirocedure for tliis pur])ose. 
Let us merely notice that the problem amounts to forming an m/«- 
(jrahle comhinatlon of the equations (59), that is, to determining n 
factors, /ij, /ig, • • •, /x„, so that 

+ • • • + 

and that 

H h 


is an exact differential f/<^. For it is clear that we can deduce from 
the equations (59) a new ratio ecpial to the first 

^ H h 

H h = 0 


hence the relation 
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is a consequence of the equations (59) if 

= 0 . 

It follows that we can find a first integral by quadratures if we 
know the factors /a,*. This is the case in particular whenever we 
can find factors, • • -y such that the factor /li^ depends 

only upon the variable 5c„ and such that 

= 0. 

Let us also observe that, if we have obtained jj first integrals of 
the system (59), it may happen that the new system (63) can be 
integrated completely for particular numerical values of the con- 
stants • • - j while the actual integration is impossible for 

arbitrary values of these constants. 


Example 1. Let it be required to integrate the system 


(04) 


du 

dv 

dw 

= VM), 

— = wu. 

■ ■■ - 

dx 

dx ’ 

dx 


We easily see two integrable combinations udu = vdv = wdw. We have, there- 
fore, two first integrals, = Cj, Cg . Hence, putting the values 

of V and of w obtained from these relations in the first of the equations (64), 
we have for the determination of u the differential equation 

(05) g = C,), 

the general integral of which is an elliptic function (§ 11), reducing in special 
cases to a simply periodic function or even to a rational function. Since the 
given system is symmetric in a, u, ic, we conclude that v and w are also elliptic 
functions. 

Example 2. Let us consider the system 

du dv dw 

(06) — = rv — (/ic, — = pw — ru, — z=.qU’- pVy 

dXf djc (2x 

where p, g, r are given functions of x. We have again an integrable combination, 
udu + vdv + wdw = 0, from which we derive the first integral, u* + = c. 

Discarding the case where G is zero, we may suppose 0=1, for the system (66) 
is not changed by multiplying w, r, w by the same constant factor. Instead of 
solving the relation 4- + lu* = 1 for one of the unknowns, we can proceed 

in a more symmetric manner by considering w, v, w as the coordinates of a 
point of a sphere of radius unity and expressing them as functions of two varia- 
ble parameters — for example, in terms of the parameters which determine the 
rectilinear generators of the sphere. Let us put for that purpose 

tt+iw 1 + w . u + iu_l — 

■ — r — \ v; — r ~ 

I — w u — tu l + io u — tv 


1 — Xm 


,1 + X/i 

X— M ’ 


w = 


X + M 
X-/a 


which gives 
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Substituting these values of «, v, w in the system (60), we find after some 
easy calculations that X and /i must satisfy the same Riccati c<iuation, 


(67) 


dff 

dx 


= — ir<r 


+ 


ip q ip 
2 2 


Hence the integration of the given system is reduced to the integration of a 
Riccati equation.* 

Example 3. Let us consider the equation integrated by Liouville, 
y" + 0W/+/(y)y'2 = o. 

Putting y' = z, we may replace the given equation by the system 

dx __dy ^ — dz 

I ~~ z ~~ <f>(x)z+f(y)z^* 

from which we derive the integrablc eonibination dz/z + <p(x)dx +f(y)dy = 0. 
The given equation of the second order lias therefore the first integral, 

y' C'^Vn -■= ( 7 , 

which we could also have obtained directly by dividing all the terms of the 
equation of the second order by y\ The preceding equation of the first order 
is of the form y'= CXY; hence, by separating tlie variables, the integration 
may be completed by two quadratures. 


Note 1. Wo sometimes replace the system (69) by the system 


( 68 ) 





= fif, 


where t is an auxiliary variable which is introduced in many cases only for the 
sake of greater symmetry in the reasoning. If the original system (69) has 
been integrated, we can obtain t by a quadrature, for if we replace j*.^, x.,, • • - , 
x„, for examjile, by their expressions in terms of x^ and of the constants 
Cj, . . ., Cn-i in JTj, we are led to a relation, 

dt = P(x^, C\, Ca, •••, (7n_i)dXi, 


from which we can find t by a quadrature. It follows from this that the gen- 
eral integral of the new system (68) will be represented by tlie n eiiuations of 
the form 

t /n(Xi,ara,...,Xn)=«-«07 

where /j, •••, A-i are (n- 1) independent integrals of X(/) = 0, and 

where is a new arbitrary constant. 

Conversely, in order to obtain the integral curve of the system (69) that 
passes through the given point xj, xg, • • •, xj, we can look for the integrals of 


* See Darboux, Theorie des surfaces^ Vol. I, chap. ii. 
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the system (68), where t is considered as the independent variable, which for 
t = 0 take on the values ajJ, xj, • • •, respectively. Let 

(701 ~ 0 5 * * *» ®n)» ^2 — *11 * * •» *2)i • • *1 

be these integrals ; it is clear that the preceding expressions represent the inte- 
gral curve sought. We should have to make an exception only if all the func- 
tions Xi were zero for the initial values xj and analytic in the neighborhood. 
In this case the expressions (70) should reduce to Xi = x®. But, since the ratios 
dXg/dXj, •• •, dxn/dx^ appear in an indeterminate form, nothing justifies us so 
far in saying that there is no integral curve passing through the given point. 
This is a case which will be examined later (§ 76). 

Note 2. The relation which exists between the system of differential equa- 
tions (69) and the linear equation (61) proves that X (/) is a comriant of the 
system (69). The meaning of this statement is as follows : Let us .suppose that 
we take a new system of independent variables, yj, 2/21 * * *i connected with 
the variables x^, Xj, • • •, Xn I>y the relations 

(71) Xi = 2 ^ 2 , . . ., yn). (i = 1, 2, . . ., n) 

By the formulge for change of variables, is a linear homogeneous func- 
tion of the derivatives and X(f) changes into an expression of the 

same form, 

(72) r(/) = r,-5/.+ ... + r.y = o, 

where Fji * * *1 functions of y^, 2/21 * * *1 Vn- This being true, we may 

now assert that the same change of variables applied to the system (69) leads 
to the new system of differential equations, 


(73) 


1^1 ■■■ yn 


We could e.stablish this by a direct calculation, but it results also from the 
preceding properties. In fact, let 


(74) 




be the system to which wo are led by applying to the original system (69) the 
change of variables (71) ; it suffices to show that Z^, Zg, • • •, Z„ are proportional 
to F^, Fj, • • *, Yn. Now let /(x^, Xj, • • •, x„) be a first integral of the system 
(69) and 

y(.yvVt,“-',yn) 


the function derived from/(Xi, Xj, • • •, Xn) by the change of variables. Since 
we have X{f) = 0, we have also F (F) = 0. Besides, F{y^y 1/21 • "1 Vn) is evi- 
dently a first integral of the new sy.stem (74), that is, an integral of the linear 
equation 


Z(F) = Z, 


4 . 7 

_ — q. . . . q. 


= 0 . 


Since the linear equations F (F) = 0, Z (F) = 0 have the same integrals, their 
coefficients are proportional, which proves the theorem. 
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This last point in the proof results from the fact that a linear ecpiatioii 
X(f)=zO is completely determined, except for a factor, when we know (n - 1) 
indeperuienl integrals, /g,..., /„_i, of it. In fact, the (n- 1) tMiuations, 
A'(/,) = 0, linear and homogeneous in X^, X^, . . Xn, determine the ratios of 
these coefficients as unknowns, for the determinants of order (n — 1) formed 
from the partial derivatives of the functions ft cannot all be zero at the same 
time (1, § 56, 2d ed. ; § 28, 1st ed.). It may be noticed that the most general 
linear equation having the (n — 1) integrals /< can be written in the form 


where II (/j, /o, 


II (jUj^, aSg, • • *, Xn) 


*21 * * *1 ®/ i ) 


= 0 , 


••,*„) is an arbitrary function. 


32. Multipliers. The theory of integrating factors has been extended by 
Jacobi to simultaneous differential equations. Let /p 4, • • •,/„-i be independ- 
ent lirst integrals of the system (59). The etpiation X(/) = 0 is, as wo have 
already remarked, identical with the equation 

A = • • •l/ t l-l ) _ Q 

/) (* 1 ^, *21 ’ * *» •^») 

Writing the condition that the coefficients of the derivatives ?/’/?*, in tlie two 
e<iuations are proportional, we are led to n relations which may be written in 
the form 

(75) At = MXi, (/ = 1, 2, • • n) 

wliere A, denotes the coefficient of ?//?*» in the dotorminant A. d’his factor M 
is called a nmltijilier. 

Whatever the first integrals /j, / 2 , • • - may be, this function Jlf satisfies 

the linear partial differential eciuatioii 

( 7 m 8 (MX,) 

C )*2 

Substituting for each of the products AIX,* = A, its e(iuivalent expression as 
a determinant of order n— 1 , and carrying out the indicated differentiations, 
each term of the left-hand side is, in fact, the pnxluct of a derivative of the 
second order, such as d‘^fh/dXidXk(i and (n ~ 2 ) partial derivatives of the 
first order. To prove that the result is zero, it suffices to show that it tloes not 
contain any derivatives of the second order. Let us take, for example, the 
derivative d'^f^/dx^dx^. This derivative appears in two terms ; in one it is mr.l 
tiplied by I>(/o, /31 • * • 1 /n-i)/I^(* 3 » *41 • * *1 *n). and in the. other by the sa»ne 
coefficient but with the opposite sign. The sum of the.s (3 two terms is therefoie 
zero, and similarly for all the others. 

If is a particular integral of the equation (70), the substitution M - Af, /x 
reduces that equation to the form X(g) = 0. If we know a multiplier M of the 
system (69), the general integral of the e<piation (76) is accordingly 
— ,/n-i), where n is an arbitrary function. Every function of this form is 
also a multiplier ; in other words, there exist (n — 1 ) first integrals F, , • • • , F„ . 1 , 
such that 3fn(/i, /j, • • ‘j/n-i) can be deduced from Fj, F,, •••, Fn-i in the 
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same way that M was deduced from /g, 
sufficient that we have, supposing A\ 0, 

•v; 


For this purpose it is 

t ./n — l) 


or 


•, *n) 


*» /n-l) 


• , F„_i) 




- = n(4,/„. 




•j ^n) 


■ = jfn, 


This condition can be satisfied in an infinite number of ways. Indeed, n— 2 
of the first integrals F; may be assigned arbitrarily in advance. 

Let us consider the system 


(77) 


^2 ,7/ 

.Y“.Y, “.Y“ ’ 


with the auxiliary variable t. This system can be reduced to the simple form 
(78) dy^ = di/2= ••• =d2/„_i = 0, (hjn = dt 

by taking for the variables the n — 1 first integrals /o, •••, fn-i e^nd the 
function /„, which appears in the preceding formuhe (dtl). It is easy to obtain 
the general expression for the multipliers in terms of the variables 2/t, for 
every multiplier is of the form 


M = 


•C/i) 


H(?/p .V2^ 


On the other hand, we have 

^^*^1 ^*^'1 ^ U \ I I I 1 

^ 1 “ dt “ fV; IJn dt ~ f'Vn 

From the relations =/,, • • •, =/„, which define the eliaiige of the variables, 

we derive, by differentiating with respect to ?/„ and solving, 

= { _ 1)»- 1 J.) ; 

Xgi * • ’» •^w) 

and the general expression for the multiplier can be written in the form 

J _ 7)(Xi^^..., dr„). 


(79) 


M I){y^, ?/2, 
where ^ is an arbitrary function of Vg* 


^0/n 2/21 •••» 


Vn- 


Let us suppose, now, that after carrying out any change of variables affecting 
only the xf s without changing the variable i, we have reduced the system (77) 
to the form 

dx[ dxo dx' 

(80) . " = 

where the JTj’s are functions of the new variables x' independent of t. If Jf ' is 
a multiplier of this new system, we have 


M' 


D(x[, J., 

i>{yvVi,---,yn) 


♦ (Vi, Vs. •••, y»-i)- 


(81) 
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Taking the same funi'tioii 4> in tlie two expressions, we derive from them, by 
dividing their corresponding sides, the relation 

(82) M' = M ® . 

Hence, if we know a muUiplier M for the system (77), we can derive from it a 
multiplier M' for the transformed system. 

This propel ty exiihiins the pnietical importance of multipliers. Let us sup- 
pose that we know n — first integrals of the system (511), and also a multiplier. 
We can then reduce this system to the form 


dx[ 

IT 





dt 


by a change of variabh‘s, and we can then find a multiiilier ^f' for this new 
system, that is, a solution of the equation 

/ '■ ' ■> ' — U. 

It follows that M' is an integrating factor for and the 

integration can he linished by (piadratures. 

A particular case which iiresents itself frecpiently in mechanics is the one 
for which we have — 0. The efiuation (7(1) reduces then to A' (M) = 0, 

and we know at onct‘ a multiplier M — 

This remark applies also to tlie eiiuation of the second order, 2/)» the 

integration of which leads to that of the system 

dx _ dy _ dy' 

If we know a first integral of it, ^(/, ?/, //') = O, we can, from what precedes, 
finish the integration by (luadratures. 'I'liis is easily verified as follows ; Let us 
suppose that the equation ^ (j*, //, y') — C has been solved for y ' : 


y' = 0(J’, y, 

Since all the integrals of this equation of the first order must satisfy the eipiation 
y'' =z /(x, 7 /), whatever may be the constant <\ we must have d(p/d£ + (l^<P/^y)<f» =/. 
Hence, since/ does not contain f-, 


_L 4- ^ - --- 

( Vx ^ c’('cy^ cy dC 


^2 


which states that c<t>/c'C is an integrating factor for dy — <f>dx. 


33. Invariant integrals. The invariant property of the multipliers relative to 
every change of variables can be brought into relation with the general theory 
of invariant inteyrals, <liU5 to Poincard,* and about which we shall say a few 


* Les Tiiethodps nonvelles dp hi Ml’caniqiiP p^IpsIp, Vol. HI, chap, xxii, and the 
following chapters. See also (toiirsat, Sur les invariants iniigrawx^ in Journal 
de Mathematiques^ 6th series, Vol. IV. 
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words. Let us consider in particular a system of three differential equations, 


(83) 


dx 

X 


Y Z ' 


where A", Y", Z are functions of In order to simplify the statements, we 

shall regard these equations as defining the movement of a particle in space, 
where the variable t represents the time. The particle which, at the time t = 0, 
is at a point Zy) has arrived at the time t at a point Mt whose coordi- 

nates are (/, y, z). If the point A/y describes a certain region of space, the 
point Mt describes a corresponding region A- Now let M{x, y, z) be a function 
ot the variables a;, y, z ; we shall say that the triple integral 

^ - f ff z)dxdydz 


\s an invariant integral of the system (83) if the value of that triple integral. 


fill) 

extended over the region A, is independent of t and equal to the same inte- 
gral extended over the region I)^^. For example, if the equations (83) define 
the movement of an incompressible fluid, the volume of the region A is constant 
and the integral JJf dxdydz is an invariant integral. 

Invariant line and surface integrals are defined in a similar way. If the 
point J/y describes a curve L^^ or a surface So? point Mt describes a curve 
Lf or a surface A line integral 

J adx + pdy ydz 


IS an invariant integral if the value of that integral along the curve Lt is inde- 
pimdent of t and ecpial to the same line integral taken along Ly. Similarly, a 
surface integral 


If 


r 


dydz + Qdzdx + Hdxdy 


is an invariant integral if the value of that integral extended over the surface 
is independent of t. 

These notions can be extended without difticulty to the most general systems 
of differential eipiations of the form (08). For such a system there are n classes 
of invariant integrals, of the 1st order, of the 2d order, • • ., of the nth order, 
according to the order of multiplicity of the integral considered. The conditions 
that a multiple integral of order p shall be an invariant integral are easily ob- 
tained by means of the formuhe for the change of variables in multiple integrals. 
We shall develop the calculations for a multiple integral of order n. Let 

■ ■ ■’ • • • ‘to. 

be a multiple integral of order n extended over the region A which corresponds 
to a definite region Dy in the manner just explained. This integral will be an 
invariant integral if it is independent of t ; that is, if we have I' (t) = 0 . In order 
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to calculate that derivative, we shall give to t an increment A, and we shall cal- 
culate the coefficient of h in the development of I(t h). Let x' be the value to 
which x» changes when we change ttot + h; we have 

/(« + A) = J f - •'at • • -t • • • ‘A'n. 

where the new integral is extended over the region DJ, which corresponds point 
for point to D<. Then we may write 

/(<+ A) =//.../ ■■■dxn. 

J J J Dt D (x J ) X 2 y ' * • y Xn) 

On the other hand, omitting the terms in k of degree higher than tin* lirst. 
we have 

x^ = X, + hXt -f- • • •, 

Jif(Xi, X 2 , • • x„) = 3f(Xj, Xo, * • *, x„) 4- h J -f 


x//). 


D (x^, Xj, • • •, Xn) 


l + a'-'- 

dXi 


^x„ 


ax. 

i- * 

ax, 


1 + 

aX2 


= 1 + A 


and 


(££ 1 + 

\dXl 


ax, 




-W'(xi, ®2i • * •» ®n) 2>^x|, X*, • • •, Xn) ~ '•’1 ^n) 




The derivative dl/di has therefore the value 


dT 

di 


CC C 


•dx„. 


In order that / he an invariant integral, it is necessary and sufficient that dl/di 
be identically zero, whatever may be the region 1)^ and therefore that we have 


(84) 


a(JVfX,) 

axi e)x„ 


This condition is identical with the ecpiation (76), and we obtain Poincare’s 
theorem : In order that the multiple integral 




shall be an invariant integral^ it is necessary and sufficient that M be a multiplier. 
It follows that if we make any change of variables. 


Xi = ^21 • • *1 i'")* 


(1 = 1, 2, ...,n) 
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in the equations (77), we obtain a new system, 

I'l E, r„ ’ 

and if Jf is a multiplier of the system (77), the n-fold integral 

jy*- • • J' Mdx^dx^ • • • dxn 

is an invariant integral of that system, and the w-fold integral which is obtained 
from it by the same transformation, 


is evidently also an invariant integral of the transfonncd system (77'). Therefore 
the expression 

* * *» //«) 

is a multiplier of the new equations (77'), as we have demonstrated directly. 


Example, In order that the volume shall be an invariant integral of the 
equations (83), 3/=! must be a multiplier, which reipiires that we have 


( 86 ) 


ax ^ (■;/ ^ 



This is the condition for the incompressibility of a tluid for which the equa- 
tions (83) define a stationary flow. 


IV. INFINITESIMAL TRANSFORMATIONS 

34. One-parameter groups. * Every .set of an infinite number of transformations, 
of any nature whatever, affecting the n variables /o, • • •, ar„, form a group if 
the transformation obtained by carrying out any two transformations of this set 
in succession belongs to the set. For definiteness let us consider two variables 
X, y, and let T be the transformation defined by the eciuations 

(8f3) = /(X, y ; (i), y' ~ i, (x, y ; n), 

where a denotes an arbitrary parameter. If we r(*gard x and y as the coordi- 
nates of a point M in a plane, and x' and y' as the coordinates of another point AT, 
the preceding eiiuations define a point transformation. To each value of the 
parameter a corre.sponds thus a definite transformation. Varying this param- 
eter, wo obtain an infinite number of different transformations. Let us suppose 
that we carry out in succession two different transformations of this set, corre- 
sponding to any two values a and b of the parameter. The first transformation 
will carry the pair of values (x, y) over into the pair of values (x', y') given 


♦The theory of continuous groups of transformations was developed by 8ophus Lie 
in a great number of papers and in his treatise, Tlicorie. der Transfonnationgruppen, 
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by the equations (80). The secoml transfuritiatioii will then carry the pair of 
values (x', y') over into a third pair (x", //") such that we have 

(87) x" -f(x', y'; l>), y" = <p(x', y'; h). 

Let us replace x' and i/ in these last two tMiuations by their values (86). The 
resulting equations, 

(88) x" = F{x,y, a, h), y" = 4> (j, ; a, li), 

again define a point transformation depending upon the two parameters a and h. 
We shall say that the set of transformations (86) form a cotUhiuous one-pnrameier 
yroiij) if the new transformation (88) lK‘longs to tliis set. It is necessary and 
sufficient for this that the eipiations (88) be of tlie form 

(89) xr =f(x, y, r), y" = y, r), 

where r is a value of the parameter depending only upon a and upon b ; that is, 
c = ^(tt, b), 'Phe in-eeeding definition evidently applies whatever may be the 
number of variables, in particular if there is only a single variable. 

The relation x' = x (/, or, any one of the pairs of r(‘lations 

x' -X a, y' = y + 2a; 

X' = X cos a — y sin n, // ~ x sin a -{• y cos a ; 
x' ~ ox, y' = y 

represents a one-parameter group. On the contrary, the transformations x'=x-|- a, 
y' = y -{■ do not form a gioup, for the transformation resulting from two suc- 
cessive transformations, x'' j*, + r/ -f y" — y-\- -h b'^^ do not belong to the set. 

If in the ecjuations (86), which define a group of transformations, wo put 
a = 11 (<t), where a is a new parameter, it is eh‘ar that the relations obtained 
again define a group. The same thing is trm* also if we make a change of vari- 
ables, as we easily convince ourselves a ])riori. In fact, if a set of point trans- 
formations ill a plane is such that the transformation resulting from two 
successive transformations belongs to the .set, it is clear that this property is 
independent of the choice of the coordinates by means (»f which we fix the 
position of a point in the xilane. It is easy to verify this directly. Let us 
suppose that we put x — II(//, v), y~ ll,('q r), and let tlie inverse relations 
be u = II''^(x, //), V — Ilf ^(/, //), so that we have identically 

x = n[n-«(j-, y), nf'(A y)], y ^ 1I,1II-’(A ?/). Hf’CA y)]- 

By hypothesis, the transformations considered form a grouj), and the equa- 
tions (89), where r = ^(u, /^), are a consecpience of the ecpiations (86) and (87). 
Let (m, v), (w', u'), (ii", v") be the pairs of values of the new variables which 
correspond respectively to the pairs (x, //), (x', y'), (x", y"). We have 

(X', /) = II - /[ii (•(.(>), II, (M, »),«], 0 [ II (H, »), II, (u, r) ; a] ) 

^ ' v'= nj-'(x',y') = II, ’;/[n(«,®), II,(u, »); a],0[n(u,B), n,(u, r); a]) 

= *(u,v;a); 

and everything depends on sliowiiig tliat the equations (00) aiso define a group 
of transformations. Now we have, for example, «" = F(u', 6), or 

u" = II->!/[n('i', r'), V'); «.], v'), v'); bj}. 
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Since tlie equations (86) define a group, this value of u" is equal to 

}/' ■. b), 0(x', V' i b)] =n-»[/(x, y ; c), ^(x,y; c)]; 

that is, to 

II-’ i /[II (u, v), ni(u, V ) ; c], 4 > [II (u, ®), nj(u, ») ; c]) = F(u, v ; c). 

Similarly, we should find that v" = <i»(w, u ; c). Two groups of transformations 
which are carried over one into the other by a change of variables are said to 
be similar. For example, the two groups x' = ojc, a' = w -f 6 arc similar, for we 
pass from one to the other by putting u — logx, 6 = log a. 

We shall now determine all possible one-parameter groups, supposing that 
the functions/ and 4> arc analytic, and supposing also that the group contains the 
identical transformation, that is, that for a particular value ao of the parameter 
we have /(x, y ; a^j) = <p (x, y ; a^) = y, whatever x and y may be. 

In the equations of condition 

(91) f(x', /; b) =f(x, y\ c), <t>{x', y'-, b) = <t,{x,y, c) 

we can consider x, y, a, c as independent variables, and h as a function of a 
and c defined by the relation r = ^ (a, 6) ; x' and y' are functions of x, y, 
and a defined by the equations (80). Taking derivatives with respect to a, we 
derive from the relations (91) 

(<)2) V + ^ ?5. = 0 + + — — = 0. 

t)x' da dy' da db da * dx' da dy' da db da 

But db/da is given by the relation d^/da 4- (d^/db) (db/da) = 0, and therefore 
depends only upon a and h. Solving the preceding equations (02) for dx'/da^ 
dy'/da^ we obtain, therefore, relations of the form 

^ X (a, 6) { (X', y', b), ^ = \ (a, b) , (x', y', b). 

da da 


Now x' and y' do not depend upon b ; the same thing is therefore true of X, rj 
if they have been ])ropeiiy chosen Therefore x' and y' are integrals of the 
system of differential eijuations, 


(93) 


dx' 

y') 


dy' 

V') 


= X (a) tZa, 


wnich for a = take on respectively the values x and y. Conversely, whatever 
the functions | (x, y), rj (x, y) may be, the equations x' = /(x, y, a), y' = 0 (x, y, a), 
which represent the integrals of the preceding system which reduce respectively 
to X and to y for a particular value Uq of the parameter, define a continuous group 
of transformations. In the first place, it will be simpler to introduce a new 
parameter, , 


t 


j'\(a)da. 


which enables us to write the differential equations (93) in the abridged form 


dx' 

W,V') 


dy' 


y'l 


( 94 ) 
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The general integral of this system can be written, as we have seen above (§ 31), 
in the form 

V') = «2 (-e'l 2/ ) = t 

where 0^ and Oj are deflT\ite functions of y\ and where C\, are two arbi- 
trary constants. The solutions which take on the values x and y for t = 0 are 
given by the system of equations 

(95) y') = y), Oj (x', y') = fig (x, y) + t. 

The preceding expressions, indeed, define a continuous group, for if we carry 
out in succession the two transformations which correspond to the values 
and tg of the parameter, the resulting transformation corresponds to the value 
-f <g of the parameter. The two transformations which correspond to the 
values t and — t are the inverses of each other. If we have 


we may write also 

X =/(x', y ' ; - t). 


If we take for the new variables 


2 /' = 0(x, y; t), 

2 / = 0(x', y'; -0- 


u = fij(x, 2 /), V = fi 2 (x, 2 /), 
the equations (96) become 

(96) w' = w, ti' = V + ^ ; 

and we say that the group is transformed to the reduced form. Every con- 
tinuouH one-parameter group in therefore nimilar to a group of IranHlations, 

Let us take, for example, the group x' = ax, / = a^y. Applying the general 
method, we have 


— X — 

da a 


da 


2ay = 2- 


The differential equations (93) are in this case 

dx' _ dt/ _ da _ 
x' 2 y' a ’ 

where t = log a. The finite equations of the group can be written in the form 

= logx' = logx + f, 

x'^ x^ 

and they will be brought to the reduced form by taking for the new variables 
logx and y/x^. 


35. Application to differential equations. 

equation 


Let us consider a given differential 


(97) 


f(x, 


y. 


dx 


dx^' 


dx' 


) = 0 . 


and a known one-parameter group of transformations of the form (86) . Let us 
suppose that the equation (97) is identical with the equation obtained by carry- 
ing out on it the change of its variables x and y defined by the relations (86), 
whatever may be the numerical value of the parameter a. If this is the case, 
we shall say that the differential equation (97) admits the group of transforma- 
tions (86). We can make use of this property to simplify the integration. In 
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fact, let us suppose that we carry out a change of variables such that the equa- 
tions which define the group in (jiiestion are brought to the simple form u' = u, 
v' = v (L The same change of variables, applied to the proposed differential 
equation, leads to a new differential equation of the nth order. 


( dv fl^v d”u\ 


which does not change if we replace in it r by u + a, whatever may be the 
numerical value of the constant a. This can happen only if the left-hand side 
^ does not contain the variable v. If tlie equation is of the first ord(*r, we obtain 
the general integral by a (luadrature. If n > 1, we can lower the order of the 
equation by unity by taking dv/du for the new unknown <lependent variable. 

Let us consider, for example, the homogeneous equation of the first order. 



This equation does not chang(‘ if we re])lace jr and y by (ur, and ny respectively, 
whatever may be the constant a. ^’ow the formuhe x' — ax, i/ - ay define a 
group of transformations, which can also be written in the form 


log / = log </ + «. 

X X 


Hence if we put y/x - w, log y — % we are led to an ecjuation that is integrable 
by a quadrature (see § 3). 

Let us now consider linear ecjuations of the first order, and first of all the 
homogeneous equation dy/dx + Py = 0. Since this ecpiation does not change 
when we replace in it y by ay^ whatever may be the constant we say that 
it admits the group of transformations x/ — x, y' — ay. Hence it will be inte- 
grable by a quadrature if we take log// for the dependent variable. 

Next, let 

(99) y + /•// + Q = 0 


be the generjil linear ecpiation of the first order, and let y^ be a particular 
integral, not zero, of the eciuatiou dy/dx -H Py = 0. It is easily verilied that 
the equation (99) does not change if we replace y by y ay^. Hence it admits 
the group of transformations defined by the e/piations 


Taking for the new dependent variable /////p the equation must reduce to an 
equation integrabfe by a quadrature. We are led to precisely the calculations 
of § 4, and it is msy to see in a similar manner that the different cases of reduction 
of the order of the eiiuation which have been indicated in § 19, for equations of 
higher order, are essentially only particular cases of the preceding method. 

These different methods, which a])pear at first sight as so many different 
devices for solution, having no relation one to another, can thus be considered 
from a common point of view by means of the theory of groups of transforma- 
tions. To every continuous one-parameter group of transformations on the 
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two varifibles x and y we can make correspond in this way an infinite number 
of equations of the first order which can bo* Integrated by a quadrature, and 
equations of higlier order whoso order can bo depressed by unity. 

Tliis fact may be of practical importance in the setting up of tlie equations 
in certain problems. Suppose that it is a tpiestion of finding the piano curves 
which i)ossess a certain property, and that wo kiu)w a pricni a onc-paraineter 
group {G) of transformations such that, if we apply any transformation of {G) 
to a curve having tlio given prop(‘rty, the new curve also has the same prop- 
erty. It is clear that the differential equation of these curves will admit the 
given group of transformations. If, then, wc choose a system of coordinates 
(j/, v) such that the e<iuations of the group (G) shall bt‘conie u' = m, u' = v + (/, 
the differential ecpiation of the curves sought in this system of cooniinates will 
contain only m, dv/du^ d-^u/fZw-, • • • . For example, suppose that w'o wish to obtain 
the projections on the jry-plane of the asymptotic lines or the lines of curvature 
of a helicoid, the axis Oz being the axis of helicoidal movement in the sliding 
of the surface upon itself. It is clear that if a curve (' of the ///-plane is a 
solution of the problem, then all th<* curVes which we obtain by making G turn 
through any angle about the origin ari‘ also solutions. The differential ccpiation 
of these curves admits, then, tin* group formed by th(‘ rotations about the origin ; 
the e(piations of this group in polar cooidinates are p' — p, w' — w + a. With 
the system of variables p, w, the differential e(]uation will contain, therefore, 
only p and doj/dp (see I, § ii43, 2d ed.; §242, 1st ed.). 

So far we have siqiposed the group known. We are now led to examine 
the following problem : A dlfrrnUiat equation hrinq qiven^ to recognize whether 
or not it admits one or more one-parameter continuous groups of tramformaiions^ 
ami to determine these groups. This is a very important (luestion, which cannot 
be developed here in detail. Wo shall limit ourselvi;s to a few particulars. 


36. Infinitesimal transformations. Given a sy.stem of transformations on n vari- 
ables, defined by the equations 

(100) /; -/.(/i, J*.>, • • •, , a), (i = 1, 2, . . •, n), 

where the functions/, depend upon an aibitrary parameter a, we say again that 
these transformations form a group if the transformation resulting from any 
two transformations of the system carried out in succession itself belongs to 
the system. As above, a group is .said to contain the identical transformation 
if, for some value of the parameter, wo have 

fi •^2? ' * *’ 1 (^ — 2 , • • •, n), 

for all values of Xj, x.^, •••,/„. It may be shown, as above, that such a group is 
obtained by integrating a system of differential ecjiiations 


( 101 ) 

Let 

( 102 ) 


dx{ 


djr^ 


dx' 


= dt. 


^l(Xi, X2, • • X„) ^2 (^l» ’ * *» •’^n) * * *’ ®n) 

* * *» > 0^ (^ == 2, • • • , n), 


bo the integrals of this system which re<bicc to x^, x.^,***, /« respectively 
for f = 0. The relations (102) define a continuous one-paramctcr group, the 
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variable t playing the part of the parameter. Indeed, we have seen (§ 31) 
that the general integral of thte system can be written in the form 

* * *» *n) ^ * * *» 

3^21 ' * *» ®n) “ ^n — 1 » • • •, X^) = i + Cn, 

where 0^, • • •) fin are n functions of the variables which we have defined 

exactly. The integrals which for ^ = 0 take on the values aCj, • • Xn are 
furnished, therefore, by the equations 

f ^n) — * * *» ®n)» (^ = 2, • • •, n — 

\ On • • • » = On (aCj, • • • , Xu) + 


which are equivalent to the relations (102). In this new form we see immediately 
that these transformations form a group. 

Let ajj, • • •, Xn) be a function of the n variables x, ; if we replace the 
variables a*, in it by the functions a*' given by the relations (102), the result 
F(x[^ ajj, • • •, a:^) w a function of Xj, Xo, • • •, a;„, which for t = 0 reduces to 
E(x^, Xj, • • •, Xn). Let us consider the problem of developing this function 
according to increasing powers of L We shall denote by F' the result of 
replacing x< by x, in -F(x^, Xj, ••*, x„), and we shall put 


^(f) — ®2» * * ^») ^ + 

OXy 


CXn 


where / is any function of Xj, Xj, • • •, Xn. Similarly, replacing the variables Xi 
by Xp we shall put 

= ^j(Xi, Xj, • • •, x„) ~ 4- . . . + ^«(Xj, Xj, • • •, x^-~» 
axj ax,j 

With these preliminary definitions, we have, by the differential equations (101), 

?r = • • •, = x'{F'). 

axi dx„ 


Likewise we have 


and in general 


~ = I [ J'(n] = a"[A"(fo], 


- = X'(P)(F'), 


where X'(p'>(F') denotes the result of the operation X' carried out p times in 
succession. Since, for i = 0, xj, Xj, • • •, x' reduce to Xp Xg, • • •, x„, it follows 
that (dvF'/dtP)t^o is equal to X^p){F), and the development of F' is given by 
the formula 


F'(x;, . . X,;) = F(Xi, . . ., Xn) + tX(F) 


+ ^^X(2)(F) + 


+ — X(P)(F) + 
p! 


If we assume that the function F is regular in the neighborhood of the values 
Xp Xj, • • Xn, the series on the right is convergent as long as |f [ is sufficiently 
small. We have, in particular, 

+ [ f. + JT® ({.)+•••• 


(106) 
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Let US give to i an infinitesimal value W. Putting aor, = jrJ — art, and neglect- 
ing infinitesimals of higher order than the first with respect to the preceding 
formulas can be written in the form 

( 106 ) = 5Xn = Ui- 

We say that these relations define an ir{linit€simai transformation and that A" (/), 
or 2^1 is the symbol of this infinitesimal transformation. To every one- 

parameter group corresponds an infinitesimal transformation, and conversely. 
If we choose at plea.sure n functions, lo, • . of the result- 

ing expression A'(/) is the symbol of an infinitesimal tran.sformation that 
defines a continuous group whose finite eipiations would be obtained by inte- 
grating the system of differential equations (101). 

The introduction of infinitesimal transformations has made it iiossible to 
apply the methods of the differential calculus to the theory of groni)s. Hesides, 
in many questions concerning groups it is the infinitesimal transformation 
which is concerned, as we shall see from a few examples. 

Let us consider jj, a:.,, •••, as the coordinates of a point in space of 
n dimensions, and t as an independent variable which denotes the time. If t 
varies, the point with the coordinates •••, (le.seribes in a space of 

n dimensions a curve, or trajectory^ starting from the p(nnt (.fj, • • •, jr„). The 

space of n dimensions, or at least a region of that si)ace, is thus decomposed 
into an infinite number of one-dimensional manifolds, and each point of the 
given region belongs to a single one-dimensional manifold. We say that a 
function F(jri, *••, x,^) is an invariant of the group considered if we have 

F(jj, • • •, x,j) = h (Xj, • • x„), 

whatever may be the value of t. It is easy to obtain all the invariants of a 
group. In fact, dividing the two sides of the equation (104) by i, and supposing 
F' = F, we obtain the relation 

X(F) + - A'«)(F) + • . . + — A(P>(F) + . . . = 0. 

2 p ! 

Since this equality must hold whatever t may be, it is necessary in particular 
that we have X(F) = 0. We say, in this case, that the function F admits the 
infinitesimal transformation of the group. This condition is, moreover, suffi- 
cient ; for if we have AT (F) = 0, we also have A [A" (F)] = 0, • • •, and therefore 
X (F) = 0, whatever p may be. The only invariants of the one-parameter group 
are therefore the integrals of the equation X{f) — 0. 

Let us notice that if two groups have for infinitesimal transformations X (f) 
and nX(f) respectively, where n(Xj, x.^, •••, x„) is any function whatever, 
these two groups have the same invariants, even though they are not identical. 
If we apply to the same point the transformations of the two groups, this point 
will indeed describe the same path, but with different velocities. Conversely, 
if two groups have the same invariants, the two infinitesimal transformations 
X(f) and y(f) can differ only by a factor n(Xj, Xg, •• •, x„) which depends 
only upon Xj, Xg, • • •, x„, for the two equations X(f) = 0, F(/) = 0 must have 
the same integrals. 

We shall now introduce another important concept. Let 

(107) Xi = /(x, y ; a), Vx-^ V \ a) 
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be a continuous group in two variables. If we apply a transformation of this 
group to all the points of a plane curve C, we obtain another plane curve Cj. 
Let y\ y'', be the successive derivatives of y with respect to x and 

y'l't * • *1 successive derivatives of with respect to ; we have seen 

(I, § 61, 2d ed. ; § 36, 1st ed.) how to calculate these last successive derivatives 
in terms of x, l/', • • •, These calculations lead to formulae of the form 


( 108 ) . v( = ^^z('^^y.y\y"\o), 

» 

.2/1"’ = fn (X, V, n't ■■■, 2/<"’ ; a). 

The relations (107) and (108) define also a group of transformations in n + 2 
variables, x, .y, y\ • • *, which is calh*d the extended group of the first. We 
shall assunu! this fact, the proof of which ju-esents no other difticulties than the 
writing of rather long expressions. We shall merely show how the inlinitesinial 
transformation of the extended group can be obtained. Let 

H^,y)^ + v{x, 2/).- 


be the infinitesimal transformation of the given group. We can write the 
equations of this group in the form 


(109) 


' t 

X, - X + jJ(x, i/) + 

t , , 

2/i = 2/ + j ’l(x, 2/) + - 


\ ?X cy/ 


+ 

+ 


and from them we derive 


/ <CVi 
2/i= , 

dx, 


tiy + [ «x + ~ ii 2 /) + • • • 

1 \rx dy / 

(lx + ^ (!!-«*x + <ii/) + • • • 

1 \f'X dy / 


The coefficient of i on the right, after expansion in a single power series, is the 
only thing we need to know. It is obtained by a division anil is I'qiial to 

0x \0y dx) dz \dy/ \dx/ 


The symbol of the infinitesimal transformation of the extended group is, there- 
fore, for n = 1, 


f(x, 2 /)|; + ’;(x, 2 /)^ + 

dx dy 



dx 


-^«2/'“ 

fy 



The method is>a general one. If the coefficient of t in the development of h 
is 7r(x, y, y', • • •, 1/^"“^^), we have for 






(Ic^ 


dyin-l) 4. _ (Itt + 


dx -\-~(^dx-{- ? ^ + 

1 \0x dy ) 
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and the coefficient of I on the ri^ht-hand side is 


\C'-C di/ / 


Hciice we can calculate step by sti*p, to any desired value of ?i, the inllnitesimal 
transformations of the extended «;ioups which are obtained from the given group. 
We say that a system of differential e<puitions 

dj-, ^ 

^ ’ A’j A', A'„ 

admits the one-parameter group of transformations G defined by the equations 
(100) if it chang(\s into a system of the same form, 

(ixj dxo dx' 

when we take for new \aiiables x{, • • •, x'^ instead of Xj, Xg, • • je„, and if 

this is triu‘ wluitever the value of tlie parameter a may be. Here and below, 
tin* symbol A' denotes the same function of tlu* variables jrJ that A\ is of the 
variables x,. In order that this be tine, it follows from the relation which has 
been established between the system (110) and the partial differential equation 

that it is necessary and sullicient that every transformation of the group G shall 
carry the ecpiation 


Y ' ^ A ^ (/j , /.2 , • • • , /„) 


over into a linear eciuation tMjnivalent to W (/) = 0 for every value of the 
parameter a. If /(j*i, • • •, a*,,) is an integral of A (/) = 0, /^(oTj, Xg, • • •, x„) 

is also an integral of X'(f') ~ 0, hence, if we replace Xj, • • •, x„ by their values 
given by the expressions (100), /'(x[, • • •, x,^) must also be an integral of A' (/) = 0. 
It follows that the necessary and sutlicient condition that the system of differ- 
ential ecpiations (110) admit the group of transbirmations G is that every trans- 
formation of that group shall change an integral of the equation X(f) = 0 into 
an integral of the same eipiation. 

Let 

(US) = + + ■■■ + '•?. 

be the intinitesimal transformation of the group G. K(‘placing the parameter a 
by the parameter t defineil above, we may write* 

jr') -/(/,, J-„, •••, A,) + I T{f)+ ^ , 7’[r(/)] + .... 

If /(Xj, • • •, Xn) is any integral cif the e<iuation (112), the same thing must be 
true of /(xi, • • , Xn), and consequently of 

/"(Xj, • • •, X„) /(Xj, • • •, Xn), 


r(/) + ^nm] + -“ 


or of 
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whatever the value of t may be. In particular, T(f) must be an integral of the 
equation (112). This condition is sufficient. For, let/^, /j, •••,/«-! be a system 
of n — 1 independent integrals. If T(/j), • • -, T(fn^i) are also integrals, 

the same thing must be true of r(/), where /is any other integral. For we 
have/= n(/i,/ 2 , • • ‘j/n-i), and therefore 

T{f) = I? r(/,) + . . . + ^ r(/„-i). 

of I cfn-l 


Since T(f) is an integral, the same thing is true of T[r(/)], and so on ; the 
same is therefore true of /(asj, * * *i *«)• 

Hence, in order that the system (110) admit the group G of transformations ^ 
it is necessary and 8^fflcient that^ if f is an integral of X{f) = 0, T(f) shall also 
he an integral. We say for brevity that the equation A’’(/) = 0 admits the 
infinitesimal transformation T{f). 

Let us now take a differential equation of the first order, 


(114) 


dx _dy 

a~"b‘ 


In order that the equation X (/) = A tf/dx + B cf/dy = 0 admit the infini- 
tesimal transformation ^ df/dx + n df/dy, it is necessary that we have 


dx dy 


. . dti) 

I + ^ 

dx dy 


n(u>), 


where w (x, y) denotes an integral (other than a constant) of X (/) = 0, and 
where II (w) denotes an undetermined function of w. We derive from these 
relations 

dw _ Bn (w) AU{v) 

dx Ari — B^ dy Ati — B^ 

whence, 

d<a _Bdx — Ady 


It follows that \/(B^ — Ay\) is an integrating factor for Bdx — A dy. Conversely, 
let </>(x, y) be a function such that its total differential is 


d<h 

Then wo have, simultaneously, 


Bdx — Ady 
B^-Ar, ■ 


X{4,) = A ^ + U-^ = 0, 
' ' ax dv 


dx dy 


hence T(<h) is also an integral of the equation X{<p)= 0. We can state this 
result as follows : 

In order that the differential equation (114) admit the group of transforma- 
tions derived from the infinitesimal transformation f df/dx -f n df/dy^ it is necessary 
and sufficient that 1/{B^ — A ri) shall be an integrating factor for Bdx — Ady. 

This new method requires only tlie knowledge of the infinitesimal transfor- 
mation of the group. As there exist an infinite number of integrating fac- 
tors, we see that every equation of the first order admits an infinite number 
of infinitesimal transformations. 
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Let us return to the general case of the system (110). Let A’'(/) = 0 be 
the corresponding linear equation and T(f) the symbol of an infinitesimal 
transformation. Let us consider the equation 


(115) Hf) = A^[r(/)] - nx(f)] = 0, 


where Jr[r(/)] represents the result of the operation A" ( ) applied to T{f)^ 
and where r[A"(/)] has an analogous meaning; Z(f) is still a linear homo, 
geneous function in the derivatives of the first order ?//?/,, and it does not 
contain any derivatives of the second order. To show this, it suttices to prove 
that the coefficients of a derivative of the second order are the same in 
A"[r(/)] and T[X(f)], Now the coefficient of is A’,^,-, and that of 

b'^f/dXibXk is Xt^k + Xk^i in r[A’'(/)], and it is obvious that these coeffi- 
cients are the same in A[r(/)]. The equation Z(/) = 0 is therefore an 
equation of the same type as the equation A' (/) = 0, which can be written 
in a form exhibiting the coefficients explicitly : 

(110) Z(/) = [X({,) - r(X,)] Jf + • • • + [A'(f.) - T{X,)] 

CX j CX I 

If now T(/) is an integral of the equation A'(/) = 0, whenever /is an inte- 
gral of the same equation, every integral of X (/) = 0 evidently satisfies the 
linear equation Z(/) = 0 ; we must have, therefore (§31), 


(117) X[r(/)]- T[X(/)] = p(x,,z,,.^^,x„)X(/), 


where p is an undetermined function of x.j, •••,/«. Conversely, if we have 
an identity of this form, every integral of the eejuation A’ (/) = 0 satisfies also 
the equation A[T(/)] = 0, and therefore T(/) is also an integral of the equa- 
tion A‘(/) = 0. T/ie necesmry awl suffirieni condition that the linear e/(uation 
X(f) = 0 admit the ir{finitesimal tramfonnniion T{f) is expressed by the relation 
(117), where p is any function of Xg, • • •, x„. That relation is equivalent to 
the (n — 1) distinct relations 

X(|,)- T(X, ) ^ - r(X,) ^ ^ X(f„) - T{X„) 

Xj X, X'„ 

Given a differential equation of the nth order, 


(118) 


^"V _ Jy. 


dy 

dx 


dx^ 


dxn-i)* 


in order to determine whether it admits the group of transformations deduced 
from the infinitesimal transformation { (x, y)df/dx -P t 7 (x, y)bf/by, we need only 
replace the equation (118) by a system of n differential e<piation8 of the first 
order, taking for the auxiliary dependent variables the first (n—l) deriva- 
tives y', and then determine whether this system admits the 

infinitesimal transformation of the extended group of Cr. 

Let us consider, for example, the equation of the second order y" = 0 (x, y, y'), 
which may be replaced by the system 

dx _dy _ dy^ 

1 ~ y' ^ (X, yj y') 

or by the linear equation 

A(/) = + ;- y' + 0 (a:, y, v% 

dx dy By' 
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It will be necessary to determine whether this etiuation admits the infinitesimal 
transformation 


v)^ + n{x, y)^ + 

d£ cy 



dx/ dy 



On carrying through the calculations, we find a condition which contains ar, y, 
and y\ and which must be verified for all values of these variables. The equa- 
tion of the second order being given, if we wish to find the infinitesimal trans- 
formations which it admits, we liave at our disposal the .uiikiiowii functions 
y), which do not contain y'. Writing the condition that the preced- 
ing relation is independent of y\ we may have, according to the given function 
Vt y')i J'' limited or unlimited number of equations which must be satisfied 
by the functions ^(ar, y) and rj{x^ y). In general these ecpiations will be incom- 
patible, and we see that an e(|uation of the second order, taken arbitrarily, 
does not admit any infinitesimal transformation. The same thing is true of 
ecpnitions of higher order, and it is seen from this how Sophus Lie was able to 
classify differential ecpiations according to the number of independent infini- 
tesimal transformations which they admit. 


EXERCISES 


1*. Let Mq be the greatest absolute value of/(x, y^y) when x vaiies from x,) 
to + n. If the letters a, 6, K, have the same meaning as in § 30, the 

integral of the equation y' =/(x, y) which takes on the value y^^ for / Xj, is 
continuous in the interval (Xq, Xq + p), where p is the smaller of the two numbers 
tt and log(l -h Kb/MQ)/K, 

[E. Lindelof, Journal de MatMmnlUiueH^ 1804.] 

[The inequalities 

I - J/n - 1 1 < - 1 - 

are established step by step, as in § 27, and y„ will remain between — h and 
Vo + provided that wo have (•'—(,) < 1 + 

2. Find two first integrals of tlie simultanoous systems of diftcreiitial 
equations 

{a) 4,'{x)y — y(t)z-0, ^ = 0 , 

(,,) - ^ 

y{x-^y) (x-t/)( 2 x+ 2 y-l- 2 ) x(x-ff/j 

3. The expression !/[// — x/(7//x)] is an integrating factor for dy —f{y/x)dx. 

4 . The geileral form of the differential ecpiations of the first order which 
admit the infinitesimal transformation ydf/dx — xcf/dy is 


xy' - y 
x-^yy' 


0(x2 + y2). 


Deduce from this an integrating factor. 
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6, Find the general form of the differential equations of the first order wliich 
admit the iiilinitesiinal transformation cf/cx + -r (r//fj/) ; tlu* infinitesimal trans- 
formation x{?//cwr)-f au((f/cy). 

6. Find a grouj) of transformations for the differential e(iuation 

where a is constant, and deduce from it an integrating fjictor. 

7*. The differential eciuations of the elastic space curve, 

y'z" - 2 '//" = dx'- I py, 
z'x" — x'z" ~ dy' — I jtfx, 
x'y" — y'x" = hz' — <r, 

where a, /3, 5 are constants, possess the two first integrals x'^ -f -f = C, 
^ \z' = (y. We then obtain x and y by the integration of a iliffer- 
ential equation of the second order. 

[ Hkkmitk, Sur queUjues applications dcs/onctions tiliptupies (p. 



CHAPTER III 


LINEAR DIFFERENTIAL EQUATIONS 

T. GENERAL PROPERTIES. FUNDAMENTAL SYSTEMS 

Linear differential equations have been studied more thoroughly 
than any other class. They possess a group of characteristic proper- 
ties which distinguish them sharply and at the same time simplify 
their study. Moreover, they appear in a great number of important 
applications of Analysis, and a preliminary study of them is very 
useful before undertaking the study of differential equations of the 
most general form. Except when otherwise expressly stated, we 
shall study here only those equations whose coefficients are analytic 
functions of the independent variable. 


37. Singular points of a linear differential equation. A linear differ- 
ential equation of the /ith order is of the form 

functions of the single variable x. Its inte- 
gration is equivalent to that of the system 


+ fi’jn-i H — + + «»y + “»+i = 


(It/. 

dx 


^ = y«-i. 


obtained by taking for auxiliary dependent variables the first n — 1 
derivatives of y. Let us suppose that the coefficients are analytic 
in a circle C\ with the radius Ji and with its center at the point 
and let z/^, ?/o, y^, • • •, be a system of n arbitrary constants. 

Applying to the equations (2) a general result established above 
(§ 23), we see that the equation (1) has an integral analytic in the 
circle C^, taking on the value y^ for x = cCq, while its first n 1 
derivatives take on respectively the values yj, y^, • • for x = x^. 

We know also, from the geneml theory, that it is the only integral 
of the equation (1) satisfying these initial conditions ; we shall say 
for brevity that it is defined by the initial conditions (aj^, yo> yo> 

100 
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• • US now suppose at first, for definiteness, that the 

coefficients a,, are single-valued functions of a*, having in the whole 
plane only isolated singular points. Let L be a path joining two 
non-singular points and A", and not passing through any singular 
point ; the integral which is defined by the initial conditions 
^oj • • 2 / 0 “ “'0 represented by a power series P(x — x^) convergent 

in the circle with the center cr^ and passing through the nearest 
singular point to x^. We can follow, by means of this series, the 
variation of the integral along the path L as long as the path does 
not go out of the cinde (\. If the path L leaves the circle at a 
point (Xy let us take a ])oiiit on the path within the circle and near 
enough to a so that the circle with the center x^ passing through 
the nearest singular point does not lie entirely within the circle 
Prom the serii^s P(.i' — x^) and from those which we obtain by suc- 
c.essive difhu-eiitiatioivs, we can derive the values of the integral and 
of its first n — 1 derivatives at the point x^. Let yj, • • •, be 

these values ; the integral of the equation (1), which is defined by 
the initial conditions (x^y y^, yj, • • •, is represented by a power 

series P^(iK — convergent in the circle The values of the two 
series P(x — x^) and P^(x — cr^) are equal in the part common to the 
two circles C\ and C\y sinc.e they each represent an integral of the 
equation (1) satisfying the same initial conditions. It follows that 
the series P^(x — x^) represents tlie analytic extension in the circle 
of the analyti<} function defined in the circle (\ by the series 
p(^,r — x^). If all of the portion of L included between and A’ 
does not lie in the circle C\y we shall take a new point x^ on the path 
within C\y and so on as before. 

At the end of 2 l finite number of operations we shall certainly arrive 
at a circle containing the point A". In facjt, let S the length of 
the path L and 8 the lower limit of the distance of any point of L 
to the singular points. The radii of the successive cindes used are 
at least equal to 8, and we cjin choose the centers of these circles in 
such a way that the distanc>e between two successive centers is greater 
than 8/2. After jo operations the length of the broken line obtained 
by joining these successive centers will be equal to at least jt)8/2. 
If we have ^8/2 > Sy the length of the broken line will be greater 
than the length of L, Hence, after at most ( y — 1) operations, we 
shall have arrived at a circle containing all of the portion of L included 
between the center of that circle and the i)oint X, 

Recapitulating, we see that we can continue the analytic exten- 
sion of the integral as long as the path described by the variable 
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does not pass through any of the singular points of the coelhcncnts a,. 
We know, therefore, a ])riori, what are the only points whic'li can he 
singular points for the integrals of a linear equation. It may, how- 
ever, happen that a point a is a singular point for some of tlie eoeffi- 
cients without being a singular point for all the integrals. In the 
particular case where the coefficients are all polynomials or integral 
functions, all the integrals are analytic functions in the whole plane ; 
that is, they are integral functions and they may reduce to polynomials. 

The reasoning may be extended also to the case where the coefticients a* liavo 
any singularities whatever, it being po.s.siblo for these functions to be, multiple- 
valued. If we start from a point where these coefficients are analytic, ami if 
we cause the variable x to describe a path along the whole length of which 
we can continue the analytic extension of the coefficients a,, we can like- 
wise continue the analytic extension of the integrals along this path, 'fhe power 
series which represent the integrals are convergent in the same circles as the 
series which represent the coefficients. 

These results are entirely in accord with those which we have deduced from 
the method of successive approximations (§ 28). 


38. Fundamental systems. Let us eonsubu* a linear equation wliicli 
is also homogeneous, that is, not containing a term indeq)endenl of y. 


( 3 ) ^ 


(/”// '?/ 


(I n . 

-f n nil = 0, 


where /'’(//) denotes no longer a function of the variable // but the 
result of an operation carried out on a function // of tlie variable*, .r. 
hT’om the definition of this symbol of operation it is clear that, if 
//i> //oj * * *> Vv functions of .r, and (\, any con- 

stants, we*- have the*- relatiem 

^V/,+ • • • + 4- • • • 

il\i /A? • • •> Vp integrals of the equation (3), then (\t/^ + -f- 

. . . 4- (\y!/p is also an integral, whatever the numerical value's of the 
e*e)nstants f may be. If we know 7i ])articular integrals //j, /a, • • •, 
of the eei[uation, we can therefore deduce from them an integral 

(I) !/ = 4- • • • + (^ni/ny 

♦ 

in the expression of which appear n arbitrary constants r^, • • ., 

We cannot conclude from this that the expression (4) really rep- 
resents the general integral of the equation (3) ; we must first assure 
ourselves that we can dispose of the constants C^, in such 

a way that, for a particular value of ar, different from a singular 
point, y and its first n — 1 derivatives take on any values given in 
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advance. For the sake of brevity, let us indicate by the value 
which the^vth derivative of the particulai integral takes on at the 
point x^. Setting the values of the integral //, and of its first n — \ 
derivatives at the ])oiiit ecpial to these arbitrary quantities, w(^ 
obtain a system of n linear ecpiations to determine the constants ( ’j, 
* * 'y ^ The determinant of the coefficients of these unknowns 
must be different from zero. We shall denote by A(//j, t/J 

the determinant whose elenuuits are the functions //,, //.„ . . //,,, 

and their derivatives up to those of the {n — l)th ordm* : 


(5) 


Ifiy ' y Un) == 


ih 


//•i 

V'l 


Un 

Un 


••• 2 /!,"“" 


If this determinant, which is an analytic function of x in the whole 
iH^gion in which tlie ccxffiudents are analytic, is not identically 
zero, let us choose for x^ a })oint wh(‘re this determinant is not zero. 
We (;an thou determine the constants ( \ so that //and its lirst /i — 1 
derivatives take on any initial values whatever for x^. Evmy inte- 
gral of th<*. e(|uation (3) is therefore included in the fornnda (1). 
We say, for br(*vity, that this formula re})resents the (jrnernl inte- 
gral of the equation (3). The integrals //^ //.^, • • •, //„, suc,h that 
the determinant A(//j, //.^j • * •> //«) is dilferent from zero, form a 
f and a mrnta I sgstr ni . 

If this determinant is identically zero, some of the integrals 
• • • , //„ can be deduced from the others. AVe shall say, in gemu*al, 
that n functions y/^, //^, • • •, //„ of the variabh* x are not Unrarly 
independent if there exists between these n functions an identity of 
the form 

(^) ^\2/i + + • • • 4- = 0, 

where r^, • • are constants not all of whi(!h are z(*ro. In order 

that n fanetiitns //g? * * *? //« ntd he linearly independent^ it 

is neeessary and saffieient that the determinant A(//j, //.^, • • •, //„) be 
identieall y zero. 

The condition is first nec'essary. For from the relation (0) we 
obtain thti — 1 r(*latioiis of the same form, 

(7) (\yr + <^' 22 / 2 ''' + • • • + = 0, = 1, 2, . . ., w - 1) 

between the derivatives of the first order, of the second order, etc., 
of the functions y/,-. ISiiuje the coefficients (\ are not all zero by 



104 LINEAR DIFFERENTIAL EQUATIONS [III, § 38 

hypothesis, the equations (6) and (7) cannot be consistent unless 
the determinant 2/3) '* *> Vn) identically zero. 

Conversely, suppose that A = 0, and suppose first that all the 
first minors of A relative to the elements of the last row are not 
identically zero, for example, that the cofactor of 

Vi 2/2 * • • ^n-l 

y[ y'l ••• 2/«-i 

y(»-2) ... yin - 2 ) 

is different from zero. Let A be a region of the plane of the variable x 
where the functions ?/, iii’o analytic and where this determinant 8 
does not vanish. Let us put 



[ Un = 

+ ^2^2 


’ * + A"„_i2/«_i, 

(8) - 

11 

+ ^ 22/2 

+ • ■ 

• • + l^'n-lVn-U 


yin -2) = J^-^yln 


-*) + ., 

■ ■ + 


These n — 1 equations determine A",,..! as analytic func- 

tions of X in the region A, since is the quotient of an analytic 
function divided by the minor 8 which is not zero in A. These func- 
tions • • •, A”,,.! satisfy also the relation 

(9) + A,?//-’) -h • • • + 

since A(//^, 7/2, • • •? 2/n) is zero at every point of A. Differentiating 
once each of the equations (8), and taking account of these same 
relations and of the relation (9), we find 

A’i'//i H + = 0, 

a; + • • • 4- A;_i2/^-f' = 0, 

and consequently K[ = A".^ = • • • = A’'' _, = 0. The functions AT^, . • 
A”,,.! are therefore constants, and we have indeed a relation of the 
form (G) between the n functions 2/3? * • 2/n> where all the coeffi- 

cients are constants and the coefficient (\ is different from zero. 
Since this relation has been established in the region A, it follows, 
by analytic extension, that it holds in any region in which the func- 
tions 2/1, y,^, • • • , 2/n exist and are analytic. 

It will be noticed that the minor 8 is precisely equal to 

^{yv Vv * * *7 

If this minor 8 is identically zero without A ^3, • • • , Vn- a) being 
also zero, a similar argument would show that the functions 
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•• - iVn-i satisfy a relation of the form ( 6 ), whore (\ = 0 , 0 

Continuing in this way, we shall therein e surely arrive at a relation 
of the form ( 6 ), in which some of the coefheients may be zero. If, 
therefore, we know n integrals of the equation (3) such that A 
• * * > /•'«) — 0 , one at least of these integrals is a linear combination 
with constant coefficients of the otlier integrals. It may also happen 
that these ii integrals reduce in reality to independent integi'als 
[79 < 71 — 1]. Ill order that this may be the (?ase, it is necessary and 
sufficient that all the determinants analogous to A which can be 
formed with yj -f - 1 of these integrals shall Iw zero, one at least of 
the determinants formed with y? integrals being different from zero. 

The same lemma enables us also to prove that the general integral 
of the e(|uation ( 8 ) is rejiresented by an exjiression of the form (4), 
For, let (//j, • • •, //„) be a fundamental system of integrals, and y 

any other integral. From the (ii -h 1) equations 

= 0, f(?a) = 0, . . ., F(//„) = 0 

we derive, by elimination of the coefficients rq, an equation 

of condition which is no other than 


(10) ?/»,•• •,y„) = o. 

We have, therefore, between these + 1 integrals, a relation of the 

Q/ + ^\l/i + • • • 4* = 0, 


form 


where r, C\, • • •, C„ are constants not all of which are zero. 
Finally, C, the coefficient of y, is certainly different from zero, since 
the integrals y.^, • • •, y,» are linearly indei)endent. 


Every linear equation of the nth order has an infinite number of funda- 
mental systems of integrals. In order to obtain such a system, we need only 
take n integrals such that the determinant formed from the initial values of 
these n integrals and their first n - 1 derivatives for a non-singular point 
Xq is not zero. If • • •, y«) is a first fundamental system, the n integrals 

Fi, Fo, • • F„, given by the equations 

F,* = cayi 4 0 , 2^2 4 • • • 4 c,«y„, (i = 1, 2, . . ., n) 

where the coefficients c^k are constants, form a fundamental system, provided 
that the determinant I) formed by the n* coefficients is different from zero 
We have, in fact, by the rule for the multiplication of determinants, 

A(Fj, Fji * * *1 Fm) = D • A(yp I/21 • ’ *» Vn)* 

It follows from this relation that the quotient [dA(y^, • • •, yn)/dx]/A, is the 
same whatever may be the fundamental system. We shall verify this by cal- 
culating this quotient. For this purpose let us observe that the derivative of a 
function F{x) is equal to the coefficient of h in the development of F{x 4 h) in 
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powers of h. If we give to x an increment and if we replace each eleineni. 
of the determinant A by its development, retaining only the terms of the first 
degree in A, we obtain the determinant 

Vi + 2/2 + %2 • • • 2 /„ + hy'^ 

y[ + Vi + 1*2/2' * • • V'a + ^ 2 /n 

... 4- /i2/«"^ 

The coefficient of /t is the sum of n determinants which are obtained by tak- 
ing the coefficients of h in any row and the terms independent of h in the other 
rows ; n — 1 of these deterniinaiits, having two rows identical, are zero, and 
there remains 



y») ^ 

yi 

3/2 

•• i/« 

dx 







i/i"> 


•• i/L"’ 


Tins result is true, whatever the functions •••, Vn inay bo; if these func- 
tions are inU'grals of the ecjuation (8), we can replace in the last row by 
— and similarly for the others. There remains, after 

developing with r(‘spect to the elements of the last row and taking account 
of the determinants which have two rows identical. 


The (piotient which we wish to calculate is therefore equal to — a^, and we 
derive also from the precciling result the value of the determinant 


A = AqC *^'0***^^*, 

where A„ denotes the value of A for x = j*„. This expression for A shows that 
this determinant is different from zero at every non-singular point, if it is not 
i(h-ntically zero — a result which we could also have obtained from the preceding 
properties. 

It .should be noticed that every linear eipiation of which a fundamental 
.system of integrals is (//j, //.j, •••, 2/w) can be written in the form (10) 

A(</, yp .y.p •••, y,^ = 0, 

the coefficients containing only the integrals y,- and their derivatives. This 
shows that any n linearly independent functions y,, yo, • • •, 2 /h can always be 
rt‘gardetl as forming a fundamental sy.stem of integrals of a linear equation. 


39. The general linear equation. A non-lioniogeiieous linear equation 
(*<an he written in the toriii 


( 1 ^) Vdf) 




+ «»!/ =/(•'•)» 


wlicve the tonn iiidexx'ndoiit of y has been isolated on the right-hand 
side. We shall also consider the equation formed by replacing /(x) 
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by zero ; the resulting equation, = 0, is eallerl the corresponding 
homogeneous equation. If we know a particular integral )' of the 
equation (12), the substitution // = reduces the integration 

of that e(T[uation to that of the homogeneous eipiation /'\-)== 0 by 
the identity jp(r-|“-)= F(V)-{‘ The general integral of the 

non-homogeneous equation is then^fore repiY-senUHl by the expression 

(13) 1/ = r + ^ \!/i + 4- • • • + 

where y.^, • • •, y„ ar(‘- a fundamental system of 7i particular int(‘- 
grals of the homogeneous equation, and where (\, * * *> 

n arbitrary constants. It often ha])p(ms in junetiec*. tbat we can 
easily obtain a parti(*ular integral of a linear non-hoinogimeous e(ina- 
tion, and in this ease wa* are led to the integration of tlu* lioinogi^neoiis 
equation. The search for a particular integral is facilitated by the 
following remark, which wn ne(‘d only state: If/(.r) is t,he sum of 
p functions ./’(.r),/^(r), • • •, /,,(•»'), we know how to iind a 

particular integral of each of tlu* ecjuations 

P(!/) 

tlie sum Tj + + h 1',, of Uh-s(! j ) j)art.i(mliii' intiigmls is an 

integral of the (‘(luation r(ij)=/(.r). 

Ill general, !/' ii‘<‘ h'noir the iji'iiei'nl hiii'i/i'iil of (In' hoiiioijoveoux 
Rijitotum, M'c con oUroijx ohtobi luj t/iio</cotiirc.i flic, ijcncrol tvfcijrol, 
of the, non-hoinoijeneoiiii ci[Ooflon (supposing, of coursi*, that the 
left-hand side is the same for the two ec|uations). 

The following jirocess, due to Lagrange, is called the mcfhoil 
of the, iiorioflon of cnnxfontx. la't {l|^, • • •, he a lundanuMital 

system of integrals of the eipiation /•’(//)=(). Imihiting as much 
as ])ossil)lo the process employed for a linear eipiation of the first 
order, we shall seek to satisfy the eiiuation (12) by taking for y an 
expression of the form 

(14) y = f'l//, + <\y.i H + 

where Cj, C^, • • (\ denote n functions of .c. We can evidently 

establish lietween these n functions n — 1 relations chosen at pleas- 
ure, provided that they are not inconsistent with the equation (12). 
If we put 

y/'i + y. 2^'2 4- • • • 4- vJ\i = 

4 “ 4 - • • • 4 - tfJ n = ^5 



-f + • • • + = 0, 


( 16 ) 
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the successive derivatives of y up to the (n — l)th derivative have 

]f = + r,y.' 4- • • • + (-\y:, 

y" = <^^y^ + ^^y'l + • • • + ^.y':, 


/»-») = + . . . 

The first of the relations (16) has been chosen in such a way that 
the first derivative y' has the same expression as if C\, (\, . . C„ 
were constants, and similarly for those that follow. The derivative 
of the nth order has a less simple form : 

+ -f • • • + 

Substituting the preceding values of ?/, ?/', • • •, //”> in the left-hand 

side of the equation (12), the coefficients of (\^ ^ V ^ 
spectively * * *> ^" (l/n)y we are led to the new relation 

(W) 4 - + • • • + =/(^), 

which, together with the relations (15), enables us to determine 
C*!, * * •) ^n* We can therefore find ^ V ’ ‘ ^ quadratures. 

We can also make use of the following method, due to Cauchy, 

Let 2 / 2 ’***» y») ^ fundamental system of integrals of the equation 

F(y) = 0. Let us determine the constants Cj, Oj, • • •, Cn so that the integral 
• • • + GnVn and its first n — 2 derivatives all vanish, while the (n — l)th 
derivative reduces to unity for a value ix of *. The integral <f> (x, cx) thus obtained 
depends, of course, upon the variable x and also upon the initial value a, and 
satisfies the n conditions 

(17) 0(a, tf) = 0, (r) = 0, 0"((r, a) = 0, •••, «) = 1, 

where cx) denotes the pth derivative of 0 (x, cx) with respect to x for the 

value X = <T. If we replace <x by x in the preceding relations, which amounts 
to a simple change of notation, they can also be written in the form 

(17') ^(a:,x) = 0, ^'(x,x) = 0, 0(»-«(x,x) = O, j) = i, 

where 0 <p)(x, x) denotes now the pth derivative of 0(x, cx) with respect to x, in 
which we have replaced <r by x after the differentiation. With this under- 
standing let us consider the function represented by the definite integral 

(18) l"=r 0[)f{o[)da 

with an arbitrarily fixed lower limit Xq, Applying the general formula for 
differentiation, and taking account of the conditions (17'), we find successively 

0'(X, a)f{a)da, • • •, = JT «(»-»(x, a)/(a)dx, 

^ a)f{a)da +/(x). 


the values 
(16) 
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Substituting these values of Y, Y% . . P<») in F{Y), we find 
F(Y) =f(x) + r rt) + «)+••• + an<Hx, a)]/(a)<Jcr. 

*/Xq 

The function under the integral sign on the right is identically zero, since 0 (jc, a) 
is an integral of corresponding homogeneous equation, whatever may be the 
value of the parameter a. From this it follows that the function Y represented 
by the definite integral (18) is a particular integral of the non-homogeneous 
linear equation. It will be noticed that this integral, as well as its first (n— 1) 
derivatives, is zero for the lower limit which is supposed different from a 
singular point. ^ 

The application of this method to the equation d‘*y/dx^ —f{x) leads to 
precisely the result obtained above (§ 18). 


40. Depression of the order of a linear equation. If we know a certain 
number of pavti(;ular integrals of a linear ecjuation, we can make use 
of them to diminish the order of the e<|uation. Let us consider first a 
homogeneous eciuation of the 7it\i order, and let //^ //^, (p < n) 

be linearly independent integrals of that eciuation. The substitution 
where z indicates the new dependent variable, reduces the 
proposed equation /’(//) = 0 to a new equation of the same type in 
z^ for the expression for any one of the derivatives d^ijfdvf* is itself 
linear with respect to z and to its derivatives. If is an integral 
of the equation F(//)=0, the new equation in must have « = 1 
for a solution, which requires that the coefficient of z shall be zero; 
this fact is verified at once by calculation, for the coefficient of z is 
precisely F(?/i). The e(iuation in z is therefore of the form 


(19) 


it's 




‘ dx' 



* It is easy to verify that the method of tlio variation of constants and Cauchy’s 
method lead to the same calculations. In fact, the function 4> (r, a) of Cauchy is of 
the form ^ ^ ^ (j.) + . . . + («) (a-), 

where the functions 4>i W are determined by the conditions 


U) 


>1 W V\ (^0 + ♦ • • t («) ?/H {a) = 0, 

' 01 («) vi” 2> (a) + . . . + 4>n (a) ?/ ~ (or) » 0, 
01 («) ?/" («) + ••• ^ 0« W ?/!," (a) = 1, 


and the particular integral (18) has the value 

r* j/i (x) r*0i («)/(«) da + • • • + Vh (a*) f <t>n Wf{a) da. 

dxQ •'^0 

But if we compare the conditions (^) with the relations (l.'j) and (15') which deter- 
mine the C' In the method of the variation of constants, we see at once that we have 
^(a;)=0i (»)/(*) I a*i<i therefore the first method gives us a uarticular integral by 
the same quadratures. 
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whore 7;.^, • • •, are functions of a*. This equation reduces to 
a linear equation of order n — 1, 


( 20 ) 




</a"- 




by ])utting n = dzfdx. If y/^, are/? integrals of the equa- 

tion from whicih we started, the ecj nation (19) has the /? — 1 integrals 
yJUv * * *> Up/Uv therefore the e(i[uation (20) has the integrals 



Those 7? — 1 integrals are linearly independent ; otherwise there 
would exist a relation of the form 



wheve/C^, are constants not all of which are zero, and we 

could (jonclude from it, by integration, the existence of a relation of 
the same form, ( \^y^ H -f -f (\y^ = 0, wliere is a new con- 

stant. If jt > 1, the a})plicatiou of the same pro(‘ess leads from the 
e(|uation (20) to a new linear e(piation of order n — 2, and so on. 
The inteyrafum of u Ihiene homogeneous equation of ivhieh p Inde- 
pendent purtleulue hitegraU axe Inioiun redueeSy therefore, to the inte- 
gration of a linear homogeneous e.guatlon of order n— p, followed hy 
quadratures. When /? = n — 1, the last ecpiation will also be inte- 
grable by a (iiiadrature. 

Similarly, if Ave know p integrals, y^, //.^, . . . , y^, of a non-homoge- 
neous eciuation, such that the /? — 1 functions 


Vi-Vv •••» Vp-Vi 

are linearly independent, the substitution y zzz y^-\. z leads to a homo- 
geneous eciuation having tlie /? — 1 integrals — y^, . . ., y^^ — y^ 
It is therefore ])ossible to reduce this equation to a linear homogene- 
ous eciuation of order n — p -{-1. 

C'onsider, for example, the linear equation of the second order, 

( 21 ) . = + 

and let y^ be a particular integral of this equation. If we put y = 
wa find 


dy __ d^ ^ dy^ 
dx dx " dx 


dx^ 




'111 '^5 , ^ 
dj: dx 


^Jh 

dj* ’ 
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and, substituting in the ecjuation (21), wo lind, since the coefficient 
of z is zero, 

(22) ?/, + (2 

Putting dzjdx = u, this e(]uatioii can 1x3 writtt'ii iii the form 
du , /^dif, \d.t‘ 

whence, by integration, 

Log u + J' P + Log i/i == Log ( \ 


or 


U = - « • *^0 . 

in 

A second quadrature will give and eonse(|uently //. We see that 
the eciuation (21) has the integral //^ givim by the* exjiressiou 


(23) 


r'dx 


which is independent of //j. Tho fjrnernl iniotjral of tr, Ihieov homo- 
geneous ei/untlonof t]te second ordee is thevefore oltitiined hg lu'o guud- 
ruturcs irhen tre knote a jutrtieulae integral * 

This property is a mark of similarity bi'twemi the linear (upiation 
of the second order and Rieeati’s eipiation (§ 7). There exists, in 
fact, a very close relation between these two kinds of dilferential 
equations. If we depress the order of the homogeneous equation (21) 
by the process of § 19, by substituting 

fsf/x 

y = y 

wc are led to a Riccati equation, 

(24) + + = 0. 


* We can derive from these results a very oiinple prouf of an important tlifonuu 
of Sturm. Ijct us suppose that the <*oe,iHcients p and q are rontmuous r(*al functions 
of the real variable * in tlie interval (u, fc), and let j*o, a*i be two consecutive zeros of 
a particular intej^ral q\{v) in the interval (u, h). If .V2 (j^) is another particular inte- 
gral independent of Viix), the formula which gives w can be written 

('h\J' ,rS.y''' 

<1r V.'/i/ A 

which shows that the quotient y^/Hx varies alw^ays in the same sense when 4 * increases 
from j^o Now this quotient is infinite for »•= r,, and for r- ; lienee it constantly 

increases from -oo to +« or decreases from f x to - x. equation haa 

therefore one and only one root in the interval {xq, *1). 
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Conversely, any Riccati ecjuation 

(26) n' a -)r 4" <* = 0, 

where a, />, c are functions of x(tt ^ 0), may be reduced to the 
form (24) by putting u = whhih transforms (25) to an equation 
of the form (24), 


It follows that the general integral of the equation (26) is 


(26) 


1 


where and are two independent integrals of the linear equation 

y" + (l> — ^y' + «cy = 0. 


This expression really contains only a single arbitrary constant, that 
is, the quotient which appears in it to the first degree.* 


Example, Legendre’s polynomial Xn (I, § 00, 2d od. ; § 88, 1st ed.) satisfies 
the differential equation 

(27) . (l-x*)?|-2*^/ + n(n + l) 3 / = 0. 

dx^ ax 


* It would seem that a quadrature might be necessary to derive the general 
integral of the linear equation (21) from the general integral «)f Riccati’s equation 
(24). In reality this is not the case, or, rather, the quadrature reduces to the calcula- 
tion of fpdx. In general, let z=<t>{Xy C) be the general integral of a differential 
equation of the first order, dz/dx=/{Xt z). From the relation 




we derive, by differentiating with respect to the constant 


020 _df 00 
0r0ji c<p dc 


00 dx 



From the last equation we find J'(0//00)da!*=Log(00/0f’), where, of course, the 
same value of the constant C is to be understood in the two sides of the equation. 
Applying this to Riccati’s equation (24), if 2=0(4;, C) is the general integral of that 
equation, we conclude that 




If Zi, *21 ^8 three integrals of the equation (24), on carrying out the calculation 
(see § 7) we find that the general integral of the linear equation (21) has the form 


V(Z,-Z,){*j-* 3 )(Z, - z,) 
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To prove this it suffices to notice that, by putting u = (j-2 - 1)«, wc have the 
relation (x‘-* — l)u' = 2nxu, and by taking tlie (n -f l)th derivative of the two 
sides we have an equation which is identical '.»iih the equation (27) when we 
replace d^u/fZx” in it by y. In order to obtain a second particular integral of 
the eciuatiun (27), we shall apply the general formula (23) with p e(pial to 
2 x/(x^ — 1) = l/(x + 1) + l/(x — 1) ; this gives 


2/2 


= V r. 


It might seem necessary to know the n roots, <rp • • •, rr,,, of the polynomial 
in order to calculate this integral, but this is not the case. For, let us write 
the integrand in a form which exhibits the simple fractions which come from 
the roots + 1 and -- 1 of the denominator : 


1 

(x*-l).Y2 


2\i-l 


_L) 

x+l/ 



where P„ is a polynomial of degree 2n — 2, the quotient obtained by dividing 
1 — A’* by — 1. It follows that 




dx. 


This last integral is a rational function, for if it contained a logarithmic term 
such as Log(x — rr,), the point <r» would be a singular point for and the inte- 
grals of the eejuation (27) can have no other singular points than x = i 1 (§ 37). 
We can therefore calculate this integral by rational operations (I, § 104, 2d ed. ; 
§ 109, 1st ed.). Since the integral must be of the form where 

may be taken as a polynomial of degree not greater than n — 1, we can deter- 
mine the coefficients of this polynomial, for example, by the condition 


Qn-l^n -1 

Having once obtained the polynomial Q„_i, we may write the general integral 
of the equation (27) in the form 


41. Analogies with algebraic equations. The preceding properties establish an 
evident analogy between the theory of linear diffcjrential eijiiations and the 
theory of algebraic ciiuations. This analogy persists in a large number of 
questions. As an example of this we shall show how we can extend to linear 
equations the theory of the greatest common divisor. In general, let 


, d" 7/ d" ~ ' V 


+ (l„ 


dy , 
-1 , 
d.c 


be a symbolic polynomial where are given functions of x. If 

is not zero, we shall say for brevity that F{y) is of the nth order. If G{y) is a 
symbolic polynomial of Uie same nature and of the pth order, it is clear that 
(?[F(|/)T is again a symbolic polynomial of the same kind and of the {n + p)th 


order. Let now 


d"*!/ , d"*“^?/ 


+ 


dy 

*dx 


+ ffmy 
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be another polynomial of order vi (m ^ ii). We can find a third polynomial G {y) 
of order n — m such that F(//) — is at most of order m — 1 (a poly- 

nomial of order zero is of the form ay, where a is a function of x). Let us put 


G(j/) = Xo 


d»- 

cZx" 


■ "* cLc" — »» - 1 




I'hc cooftieient of d»y/<lx» in is and if we take the 

difference F(i/) — [Fj(y)]/rix«-”* will be at most of order n—\. Let a[ 

be the eoettieient of fZ'* - ^ y/dx” - 1 in this difference. If we take Xj = the 

difference 




d«- 




will be at most of order n — 2. (^mtiiiuinj; in this way, we see that we can 
determine, step by step, the coefticients X^, X^, •• •, X„_m in such a way as to 
obtain an identity of the form 

( 28 ) Fi.y)-G{t\{y)]=F„_(y), 

where F^{y) is at most of order m — 1. This operation is entirely analo^rous to 
the division of one algebiaic polynomial by another. 

Now suppose that we wish to obtain the integrals common to two linear 
equations 

(20) nv)-0, F,(y) = 0. 

The identity (28) shows that these integrals are the same as the integrals 
common to the two equations F,(//) = 0, F,^{y) = 0. If F,^{y) is not identically 
zero, the same operations c.an be rex)eated on F^(y) and F^((/)^ and so on 
until we arrive at two consecutive polynomials, F;t~i(.v) (y), such that 

Fx-i(y)= [Fi(y)]. This last symbolic polynomial Fx;(y) is the analogue 
of the algebraic greatest common divisor: all the inttyrals common to the two 
equations (20) satisfy the linear equation F^(y) = 0, and conversely. If F;^ (y) is 
of the degree zero, the two e<iuations h.ave no other common integral than the 
trivial solution y = 0. 

If in the relaticm (28) F 2 (y) is identically zero, the equation F(y) = 0 has 
all the integrals of F^(y) = 0. Conversely, in order that F(y) = 0 shall have all 
the integrals of Fj(y) = 0, it is necessary that F^{y) be identically zero, for a 
linear equation of order not greater than rn — 1 cannot have all the integrals 
of a linear ecpiation of the 7nth order. Hence in this case we have identically 

and if we put F^(y) := z, the integration of F(y) = 0 is reduced to the successive 
integration of the two linear eipiations 

G(z) = 0, F,(y)=x, 

of orders n — m and m, of which only the second is non-homogeneous. 

We can deduce from this observation another soliUion of a problem already 
treated. Supi^ose that we know p independent integrals y^, yj, • • •, yj>{P <n) 
of F{y) = 0. We can form a linear equation of the pth order having these p 
integrals (§ 88). Let F^{y) — 0 be this equation of the joth order; then we have 
Identically F(y) = C[Fj(y)], and if the equation G(z) = 0 of order n — p has 
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been integrated, we can integrate F^(if) = z by quadratures alone, since we 
know the general integral of F^(t/) = 0. The reduction is the same as by the 
first method, hut the new process is more symmetric. 

Appel, Laguerre, llalphen, E. Picar<l, an<l many others after them have ex- 
tended to linear equations the theory of symmetric functions of the roots, the 
theory of invariants, and the very fundanier.tal N\ork of (hdois relative to 
the group of an algebraic ecjuiition. The theory of invariants is founded on the 
easily verified fact that a linear homogeneous eciuation is changed into a new 
eiiuation of the same kind by every transformation of the type 

where i is the new independent variable and the new dependent variable, 
whatever the functions /(f) and may be. 

We can sometimes make use of this transformation to sinqdify a liin'ar equa- 
tion. For example, if we wish to make the coetticient of the derivative t»f 
order n — 1 disappear, we find that it suihces to i)ut 


retaining the variable r. Since we bave two arbitrary functions/ and <f> at our 
disposal, it would seem that we couhl take advantage of them lo make two 
coetticients disappear; but this reduction, although theoretically jjossible, is 
illusory in most cases. For exami)h‘, we can always choose the functions/ and 
so as to reduce any linear ecpiation of the second order to the simph* form 
z" — 0, but the actual determination of these functions presents the same ditli- 
culties as the ju'obleiii of integrating the original eipialion. 


42. The adjoint equation. Lagrange extendejl the theory of int(‘graling factors 
to linear e(juations in the following way. Let F(//) be a lin(‘ar function of y 
and of its first n derivative's, 


F{t/) — 4- + h + (Ul/t 

where a^, • • •, are any functions of x, and wlM*re //, i/'\ • • •, denote 

the sucees.sive derivatives of y. Let us try to find a function z «)f x such that 
the product zF{y) shall be the derivative with resiu-ct to x of another function 
linear in y and in its derivatives up to those of order n - 1. 'riu; general for- 
mula for integration by parts (I, § 87, 2<1 ed.; § Hf), 1st ed.), ai)plied to each of 
the terms of the product zF(y), gives us 


(30) 


zF(y) = 


dx 
d 


( (<(,^) j/”- - 2) + • • • i U- 
ilX 

- 2) _ (UjZ) yfw - 8) 4- 

^ dx 








where we have put 


( 31 ) 
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If we denote by 4' (y, z) the expression which appears on the right-hand side 
of the equation (30) whicli is bilinear with respect to y and z and to their 
derivatives, we can write that equation in the abridged form 

(32) zF(y) - yG (z) iVi «)]» 

so that for all the possible forms of the functions y and z the binomial 
zF(y) — yG (z) is tlie derivative of 4^(1/, z). If we now take for z an integral of 
the equation G(z) = 0, the product zF{y) is the derivative of an expression of 
the same form, linear with respect to y, y', •••, and the equation 

F(y) = 0 is equivalent to a linear equation of order n — 1, 

(33) 4'(y, z)=C, 

which we obtain by replacing in 4^ the function z by the integral in question. 
Now the equation G{z) = 0 is likewise a linear equation of the nth order; it 
is called the (uljoint &jualion of F(y) = 0, and the symbolic polynomial G(z) is 
called the adjoint polynomial of F(y). 

We see, then, that if we know an integral of the adjoint equation, the inte- 
gration of the given ecpiation is reduced to the integration of a linear equation 
of order — 1 whose right-hand side is an arbitrary constant. If we know p 
independent integrals, Zp Zo, • • *, z^, of the adjoint equation, every integral of 
the given e<iuation satistiesp relations of the form 

(:M) *(!i,z.i) = Ci, •••, = 

where (\^ denote p constants. Eliminating the derivatives 

...^ yin-i> f 1 ) these p ecpiations, we obtain a linear equation of 
order n — p w hose right-hand side depends upon the p arbitrary constants Cj, 
^ particular, if p = n (that is, if we know the general integral of 
the adjoint equation), we can solve the u etiuations (34) for y, y', • . ., y^«“ i), and 
we can obtain the general integral of the given eciuation without any quadrature. 

'riiert! exist between the integrals of the two eijuations F(y) = 0, fT(z) = 0 
some rcnnarkable relalion.s, which we cannot develop liere.* We shall only show 
that there exists a neiprocal relation between the.se two eipiations. More pre 
ci.sely, if G{z) is the adjoint polynomial of F(y), then, conversely, F{y) is the 
adjoint polynomial of G (z). For if F^{y) denotes the adjoint polynomial of G (z), 
we have a relation between i'\(y) and G (z) of the same form as the relation (32), 

(32 ) yG {z) - zF^{y) = ^ z)]. 

A(hliug the relations (82) and (32'), we find 

* [f (I/) - ^ (V, z) + ♦,(!/. *)]• 

If F(y) — Fj(y) were not zero, the product z[F(y) — F^{y)] would be the deriva- 
tive of a function containing z and some of its derivatives. Now the derivative 
of a function containing r, z', • • •, z<^»> contains at least one derivative of z, 
namely, + The preceding relation is therefore possible only if F^(y) is 
identical with F(y). 


• See Darboitx, Theorh den »nr/aces^ Vol. II, Bk. IV, chap. v. See also Exercise 
17, p. 171, at the end of tin chapter. 
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II. THE STUDY OF SOME PARTICULAR EQUATIONS 

43. Equations with constant coefficients. Linear ditferontial na- 
tions with constant coefficients were integrated by FiUlor. ( -onsider 
first a homogeneous equation 


(35) F(f/) = -h H h -f = 0, 


where any constants. By the general theory (§ 37) 

none of the integrals of this eciuation have a singular point in the 
finite plane ; that is, they are mtegral functions of jr. Let 


(36) 


U ^’o ^ 2 2 ! ^ 


m : 


4- 


l)e the development in series of an integral. The series which repre- 
sent the suc.c,essive derivatives have an analogous form. Rephuung // 
and its successive derivatives by their developments in series in tlu* 
left-hand side of the equation (35), and ecpiating to zero the coefficient 
of any power of a*, say a*'', we obtain the following relation between 
71 -f 1 consecutive (ioefficients : 

(37) «/„+„-! + + + l + 

If we substitute in it successively /> = 0, 1, 2, • • •, we c.an calculate, 
step by step, all the coefficients c„, j, . . in terms of tlu^ n first 
coefficients • • •, whhdi may taken arbitrarily. Tlie 

series (36) thus obtained is convergent in the. whole ])lane and r(q)re- 
sents the integral which for .r = 0 is e(pial to c^, while the first 7^ — 1 
derivatives take on respectively the values • • •> •'* = 0- 

We shall show that this integral can Im expressed in tm-ms of (^x|)o- 
nential functions wlien it does not reduce, to a ])olyn()inial. 

The equation (37) is a recurrent formula with constant coefficients 
which connects the n consecutive coefficients. Now it is cjisy to 
find particular solutions of that ecpiation. For this })uri)ose, hit us 
consider the algebraic equation 

(38) /(r) = 7-" + + . . . + , r q- = 0, 

which, for the sake of brevity, we shall call the nvxlllanj oqyatwUy 
the left-hand side /(/•) being the auxilhiry jmhinoviuiL If r is a root 
of this equation, it is clear that the relation (37) is satisfied, what- 
ever may be the value of the integer //, by j)utting = /•*". Th(i 
particular integral thus obtained is ecjual to and we 8(*e that c" 
is a particnlfir integral of the equation (35) if r is a root oj the 
auxiliary equation f{r) = 0. The verification is immediate, for if we 
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replace y by c" in tlie l(*ft-liancl side of the equation (35), the result 
of the substitution is 

If the equation (38) has n distim^t roots •••,/’„, we know n 

parthiiilar integrals • • •, and therefore an integral 


(39) 




the ex|)ression for which contains n arbitrary constants • • •, 

Tliis expressi(jn represents the general integral, for the determinant 
A(c''i*', /i'V, . . can Ixi written in the form 

1 r, rf 


A = c/^'i + 


,,n-l 
— 1 

'2 


and tht5 (leterniinant on tin*, right is, except for sign, the product of 
tlui differences — t\. 

Defon^ studying the> case in which the auxiliary e(|uation has 
niultiph* roots, we shall prove a hmima. Let us make the substi- 
tution // = in the equation (35), wlauv a is any (constant and z 
the new dejxuulent variable; by Ledjiiitz’s formida we have 


( 10 ) 







Substituting these* value's of //, //', //", . • • in tlm le*ft-hanel siele of 
the eepiatie)!! (35), r"'" ai)pe*ars as a fae-teu-, and we have*, 

where* L'(.~) is a line*ar expression in ;;;, r:\ • • •, r/"' with constant 
ee)etlicie*nts. In oreler to calculate the e*oel1ie*ie*nts of L'(‘'), let us 
obse*rve that if we re*plae*e in F{y) the indie*es whie^h inelicate eliifer- 
entiatie)!! by e*xpe>ne'nts, anel // itself by = 1, the ivsult obtaine*d is 
ieh*ntie*al with /'(//). If we e*arry out the same* transformation with 
the fune'tiem .r, the formula* (40) may be* writte*n symbolie*ally 


yp = -h z)P ; 

hene*e ^f’(.^) e*an also 1 h 3 written, in the same symbolic notation, 
f\a -h and, replacing the exponents of z by the inelie*os which 
indicate ditferentiation, we see that the new eepiation in .r is 


(41) 7'’(,'"»~) = <"■■•[./•(«)“ +/(rt)3'+ s''+ • 


- + 







SOME PARTICIILAK fXjrATIOXS IHJ 

Now let be a 7>-fokl root of tlie auxiliary eciiiatioii ; if we rephuM' a 
by that root r in the equation (41), the eoefheients of ,v, 
ill this e(]uation are zero, and we obtain an integral bv taking for a 
function whose pt\i derivative is zero, that is, an arbitrary iiolynoinial 
of degree p — 1. (ionseiiuently, ifr h a p-fold roof of fhr auxUiari/ 
equatiotiy to thut root rorrmponds p particular indipriulrnt infctjrats of 
the linear equation (.‘15), c", xe' \ 

Let tli(^ k distinct roots of /(r)= 0 be r.^, .. ., and li*t their 
respective orders of multiplicity be denoted by /x^, /x.^, • • •, /X|(S/x,— n). 
From these roots we can form n ])arti(*ular integrals of the linear 
ecpiation. These 7i integrals are indepeiuhmt, for any liiu'ar n‘lation 
with constant coethcaents between these n integrals would lead to an 
identity of the form 

c'’i'<^j(.r)-P f'»2'^^(.r)-f . . . -f e’k‘(li^(x)= 0, 

where </>„ demote ])olynomials not all of which vanish 

identically. Sucli a relation is niqiossihh* if the k numbers r^, /•„, • . 

are distinct. For, l(‘t 7i^y n,,, ♦ • •, /q lx* tlu‘ respect iv<‘ d(‘gr(M*s of 
these polynomials. It is understood that any term in tin* idmitity 
is sim|)ly omitted if the (*orresponding ]H)lynomial is Z(‘ro. Dividing 
by e^i'y we (‘an again write this relation in tb(‘ form 

. .. q- 0. 

DilTerentiating both sides of this e(|ualion, W(* hav(‘ 

<t>Ux)-h + • • • = 0 . 

The d(*gre(» of the jiolynoinial wliich niultipli(‘s is again 

e(pial to and tlu* ])olynomial do(*s not vanish; and similarly for 
tin* otliers. After having differentiated (/q -j- 1 ) tilings, we sliall hav(‘, 
therefore, a relation of the saiiu* form as th(‘- relation from which 
we started, but with one term h*ss, 

• • • + 

where the k — 1 numbers .v^, . . ., .s^ are different, and whi*r<* i/r^, 
• ' are jiolynomials of degrees n,^j • • *, res|>(*(rtively. (Continu- 
ing in this way, we arrive tinally at a relation of tln^ form c'' 7r(./*) — 0, 
where Tr(x) is a jiolynomial not identically zero. Ilut tliis is evide-ntly 
absurd. The general integral of the linear ecpuition (.*15) is therefore 
rejiresented by the expression 

(42) y = + • • • + 

where - n * ’ j)olyijomials with arbitrary coef!ici(*nts, 

of degrees e(|ual to their subscripts. 
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If the auxiliary equation has imaginary roots, the general integral 
(42) <;ontains imaginary symbols, but we can make these imaginaries 
disappear if the coefficients case, 

if tlu* e(piation /(/•) = 0 has the root a + fii of multiplicity j), a — pi 
is also a root of tlie same degree of multiplicity. The sum of the two 
terms of the formula (42) coming from these two roots can be written 

fi"-' [((los pjr -f i sin fijr) <t> (y) -|- (cos — i sin jSi;) '^(a;)], 

where ^(r) and ^(x) are two polynomials of degree 7 ) — 1 with 
arbitrary (ioefficients, or in the equivalent form 

p'''[cos px^^(x) H- sin ^■^•'kj(j’)], 

where and 4^^ are also two arbitrary jxdynomials of degree p — 1. 


’Sole, III order to express the general integral of the equation (36) in terms 
of exponential functions, we observe that it is first necessary to solve the equa- 
tion /(r) = 0. If this e(piation is not solved, the recurrent relations (37) enable 
us always to calculate, step by step, as many as we wish of the coefficients of the 
power 8eri(‘s which represents the integral corresponding to the given initial 
coiplitions. 

We can iletermine in advance the number of coefficients which it suffices to 
calculate in order to obtain the value of the integral with a certain degree of 
apprcjximation. Let A be the largest of the numbers L | [ On], and B the 

largest of the numbers |c„|, |cj, It is easy to prove, step by step, 
that we have lo, + ;,| < B{An)P^K The absolute value of the remainder of the 
series which represents the integral, commencing with the term in x»+p, is there- 
fore less than the value of the series 


^T(/ln)/' + 'p«+p (i4n)P + 2/a" + P + 1 

L (n + p) ! ~ (n + p + 1) r 



where /j = |/|, and conseipiently less than 


B(An)p + ^ p^+p 
(n + j)) 1 




Consider now a non-homogeneous linear equation with constant 
coefficients. We ean avoid the use of the general method and find 
a ])arti(mlar integral directly if the right-hand side, <^(x), is a poly- 
nomial. For if the eoefficient of 1 / in the equation . 


</j- ‘ 


H 1- + “.y = + 6jX"— ‘ + . 


is not zero, we can find anotlier polynomial of degree in, 

It == 1 -p . . . , 

whicli, substituted for ij in the left-hand side of the preceding 
eej nation, gives a result identical with 4^{x). The w -f 1 coefficients 
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' * * > determined, step by step, by the relations 

^^*^o = + ina^ - ,^*0 = 

«n«3+ • • •> 

where is different from zero by hypothesis. This eompntation is 
not applicable when </„ = 0. IMore genenilly, suppose that the deriva- 
tive of the lowest order which appears in the left-hand side is the 
derivative of the j^th order. Taking for the dej)endent variable 
z = d^ij/djc^\ the given eciuation is transformed into a linear ecpiation 
of order n — py where the coefficient of z is not zero. According to 
the ease which has just been treated, this equation in z has a poly- 
nomial of the ?;/th degree for a ])articular integral. Hence one par- 
ticular integral of the e(]uati<)n in y itself is a ])()lynomial of degree 
m The c-oofficieiits of this ])olynoiinal can again \m} determined 

by a direct substitution. It should be iioti(*.ed that the coefficients of 

constant term are arbitrary. 

If the right-hand skh* </>(./•) is of the form c‘"^/*(.r), where cr is con- 
stant and 7*(.r) d(uioti‘S a pol\nomial, we r(‘duce this case to the 
preceding by ])utting // = z, which l(*ads to the ecpiation 


(43) 


f’%}) <1^ <l“ ~ ' ■■ 

n ! </./■“ (rt — i ) ! " * 


+ • • • +./■'(") 'J; +/(«)- 


P{r). 


This equation has for a particular integral, as we have just seen, a 
])olynomial whose, degri'c we can determine a ])riori ; the equation 
in // has therefore a i)articular integral of the form c*-*Q(.r), where 
(^(.r) also is a ])olynomial. Supi)ose in ])articular that /*(.c) redu(;es 
to a constant fa<dor (\ If a is not a root of the auxiliary equation, 
the (‘(piation (43) has the j)arti(*ular integral r.' = ^’//’(^^), und tlie eejua- 
tion in // has the ])articAilar integral //(ft). If rr is a multiple 
root of multiplicity j) of the auxiliary equation, the equation (43) is 
satislied by putting 

or 

( 


and consequently the equation in ?/ has the particular integral 
Cxt^ //^^'^ (a). Hy virtin* of a general remark (§ 38) we can there- 
fore find a ]iarticular integral directly whenever the right-hand side 
is the sum of j>roducts of ex])oncntials and jiolynomials. This is the 
case in particular if the right-hand side is of the form 7^ (x) cos ax 
or P(x) sin nxy for we need only express f*()s ajr and sin ax in terms 
of and of Having once recognized by the preceding 
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c(jiisi(l(^rations the form of a particular integral, it is not necessary 
to pass through all the indicated transformations in order to calcailate 
tlui coclticieiits upon wliich it depends ; it is often preferable to 
substitute directly in the left-hand side of the given equation. 

Example. Let it be required to find the general integral of the ecjuation 

(1^ V 

(44) F{y) ^ — y = ae^ + + c sin x + f/ cos 2 x, 

where a, b, r, g are constants. The auxiliary ecpiation r* — 1 = 0 has the siin- 
j)h? roots 1 , — L + — i ; the general integral of the homogeneous equation is 

therefore 

(45) y — (J^e^ -I- 6 * 2 4- cosx sinx. 

We must next find a ])articuhir integral of each of the four equations obtained 
by taking successively for right-hand sides ^ r sin x, y cos 2x. Since unity 

is a simple root of f(r) — r'* — 1 = 0 , the first of these ecpuitions has the particular 
integral (txv'/f'(\) — axe''/4. Since 2 is m»t a root of the equation f{r) = 0, the 
second (‘(]uation has the particular integral V15. 

In the third ecpiation, F{y) — c sinx, we can replace sin x by (e*‘ — e- *')/ 2 i, 
and we have to seek a particular integral of each of the two ecjuations 

Now, since + i and — i are simple roots of /(r) = 0, we know, a priori, that they 
have respectively two particular integrals of the form ^Vxe", Nxc~ 'Phe sum 
of these two integrals is of the form x(mcosx + nsinx), and we can determine 
the coetlicients m and n by substituting in F{y) and ecjuating the result identi- 
cally to r sinx. This method avoids the use of the symbol /. It turns out that it 
is necessary to take m = c/4, n := 0 . We find similarly that the last etpiation 
F(y) ~ </cos 2 x has the particular integral (/cos2x/15. Adding all these par- 
ticular integrals to the right-hand side of the ecpiation (45), we obtain the general 
integral of the given eiiuation (44). 


44. D’AlemberUs method. A large number of motliods have* been 
devis(‘d for the integration of linear eipiations with constant eoefii- 
e-iiMits, jiartieularly in the ease where the auxiliary equation has inul- 
ti])le roots. One of the most interesting, whi(*h is aiiplieable to many 
questions of the same kind, consists in considering a linear ecpiation, 
in which /(r) = 0 has multiple roots, as the limit of a linear eejuation 
in which all the roots of /(/•)= 0 are distinct. In general, let 


d'\i/ 

dx'* dx^ 




l>f‘ a linear equation, where the eoeftieients functions 

of X which depend also upon certain variable parameters S- 

Suppose that there exists a function f(x, r) having the following proi»- 
erty : for q values of r, depending upon the parameters a^, • • •, 
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and in general distinct, the function f{.r, r) of r is an integral of the 
equation (46). Let • ■ ■, be these q values of r such that the 

functions ^ . 

/(“■> »•.)> /(•f. »•»). • • •» /(•»•. »•,) 

form q independent particular integrals of the ecpiation (46), wliatever 
the values of the parameters • • •, may be. If for (*ertain par- 
ticular values of these parameters the q values • • •, are not 

distinct, the number of the known integrals is diminished. Suppose*, 
for example, that becomes ecpial to /y If r,, is different from /’j, 
the equation has the two integrals /(.r, y^), /(.r, yj, and c-onsecpiently 


is also an integral. Now, if y^ approaches y^, tlu*, ])r(‘c(*(ling function 
has for its limit the derivative [/'(.c, y)], . IF a third root yj^ h(*comes 
equal to y^, w(*. take, similarly, supposing first that y.^ differs a little 
from y^, the integral 

('*« '‘i) 

and this integral hius for its limit [/'jC-f*, r)],y2 when y,, apj)roa(4ies y,. 
This reasoning is perfeijtly general : if, for c(*rtain vahi(*s of t.lu* par- 
ain(‘tcrs a,, • • •, Jx of the roots are (»(pial to r^, tlie <*(>rr(*sponding 


‘(puition (4()) has the k particular integrals 




ffil; m.: 


W“‘A/ 


In the case of a linear cfpiation with constant coetlicjents the 
])arameters •••, (f,, an* tlie coefficients themselves, and the, 

function /’(u, r) is c". This leads again to the results which we 
obtained before directly. 


45. Euler’s linear equation. The. linear eejuation 

wlu‘re A 




f/.y" ' * ^ (/j:" ^ fkr 

are constants, reduces to tlu*. j)r(*c,cding by the 


■ r " 2> 
change of variable* x 


. Since dt/dx = 1 /.r, we have 
dif _ d tf dt__\ dy tP y __ J_ / '(V/ __ v\ ^ 

li ~ "(ft dx~x'tt’ x‘ \(V^ (it I ’ 


•Tlie general tlieury (§ IH) tellH iw that tlie iiitegralH of the equation (47) can liavo 
no other singular point than Now rf caiiiiot hr* zero for any value of f. The 

integrals obtained by the change of variable sc = e* must therefore be integral functions. 



124 


LINEAR DIFFERENTIAL EQUATIONS 


[III, § 45 


and we easily verify, step by step, that the product x^\dPy/dx^'\ is 
a linear expression with constant coefficients in dy/dt, d^yldt"^, 
. . ., d^yJdtP, The given linear equation is therefore transformed by 
this change of variable into an equjitioii with constant coefficients. 

To obtain the general integral of the equation (47), it is not 
necessary to carry out the calculations of this change of variable, 
for we know that the transformed equation has integrals of the 
form d'K The given equation has therefore a certain number of 
integrals of the form (dy = Replacing y by in the left-hand 
side of the equation (47), the result of the substitution is ir’/(r), 
where 

/(r) = r(r — 1) . • • (r — -f 1) 

+ vl^r(r-l) ... (r-ri + 2)H 

If the equation f{r)= 0, whicli here plays the same role as the 
auxiliary equation, has n distinct roots r^, . . ., 7’„, the general 
integral is 

y = + • • • + C^x^-, 

If r is a multiple root of multiplicity /i of /(/»)= 0, to that root 
corresponds, by D’AlemberUs method, the /x particular integrals 

The general integral of the equation (47) is therefore in all cases 

(48) y = f- a^J'^/V^-iCLoga*), 

where are the k distinct roots of f{r)= 0, where /x^, /Xg, 

. . ., /Xjfc are their orders of multiplicity, and where (Log^r) is 

a i^olynomial in Log x with arbitrary coefficients of degree /x,. — 1. 

If, in the equation (47), we replace the right-hand side by an 
expression of the form iK’”(2(Log ir), where (2 denotes a polynomial, 
it can be shown, as in the case of the equations with constant coeffi- 
cients, that the new equation thus obtained has as a particular inte- 
gral an expression of the same form, whose unknown coefficients 
can be calculated by a substitution. 

46. Laplace’s equation. We can sometimes represent the integrals of a linear 
equation by dehnite integrals in which the independent variable appears as a 
parameter under the integral sign. One of the most important applications o^ 
this method is due to Laplace and affects the eciuation 

(49) F(y) = (tto + *> 0 *)^ + (“j + + ••• + (<!. + b„x)y = 0, 
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whose coefficients are at most of the first degree. Let us try to find a solution 
of this equation by taking for y an expression of the form 



where Z is a function of the variable z and where X is a definite path of inte- 
gration independent of x. We have, in general, 


dPy 

dxp 


ZzPe^^dz, 

a) 


and, replacing y and its derivatives in the left-hand side of the equation (49) by 
the preceding expressions, we find 


(61) Ze--(P-h Qx)dz, 

where we have set, for brevity, 

P = ao2:«+ + •••+ On, 

Q = + 6i2"-i + ...-f 6n-iZ +6„. 


The function under the integral sign in the expression (61) is the derivative 
with respect to z of Ze-' Q, provided that we have 

( 62 ) or ^[Log(ZQ)] = ^. 

We derive from this condition 


Z = 



where the lower limit Zq does not cause Q(z) to vanish. The function Z having 
thus been determined, the definite integral (61) is equal to the variation of the 
auxiliary function 

ZX-{- I — (/« 

F = e^-*'ZQ = e •'*0 


along the path L. It will suffice, therefore, in order to obtain an integral of 
the given equation (49), to choose the path of integration L in such a way that 
the function V takes on the same value at the end as at the beginning, and so 
that the integral (60) has a finite value different from zero. 

Let tt, 6, c, • . i be the roots of the equation Q(x) = 0. The auxiliary func- 
tion V is of the form 

(63) V = (z — aY(z — 6)^ • • • (z — 

where It (z) is a rational function whose denominator has no other roots than 
the roots a, b, c,---, I of Q(x), and of a multiplicity one unit less. Let 
C, ••• denote loops described about a, 6, r, ..., in the positive sense, starting 
from an arbitrary initial point, and let 1 , 3_ 1 , C_ 1 , • • • denote the same loops 
described in the opposite sense. The function V is multiplied by when z 
describes the loop JJ, and by when z describes the loop .^_i, and simi- 

larly for the others. It follows that if we make the variable z describe the 
loops jl, 3, 3-1 in succession, the function V takes on again its initial 

value. The definite integral (60), taken over this path Ji3^-\3-\^ is not, in 
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general, zero. It gives a particular integral of the given equation. By associat- 
ing the p points a, 6, c, • . iin pairs in all possible ways, we obtain p(p — 1)/2 
integrals, which in reality reduce to p — 1 independent integrals. 

We do not find n particular integrals in this way. In order to obtain others, 
we may look for the paths L having their extremities at certain of the singular 
points rt, • - ,1 and such that the function V vanishes at the two extremities. 
If a is a simple root of Q(j;) = 0, the function Z contains the factor (z — 
and it will be possible for the integral (60) to have a finite value when one of the 
extremities of the path L is at the point a only if the real part of a is i>t)sitive, 
and in this case V does approach zero at the same time as |z — a|. If a is an 
m-fold root of Q(z) = 0, the rational function E{z) contains a term of the form 
\/(z — ^ In order to determine the behavior of the absolute* value of 

V in the neighborhood of the point z — need only study the absolute value 
of the following important factor : 

— 1 

Setting 

z — rt = p (cos 0 + 1 sin 0)i = A (cos 0 + i sin f), ix = cx' + (x"i^ 

we may write the absolute value of this factor in the form 

g— “ ”* COB — (r« — 1)0]^ 

In order that V shall approach zero with \ z — a\^ it will suffice to make z de- 
scribe a curve such that the angle 0 which the tangent makes with the real 
axis satisfies the condition cos [0 — (m — 1)0] <0. Eor example, we may take 
0 = [^ + (‘^A: + 1) 7r]/(?/i — 1). If the angle 0 has been taken in this way, the 
product Zc*** also approaches zero with |z — a|. Proceeding in the same way 
with the other points 6, r, • . f, we see that we can determine new paths L, 
closed or not, giving other particular integrals. 

Finally, we can also take, for the paths of integration, curves going off to in- 
finity. We are again led to determine a path L having an infinite branch such 
that the function approaches zero when the point z goes off indefinitely on 
this branch. If, for example, the rational function R (z) is zero, and if the angle 
of X lies between 0 and 7r/2, it will .suffice to make z describe an infinite branch 
asymptotic to a line that makes an angle of 3 7r/4 with the real axis. 

Leaving these general considerations, let us consider in particular Bessel’s 
equation, 

(54) x^^+(2n+l)g + xy = 0, 

where n is a given constant. We have here 

P = (2n + l)z, Q = l + z2, 

and consequently 

Z = (l + x2)"-l, r = + 

The definite Integral 

^ e*^(l + zV 2d2 
(L) 


♦ See an important paper by Poincare in the American Journal of Mathematas, 
Vol. VII. 
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is therefore a particular integral of the equation (54) if the function 

1 

takes on the same values at the extremities of the path of integration. We can 
first take a succession of two loops described, the first in the positive sense 
about the point z = + i, the second in the revei*se sense about the point z = — i. 
For the second path of integration we can take next a curve surrounding one 
of the singular points ± i and having two infinite branches with an asymptotic 
direction such that the real part of zx approaches — oc. 

The real part of the constant n may be supposed positive or zero, for if we 
put y = a;~2»z, the equation in z does not differ from the equation (54) except 
in the change from n to — n. When this is the case, we can also take for the 
path of integration the straight line joining the two points + i and — i. More- 
over, the integral thus obtained is identical with the first except for a constant 
factor. In order to reduce this integral to the usual form, let us put z = it. It 
then takes the form 

X + 1 n — ~ 

or 

(56) y= y y cos (1 - <2)" " 2 (it. 

The remarkable particular case hi which n is half an odd number deserves 
mention. If n is positive, the integral (56) always exists and can even be cal- 
culated explicitly, since n — 1/2 is a positive integer. But if the path L is a 
closed curve, the definite integral (55) is always zero. It seems, then, that in this 
case the application of the general method gives only one particular integral. 
However, in this apparently unfavorable case wo can express the general inte- 
gral in terms of elementary functions. For, let us make the inverse transfor- 
mation to the preceding, so that n shall be half of a negative odd number. Then 
n — 1/2 is a negative integer, and the definite integral (55), taken along any 
closed curve, is a particular integral of the linear eipiation (54). Taking for the 
path L a circle having one of the points ± i for center, we see that the residue 
of the function 

1 

e»(l + z*)” 2 

with respect to each of these poles is an integral of the linear equation. Now, 
it is clear that the residue with respect to the pole z = -f i is the product of 
and a polynomial, and, similarly, that the residue with respect to the pole z = — i 
is the product of and a polynomial. These two particular integrals are 
independent, for their quotient is equal to the product of e^uc and a rational 
function. It is clear that their sum is a real integral, as is also the product of 
their difference and i. 

Note. The linear equation with constant coefficients is a particular case of 
Laplace’s equation, which is obtained by supposing all the coefficients 5, zero. 
If we suppose also = 1, we have Q{z) = 0, while P(z) reduces to the auxil- 
iary polynomial /(z). The general method appears to fail, since the expression 
for Z becomes illusory. But it requires only a little care to recognize how the 
method i^ust be modified. In fact, the reasoning proves that the definite integral 
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f^^^Ze'^^dx is a particular integral of the linear equation, provided that the defi- 
nite integral f(i^Zf{z)e^^dz, taken along the same path L, is zero. Now, if we 
take for L a closed curve, it is sufficient that the product Zf{z) be an analytic 
function of z in the interior of this curve. If, therefore, n(z) denotes any 
analytic function in a region R of the plane, the definite integral 


r n(2) ^ 


taken along any closed curve L lying in this region, is a particular integral of 
the linear equation with constant coefficients. We see how this result, due to 
Cauchy, is thus easily brought into close relation with Laplace’s method. 

As a verification, it is easy to find the known particular integrals. Let z = a 
be a p-fold root of the auxiliary equation /(z) = 0. Let us take for the path of 
integration a circle about a as center not containing any other roots of f(z) = 0, 
and let 11 (z) be an analytic function in this circle. The residue of the function 
n (z) e*^//(z) or n (z) - a)pf^ (z)] is equal to the coefficient of hP-^ in the 
development of the product 


n(a + 


/i(a + h) 


according to powers of h. If we have 


the coefficients • • •, Ap^i are arbitrary, since the function II (z) is any 

function analytic in the neighborhood of the point a. The residue sought is 
therefore equal to 


L ®(p-i)! ‘(p-2)r 


* + A„_i 


that is, to the product of the exponential and an arbitrary polynomial of 
degree p — 1. This agrees with the result already known. 


III. REGULAR INTEGRALS. EQUATIONS WITH 
PERIODIC coefficip:nts 

Aside from the very elementary cases which we have just treated, it is, in 
general, impossible to determine, simply from the form of a linear equation, 
whether the general integral is algebraic or whether it can be expressed in terms 
of the classic transcendentals. Mathematicians have therefore been led to study 
the properties of these integrals directly from the equation itself, instead of 
trying to express them (somewhat at random) as combinations of a finite num- 
ber of known functions. We have already seen (Chap. HI, Part I) that the 
nature of tKe singular points of an analytic function is an essential element 
enabling us in certain cases to characterize these functions completely. We 
know a priori (§ 37) the singular points of the integrals of a linear equation. 
We shall now show how we can make a complete study of the integrals in the 
neighborhood of a singular point in a special case, which is nevertheless rather 
general and very important. 
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47. Peimutation of the integrals around a critical point. Let a bo an isolated 
singular point of some of tho coefficients pj, Pj, • • •, p» of tlie linear equation 


(67) 


F(y) = — - + p, + 


(Iv 


We shall suppose also that the coefficients are single-valued in the neighborhood 
of a. Let C be a circle with the center a in the interior of which Pj, Pj, • • •, Pn 
have no other singular point than a and are otherwise analytic. Let Xq be a 
point within C near a. All the integrals are analytic in the neighborhood of the 
point X,). Let l/gi * * *» ^^« ^ particular integrals of a fundamental system. 

If the variable x describes in the positive sense a circle passing through the 
point Xq about a as center, we can follow the analytic extension of the integrals 
Vv 2/21 * * *» 2 /n along the whole of this path, and we return to the point Xq with 
n functions Fg,-**, Fa which arc again integrals of the eipiation (67), 
where Ft indicates the function into which yi passes after a circuit around 
the point a in the positive sense. We have, therefore, since 
are integrals of the equation (67), n relations of the form 


Fj — ^iiVi d* ^12 2^2 * 

•• + Ctlnyn 

Tj = + «22J'2 + • 

■ * + ®2 n 2/n 

= ««2y2+ * 

* • * *1 

• * “b ^nnyn\ 


where the coefficients a, 4 , are constants which of course depend upon the fun- 
damental system chosen. It is easy to obtain the value of the determinant D 
formed by these coefficients. For we have, by § 38, 

A(J^„ y^, ■ • •, Pn) = Ce~^=^o 

If X describes the circle 7 with the center a in the positive sense, pf changes 
into Ft ; hence we have 

_ f p.dx 

A(F„ Fj,..., Fa) = A(p„y2,...,p„)e . 

But the quotient of the two Wronskians is equal to 1) (§ 38), so that D = 
where R indicates the residue of pj with respect to the point a. This determi- 
nant is therefore never zero. 

Since the coefficients in the equations ( 68 ) depend upon the fundamental 
system chosen, it is natural to seek a particular system of integrals such that 
these expressions are as simple as pos.sible. Let us seek first to determine a 
particular integral u = • • • + Xn^n, Ruch that a circuit around the 

point a reproduces that integral multiplied by a constant factor. It is necessary 
for this that we have U = where U is the value of u after the circuit, and 
where s is a constant factor, that is. 


+ Xn(tfnl2/1 + On2y2 + * • * + Clnnyn) s(Xiyi + * • • + Xnl/n) = 0. 

Such a relation cannot exist between the n integrals unless the coefficients 
of vanish separately. The n + 1 unknown coefficients 
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Xj, Xj, • • •, Xn, « must satisfy the n conditions 


Xi(®ii — 

“I* X2®21 

+ • 

• + XnU„i 

= 0, 

X|rtj2 

+ Xg (ct22 

-»)+• 

• + XnUn2 

= 0, 

.XiUin 

+ X2Ct2n 

+ • 

• • + hfii^nn — 

s) = o! 


Since the (luantities Xj, Xg, • • •, Xn cannot all be zero at the same time with- 
out having u = 0, we sec that a must be a root of the ecjuation of the nth degree, 


( 00 ) 




an — a 021 
fll2 ^22 — i 


flln 


Ct2n 


«»l 

ttnn ^ 


= 0, 


which we shall call the characteristic equation ; according to a remark made a 
moment ago, this equation cannot have the root s = 0, for the determinant J) 
of the n^ coefficients a,* would be zero. 

Conversely, let s be a root of this equation ; the relations (59) determine 

values for the coefficients X; not all zero, and the integral u = \y^-\- 1- X„y„ 

is multiplied by a after the circuit around the point a. This being the case, let 
us suppose first that the characteristic equation has n distinct roots 
We shall have n particular integrals u^, Ug, • • •, u„ such that, after the circuit in 
the direct sense around the point a, we have 

( 61 ) “ ^ 2 ^ 2 » * * *, 

where U{ denotes the final value of m, after the circuit. These n integrals ?q, 

• • • , form a fundamental system. For, suppose that we have a relation of 
the form 

(62) ClMj 4* + • • • + CnUn = 0, 

where the constant coefficients C,, Gg, • • •, G„ arc not all zero. After one, two, 

• • •, (n — 1) circuits, we should have the relations of the same form. 



d" GgSgMg 

+ • 

••+G„ 8 nW„ = 0 , 

( 83 ) 

+ 

+ • 

••+C„4u, =0, 


+ Cjs;-‘u, 

+ • 

• • + = o’. 


The linear relations (62) and (63) can be satisfied only if we have at the same 
time GjUj = 0, • • •, = 0, since the corresponding determinant is different 

from zero. 

It is easy to form an analytic function which is multiplied by a constant 
factor 8 different from zero after a circuit around the point a. In fact, the func- 
tion (x — ay or e»*Lo8C*-a) is multiplied by after such a circuit, and if we 
determine > by the condition r = Log(8)/2 7ri, this function (x — ay is indeed 
multiplied by a after a circuit around a. Every other function u having the 
same property is of the form (x — ay<h(z — a), where the function <f>(x — a) is 
single-valued in the neighborhood of the point a, since the product u(x— tt)“»* 
comes back to its initial value after a circuit around the point a. The integral 
uje is therefore of the form 


Uk = (X — a)»'*0fc(x - a), 
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where r* = Log {sj ^/2 iri and where the functions 0 * are single-valued in the 
neighborhood of the point a. In a circle C with the radius R about the point a 
as center and in which the coefficients • • •, pn are analytic except at the 
point a, the integral Uk cannot have any other singular point than a. The same 
thing is therefore true of the function 4 >k{x — a), and the point a is an ordinary 
point or an isolated singular point for that function. We can dismiss the possi- 
bility that a is a pole. In fact, if the point a were a pole of order m, since the 
exponent r* is determined except for an integer, we can write 

Wife = (ic - [{X - ay’^ 4 >k(x - a)], 

and the product (x — a)^ 4 ii:(x — a) is analytic for « = a. If the point a is not 
an essentially singular point for — a), we say that th^ integral is regular for 
x = a. We can then suppose that the function <l>k(x — a) has a finite value, 
different from zero, for x = a. 


48 . Examination of the general case. It remains to examine the case where the 
characteristic equation has multiple roots. We shall show that we can always 
find n integrals forming a fundamental system and breaking up into a certain 
number of groups such that if • • •, yp denote the p integrals of the same 

group, we have, after a circuit in the positive sense around the point a, 

( 64 ) = yj = s(j/, + J/2), •••, Yp = ii{yp.i + yp). 


"I'he different values of s are the roots of the characteristic equation, and to the 
same root may correspond several different groups. If the n roots are distinct, 
which is the case we have just examined, each group is composed of a single 
integral. 

The problem reduces in reality to showing that we can reduce the linear sub- 
stitutions defined by the equations (68) to a canonical form such as we have 
just indicated by replacing po, • • •, ?/« by suitably chosen linear combinations 
of these variables. Assuming that the theorem has been proved for the case of 
n — 1 variables, we shall show that it is also true for n variables. 

From wliat has been shown in the preceding paragraph, we can always find 
a partic.ular integral u such that we have U = fjLU. Replacing one of the inte- 
grals, ior example, by this integral w, the expressions (68) take the form 


( 66 ) 


r u = fi.u, 


Fj = b^u + 6222/2 + • 

•• + 62 „y„ 

Tn = 6 „U + 6n22/2 + ' 

• • + bnnyn. 


If in the last n — 1 expressions we neglect the terms 6 „m, these equa- 

tions define a linear substitution carried out on the n — 1 variables 2/2? Vs* ‘ * *» 
The determinant XK of this substitution in n — 1 variables is not zero, for the 
determinant D of the linear substitution in n variables is equal to fiiy and can- 
not be zero. Since the theorem is assumed to hold for n — , 1 variables, we may 
suppose this auxiliary substitution reduced to the canonical form. This amounts 
to replacing ]/2» ^31 • * *» I>y ^ — 1 linearly independent combinations Zj, 
• • •, z«-.i such that the equations which define the linear substitution 

Yi = 6^2 2^2 • * * + ^inVn = 2 , 8, • • •, n) 
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are replaced by a certain number of groups of equations such as 

Zj^ = Zg = 4* * * *. — ®(2Jp — 1 *4" 2Jp). 

If we carry out the same transformations on the equations (66), it will be 
necessary to add to the right-hand side of the preceding relations terms con- 
taining u as a factor. In other words, we can find n — 1 integrals that form with u 
a fundamental system, and that separate into a certain number of groups such 
that we have for the integrals z^, 23. * * •> 2:^ of a single group 

(66) Zj = szi + iCjU, Z^ = s (z^ + z^) + , Zp = s(Zp^i + Zp) + KpU, 

where K\, • • •, Kp are constants. We shall first try to make as many as 

possible of these coefficients disappear. For this purpose let us put 

= Zj 4. X^u, Uj = Zjj + Wp = Zp + XpW, 

where Xg, • • •, Xp are p constant coefficients. An easy calculation shows that 
we have for these new integrals 

f^i= *“1 + [^1 + 0 * - s) Xi] «, 

' ' \ tr, = s(w, _, + «,) + [JT, + (/t — »)\, — S\,_i]u. (£>1) 

If /A — s is not zero, we can choose X^, Xj, • • Xp in such a way that the coeffi- 
cients of u on the right are zero, and we have for the new integrals w» 

= Ug = S(Ui + t«2)» ' Up = S(Up_i + Wp). 

The substitution to which this group of integrals is subjected after a circuit 
around a is of the canonical form. If /u = 8, since s cannot be zero, we can 
choose X^, Xg, • • Xp_i in such a way as to make the coefficients of u in the 
expressions for Ug, LTg, • • •, Up disappear. But we may have several groups of 
variables z, subjected to a transformation of the canonical form for which the 
value of 8 is equal to p. Suppose, for definiteness, that there are two such 
groups, containing respectively p and q variables. After the preceding change 
of variables the substitutions which these two groups undergo are of the form 

(I) = su^ + Ug = s(u2 4- Mj), . . ., Up = S{Up + Mp_i), 

(II) U{ = su{ + K{u, U' = s(u' 4 - w^), U' = «(m' 4-WJ-.1). 


If K{ = = 0, we have three groups of integrals, u, (itj, Wg, • • •, Wp), (mJ, Wg, 

• • * . subjected to a substitution of the canonical form. If we suppose that 
P = 9, and if is not zero, by putting u, = m'— K{y^/Ki the second group 
of integrals is replaced by a group of q integrals r, which undergo a substitution 
of the canonical form. Next, putting = K^u/s, the (p 4- 1) integrals Uj, 
. . Wp form a single group which undergoes a transformation of the canonical 
form. If Ki = 0, while is not zero, putting m' = K[u/s, we have two groups 
of integrals, Ug, • • *, Up), (Mq, u^, • • •, w'), which undergo a substitution of the 
canonical form. Thq theorem stated is therefore true in general.* 


*For a full treatment of the application of Weierstrass’s theory of elementary 
divisors to linear differential equations the paper by L. Sauvage {Annales de V&col» 
Normals superteure^ 1891, p. 285) may be consulted. 
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49. Formal expressions for the integrals. It remains for us to find a formal 
expression which will show clearly the law of permutation of the integrals of 
the same group after a circuit around the point a. Let 2/2^ * * group 

of integrals which undergo the permutations (04). Let us put yjt = (x — ayzk, 
where r is equal to Logs/27ri. The p functions *2? * * *» 
that we have 


^2 — ^2» * * *» 1 + 2Jj). 

Hence the function must be a single-valued function ^^(x — a) in the neigh- 
borhood of the point a. As to the function Zg? we derive from the preceding 
equalities Zj/Zj = z^/z^ + 1; hence the difference z^/z^ — Log(x — a)/2in is a 
single-valued function ^j(x — a), and we have also 


where (p^ (x — a) is another single-valued function. Let us put t = Log (x — a)/2 wi 
and consider the general case. When x describes a loop in tlie positive sense 
around the point a, t increases by unity, and z^, ^p» considered as func- 

tions of t, must satisfy the relations 


(681 / + 1 ) == Hip) + HiP)^ • • •, 

^ ' \ 2p(« + l) = M0 + 2p-i(0- 

In order to find the most general solution of the equations (68), wo may 
remark that these relations can bo satisfied by taking Xj = 1, ^2 = (» and by 
choosing for z^(t) a polynomial of degree i — 1 in t whose coelficients are deter- 
mined step by step. The calculation is facilitated by observing that the relation 

z,(t + l)-z,(0 = Zi-i(0 (1^3) 

is satisfied for t = 0, 1, 2, •• •, 3 if we take for z,(i) a polynomial of the 

form — 1) . . . (t — i 4- 2). In order that it may be satisfied identically, it 
will suffice if it is satisfied by another value of (, for example, by f = i — 2, since 
the two sides are polynomials of degree i — 2 in t. We thus find the condition 
(i — 1) Kt = Kt-i^ whence we derive Ki = l/(i — 1) !. We therefore obtain a 
particular solution of the equations (68) by putting 


0, = 1, 6^(t) = 


t(t-l)...((-t + 2) 
(i-1)! 


(£ = 2, 3, . . p) 


In order to obtain the general solution, let us indicate by functions such 
that + 1) = <pk(t). The first of the equations (68) shows that Zi(() is a func- 
tion of this kind, say 0i(O- The second shows, similarly, that the difference 
^2(0 — ^2(0 ^i(0 change when we change i to ( + 1 ; hence Z2(0 is of 

the form z^{t) = 02(0 + ^2^i(0* continue the reasoning step by step. 

Suppose that we have shown that Zk-i{t) is of the form 


Z*-l(0 = + ^2^*’-2(0 + • • * + ^ifc-l0i(O* (fc = 8, 4, . . i) 

The general relation Zi{t + 1) — Zf(t) = Xf-i(0 shows that the difference 


2<(0 ■“ ^2 0»-l(O “• ^3 0i-2(O — ' • • — ^i0l(O 


does not change when t changes to t -f 1 ; hence the function Zi(t) is of the form 


Zi(0 = 4>i{t) + ^2^*-i(0 + * * * + ^t^i(0* 
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Combining these results, the general solution of the equations (68) is given by 
the relations 

1 Z^{t) = 

+ 02(0* 

28(0 = < 5 > 8 <^ i (0 + <92 02(0 + 08 ( 0 , 

2ji(0 = ^P0l(O + 102(0 + • • • + ^2 0p_l(t) + 0p(O, 

where the functions 0^, 02 ? • • •» 0p do not change when t is changed to < + 1. 

Let us return now to the variable ac, and let us indicate by 0i[Log (x — a)] 
the polynomial in Log (x — a) obtained by replacing t by Log (x — a)/2 ni in 
We see that the p integrals i/i, 2/2, • • •» 1/p of the group under considera- 
tion, which undergo the substitution (64) after a circuit in the positive sense 
around the point a, are represented by formal expressions of the following type : 

i 2/^ = (x-.a)»*0^(x-a), 

2/2 = (X - ay [e^[JjOg(x - a)} 4»i(x - a) + - a)], 

Vp = (x-a)»-[ep{Log(x-a)}0i(x-a) + ep_i{Log(x- a)}02(3J-a)+ • • •], 

where 4»j(x — a), 4»2(x — a), •••, 0p(x — a) are single-valued functions in the 
neighborhood of the point a. 

It will be observed that all the integrals of this group can be deduced from 
the last of them, i/p, which is of the form 

2(p = (X - a)»*[0o(a5 - a) + 0i(® - a) Log(x - a) + . . • 

+ 0p-i(a5- a){Log(x- tt)}i>-i], 

whore 0o, 0i, * * *, ^p-i single-valued functions in the neighborhood of the 
point a, the last of which, 0p -1, is differ^ from zero. From the relations (64) 
we have 

Yp 

2/p — 1 — 2/p , 

s 

and consequently Vp-i is the product of (x— a)»* and a polynomial of degree 
p — 2 in Log(x— a), the coellicients of which are single-valued functions in 
the neighborhood of the point a. In the same way we derive yp ^2 from 2/p-i, 
and so on. 

If the point a is not an essentially singular point for any of the functions 
01, 02 ,-.., 0p, all the integrals of the group considered (70) are said to be 
regular for x = a. By the remark made on page 131, we can then suppose that 
all the functions 0i(x — a) are analytic for x = a, replacing r, if necessary, by 
another exponent which differs from it only by an integer. 

50. Puchs* theorem. The determination of the numbers »!, Sgi • • •» or, what 
amounts to the same thing, the corresponding exponents rj, rg, • • •, r„, is in 
general a vefy difficult problem. We can obtain these exponents n by algebraic 
calculations whenever all the integrals of the equation considered are regular 
in the neighborhood of the point a. This results from an important theorem due 
to Fuchs ; In order that the equation (57) shall have n independent integrals^ regular 
in the neighborhood of the point a, U is necessary and sufficient that the coefficient 
PiO/(i"“*|//dx’»-» in this equation be of the form (x — a)-*P,(x), wh^re the Juno 
tion Pi(x) is analytic in the neighborhood of the point a. 
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If Pt{a) is not zero, the point a is a pole of order i for p, ; but if Pi{a) = 0, 
the point a is a pole of order less than i. It may even happen that the point a 
is an ordinary point for some of the coeitieients pi. The preceding conditioiio 
may be restated as follows : The linear equation must be of the form 


+ (* - a) Pn-l(x ) ^ + Pn(x)y = 0, 
ax 


where P 21 • • •» Pn <tre analytic functions in the neighborhood of the point a. 
We shall develop the proof only for the case of an equation of the second 
order, and we shall suppose, for simplicity, that a = 0. In this particular case 
the first part of Fuchs’ theorem may be stated as follows : Every equation oj 
the second order^ which has two independent and regular integrals in the neighbor- 
hood of the origin^ is of the form 


(72) 


x^y" + xP(x)y' Q(x)y = 0, 


where P(x) and Q(x) are analytic in this neighborhood. 

If the corresponding ecjuation in s (60) has two distinct roots Sj, 82 ? equa- 
tion (72) has two regular integrals of the form 


(I) — x**» 0 |(u;), y^ — 

where the exponents r^, r^ are different and where 4>i(x)^ <f> 2 (x) are two analytic 
functions which are not zero for x = 0. If the equation in s has a double root, 
without causing the appearance of logarithmic terms in the expression for the 
general integral, we have again two particular integrals of the preceding form, 
where the difference r^ — is an integer. We can always suppose that that 
difference is not zero ; for if we had rg = we could replace by the com- 
bination 0 j(O) ^2 — 02 W » which is divisible by x'’! + L Finally, if the expression 
for the integral contains a logarithmic term in the neighborhood of the origin, 
we can take a fundamental system of the form 

(IT) 2/1 = •c’^*0i(«*)» 2/2 “ 

where is an analytic function which is not zero for x = 0 , and where 0 i(x) 
is a single-valued function in the neighborhood of the origin, which may have 
the point x = 0 for a pole. We have to show that every equation which has two 
independent integrals of the form (1) or of the form (II) in the neighborhood 
of the origin belongs to the Fuchs type. The direct verification does not offer 
any difficulty, but we can abridge the work as follows : If we put y = x'‘i 0 i(x)u, 
the linear ecjuation in u obtained by this transformation has a general integral 
of one of the forms 

w = Cj + C^^{x), u = Cl + ^2 [Log(x) + ir(x)], 
where 7 r(x) is analytic foi'x = 0 or has this point for a pole. This equation is 
of the form (72), for the derivative u' is of the form 

u' = C 2 X^f(x), 

where f (x) is an analytic function which is not zero for x = 0. The lineal 
equation in u is therefore ^ 

tt' ” X ^ i-(x) * 
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which is of the Fuchs type. Now it is easy to see that this type is preserved 
after a transformation such as ^ The first part of the proposition 

is therefore established. 

In order to prove the converse, let us substitute for y on the left-hand side 
of the equation (72) a development of the form 

(73) 2/ = CoX^+CiX'-+i-h... + c„x»-+n+ (CoT-tO) 

and let 

P (x) = Oq -f Oj X -f- — , Q (J!) = 6o + hj X -f • . . 

be the developments of the functions P and Q. The coefficient of x^ in the 
resulting equation is 

[r(r-l) + aor+6y]Co. 

Since, by hypothesis, the first coefficient is not zero, we must take for r one 
of the roots of the equation of the second degree 

(74) l)(r) = r (r - 1) + ttor 4- ho = 0. 

Having taken a root of this equation for r, we can choose arbitrarily. Let 
us take, for example, = 1. Similarly, the coefficient of after the sub- 
stitution is 


^i»[(»‘ + P) (^ + P - 1 ) + %(r + P) + 6 o] + Cp J)(r + p) + F, 

where P is a polynomial with integral coefficients in Cq, Cj, • . Cp«.i, cfg, • • •, 
^11 Putting successively p = 1, 2, 3, . . ., we shall be able to cal- 

culate, step by step, the successive coefficients Cg, • • •, c„, unless I)(r + p) is 
zero for a positive value of the integer p, that is, unless the equation (74) has a 
second root r' ecpial to the first r increased by a positive integer. Discarding 
this case for the moment, we shall obtain a particular integral represented by a 
series of the form (73), the convergence of which will be demonstrated later. 
If the equation D(r) = 0 has two distinct roots r, r', whose difference is not an 
integer, the preceding method enables us to obtain two independent integrals, 
and the general integral is represented in the neighborhood of the origin by the 
expression 


( 76 ) y = Cl x »-0 (x) -h Cg (x), 


where 0(x) and ^(x) are two analytic functions which do not vanish for x = 0. 

This is no longer the case if the two roots of the equation (74) are equal or 
if their difference is an integer. Let r and r — p be these two roots, where p is 
a positive integer or zero. We can always obtain a first integral of the form 
y^ = x**0(x). A second integral y^ is given by the general formula (23), which 
becomes here 




= xr4>{x) j" 


^ p-fO + Oj + + • • I'te 




The sum of •the roots of the equation (74), or 1 — a^, is equal in this case to 
2 r — p ; hence = p + 1 — 2 r, and accordingly 

g-ZG + + “»" + •••)■'"= a;!r- (, +1) S (X), 

where S (x) is a regular function in the neighborhood of the origin, which is not 
zero for x = 0. The second integral can therefore be written in the form 
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where T(x) is an analytic function which is not zero for » = 0. 

If A is the coefficient of xp in T(x)^ we see that the integral is of the form 

Logx + = x^-P\l/{z) + Ax**0(x)Logx, 

where ^ (x) denotes a new analytic function in the neighborhood of the origin. 
This result agrees precisely with the general theory. As a particular case, it 
may happen that we have A = 0 ; the general integral does not then contain 
logarithms in the neighborhood of the origin. But since r(0) is not zero, it is 
to be noticed that this case never arises when p = 0, that is, when the equation 
(74) has a double root.* 

To complete the demonstration, it remains only to prove the convergence of 
the series (73) obtained by talcing for r a root of the equation (74) such that the 
second root r' is not equal to r increased by a positive integer. To simplify the 
proof, we may suppose that r = 0 and that the second root r' is not equal to a 
positive integer ; for if we put y = x^z, the equation analogous to D(r) = 0 for 
the linear equation in z has the roots of the equation (74) reduced by /n. We shalV 
suppose, therefore, that such a transformation has already been made, so that the 
equation (74) has the root r = 0 and that the second root is not a positive inte- 
ger. For this it is necessary that be zero. Modifying the notation somewhat, 
and dividing all the terms by x, we shall write the equation (72) in the form 

(70) xy" + %y' = «/(«! + agX +•••) + + ^ 2 ® +’ • *)» 

where the coefficients a^, ^ before. We are to prove 

that this equation (76) has an analytic integral in the neighborhood of the origin, 
which does not vanish for x = 0, provided that 1 — Oq is not a positive integer. 
Now, if we try to satisfy this equation /omaWy by a series of the form 

(77) 3/ = 1 + CjX + - * + CnX" + . . ., 

we obtain successively relations between the coefficients of the form 

/7a\ X 'P^n{P’ — 1 4* ®2» * ’ *» ^l» * * *» ^2» * * *» ^n — 1}» 

1 (n = 1.2,...) 

where Pn is a polynomial whose coefficients are all real positive numbers. By 
hypothesis, the coefficient n — 1 + does not vanish for any positive integral 


•Let us suppose that the functions P{x) and Q{x) in the equation (72) are even 
functions of x, and that the difference between the roots of Z> (r) *= 0 is an odd integer 
2n + l. In this case the logarithmic term always disappears in the integral 1 ^ 2 . In 
fact, if we take for the independent variable f = the equation (72) is replaced by 
an equation of the same form, 

(T^) 4<*^ + 2«[l + P(Vi)]^+e(v7)y-0, 

and the roots of the equation analogous to Z>(r)»=0 are, as is easily verified, half of 
the roots of 7;(r) = 0. Since their difference is not an integer, it follows that the 
general integral of the equation (720 does not contain any logarithmic term in the 
neighborhood of the origin. The same thing is therefore true of the equation (72). 
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value of n. We can therefore determine a positive number /x such that wo have, 
for every positive integral value of n, |?i — 1 + > /Lt(n + 1), since the quotient 

(n — 1 4- (iQ)/(n + 1) approaches unity as n becomes infinite. Let us replace, on 
the other hand, the coefficients of xi/ and y on the right-hand side of the equa- 
tion (70) by dominant functions, and let us consider the auxiliary equation 

(79) fji(xY" + 2Y') = xY'(Ai + yl,x +•.•)+ Y(B, +...). 

If we attempt to satisfy this new ecpiation by a series of the form 

(80) T = 1 -f- jC 4* • * • 4" 4* • • • » 

we are led to the relations analogous to the relations (78), 

(81) n/xC,i(?i 4" 1) = I*/i(A|, Ag, • * *1 * * *i U,i _i). 

If we compare the (ixpi’essions which give the values of the coefficients c,, and 
^ ^2’> ' ' 'l ^‘2^ * * * 1 * * • 1 — l) A 2 ^ • • • ^ — l) 

” n (n — 1 4“ «o) ” (^^ 4- 1) 

the conditions A^^\a,\^ = 1^, |, | n — 1 4- ~ M(n 4* 1) show successively that 

lc^|<Cp |^2|<U2, l^’Ml<Un; 

hence it will suffice to show the convergence of the auxiliary series or to show 
that the equation (79) has an analytic integral, in the neighborhood of the origin, 
not vanishing for x = 0. If we take for the dominant functions an expression 
of the form M/(l — x/r), the auxiliary ecjuation (79) can be written 

X 1 . 

X 4- j * * 

r 

whence we derive, by a first integratioh, 

xy'+ r = c’(i-^) ** 

and then 

Mr 

xr = oJ^'(i-*) "(tc + c'. 

We have only to take C' = 0, C = 1 in order to have an analytic integral, in the 
neighborhood of the origin, not vanishing for x = 0. 

Extension to the yeneral case. The proof of Fuchs’ theorem for the general 
case can be based on the same principles by showing that if it is true for an 
e(iuation of order (n — 1), it is also true for an ecpiation of order n. 

If the etiUcation (57) has n particular integrals separating into a certain num- 
ber of groups of the form (70), it Inis at least one particular integral of the form 
(x — ay<f>{x — a), where ^(x — a) is an analytic function in the neighborhood 
of the point a, which does not vanish for x = a. The substitution 

♦ y = {x— ay^{x — a)u 

will lead to a linear equation in u which has the particular integral u = 1 ; 
hence the derivative u' satisfies a linear homogeneous equation of order n — 1. 
The theorem being supposed true for a linear equation of order n — 1, this 
equation in u' is of the Fuchs form ; the same thing is evidently true of the 
equation in v and therefore of the equation in y. 
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Conversely, let us consider an equation of the form (71), in which a = 0. 
This equation is formally satisfied by a scries of the form 


2/ = roX»+CiX'*<-i+ •••, 


(Cq 5^ 0) 


where r denotes a root of the /itndamen^ai characteristic equation 


( 82 ) 


rD(r) = r(r-l)...(r-n + l) 

\ + p^(0)r(r- 1) . . . (r - n + 2) + • • • + i’„(0) = 0 


such that no other root of this same eciuation is e(iual to r increast'd by a posi- 
tive integer. In order to establish the convergence of this series, it is easy to 
show, by an artifice analogous to the one employed for n = 2, that it sufiices to 
prove that a linear equation of the form 




(x«-i Y) 



dx«- 




has an analytic integral in the neighborhood of the origin not vanishing for 
X = 0. Now this equation has the particular integral (§§ 18 and 30) 

Y = - /""(x - «)"-■■' (l - 

(n - 2) 1 x”-> Jo \ r) 

which actually satisfies the jireceding condition. If the cipiation (82) has n 
distinct roots, r^, rg, • • •, r„, such that none of the difference's r, — is equal to 
an integer, the general integral of the linear e(iuation is of the form 

y = C\ x^i 01 (x) + C2X»*202 (x) + • . • + CnX^n(l>„ (X), 

where 0,, 02, <Pn analytic in the neighborliood of the oilgin. If the 
equation (82) has ecpial roots or, more generally, roots such that some of tliu 
differences r, — rx arc integers, these roots separate into a certain number of 
groups, the difference between two roots of the same group being an integer, 
while the difference between two roots of different groups is never an integer. 
Let r be the largest root of one of these groups. We have just seen that the 
ecpiation (71) lias a particular integral of the form x'’0(x), where 0(x) is an 
analytic function in the neighborhood of the origin and such that 0(0) is not 
zero. By putting y = x»' 0 (x)m, then du/dx = r, we are led to a linear differ- 
ential equation of order n — 1 in v, which is again of the Fuchs form. The 
theorem being supposed true for an equation of order ?i — 1, that e<iuation in v 
has n — 1 particular independent integrals of the form 

v = x^ [00 (x) -1- 01 (x) Log X -f . • • + 0v (x) (Log xyi], 

where 0o, 0i, • • 0,/ are analytic functions for x = 0. If tr is not an integer, 

we easily see, by a succession of integrations by parts, that fvdx is an expres- 
sion of the same kind as v. If a is an integer, fvdx contains also a logarithmic 
term 

C(Logx)'/ + L 

where O is a constant coefficient. Fuchs’ theorem is therefore tme for an 
equation of the nth order.* 


* For greater detail see the*paper by Fuchs in Crelle's Journal or the thesis of 
Jules Tannery {Annales de VEcolc NormalCj 2d series, Vol. IV, 1875). 
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51. Gauss’s equation. Let us apply the general method to the equation 
(83) x(l - x)y" + [7 — (« + + l)a;]y'- afiy = 0, 

where a, y are constants. The singular points in the finite plane are x = 0 
and X = 1. The characteristic equation for the point x = 0 is r(r + 7 — 1) = 0, 
and its roots are r = 0, r = 1 — 7 . If 7 is not zero nor equal to a negative 
integer, it follows from the preceding theory that the equation has an analytic 
integral in the neighborhood of the origin corresponding to the root r = 0. In 
order to determine this integral, let us substitute in the equation the series 


y = CQ + c^x+ ...+CnX»»+ ... 

and equate to zero the coefficient of x»“i. This gives a recurrent relation 
between any two consecutive coefficients 


w (7 + n--l)c„ = (a + n — l)(/3 + u- 
hence the analytic integral is the series 

F(«, p,y,x) = l+ 

1.7 1.2. 7(7 + 1) 

which is called the hypergeometric series. This series is convergent in the circle Fq 
with unit radius about the origin as center. In order to obtain a second integral, 
let us make the transformation y = x^-vz. This leads to an equation of the 
same form, 

f x(l - x)z'' + [2 - 7 - (« + /? + 3 - 27)x]z' 

' ' I -(a + l-7)03 + l-7)2 = O, 


which differs from the first only in the substitution of(r+l — 7 , /5+1 — 7 , 2 — 7 
for cr, /3, 7 respectively. If 2 — 7 is not zero nor equal to a negative integer, 
the equation (83) has therefore the second integral x^-> F(u' + 1 — 7 , + 1 — 7 , 

2 — 7 , x) ; and if 7 is not an integer, the general integral is represented in the 
circle Fq by the expression 

(85) j/ = C,r(cr,/S, 7,x)+ CjX'-rF(a+l-Y,/J+l-7.2-7i®)- 

If 7 is an integer, the difference between two roots of the characteristic 
equation is zero or equal to an integer, and the integral contains in general 
a logarithmic term in the neighborhood of the origin. We shall study only the 
case where 7 = 1 . The two integrals 

F(a, ft 7 , X), x>-yF(a + 1 - 7 , /S + 1 - 7 , 2 - 7 , x) 

reduce in this case to the single integral F(ar, /9, 1 , x). 

In order to find a second integral, let us first suppose that 7 differs but little 
from unity, say 7 = 1 — ^, where h is very small ; then the equation (83) has the 
two integrals 

F(a, 1 - A, X), x*F(a + A, jS + 4, 1 + A, x), 
and consequently the quotient 

X* F{a + A, + A, 1 + A, x) — F(a, 1 — A, x) 

. * 

is also an integral. As A approaches zero, this quotient approaches as a limit the 
derivative of the numerator with respect to A at the point A = 0. The deriva- 
tive of the factor x* gives us a logarithmic term which, for A = 0, reduces to 
F(ar, /3, 1, x)Logx. To find the derivative with respect to A of any coefficient 
in the two series, such as the coefficient 
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(g + ft) (g + A + 1) • • • ( g + ft + n - 1) (/9 + ft) ()» + A + 1) • • • (/S + ft + n - 1) 
n ! (1 + ft) (2 + ft) . . . (» +’ ft) 

it is convenient to calculate first the logarithmic derivative. We find thus a 
new integral which has the form 

( A 1. *)Log® 

(80) \ , g(g+l)---(g + n-l)/9()9 + l)...(ff+n-l) 

I. (n !)* 

where we put 

An = - + — i— + • • • + + 1 + . . . + 1 

« a+1 a + n-1 13 ^f/ + n-l 


We might study in the same way the integrals of Gauss’s equation in the 
neighborhood of the point x = 1, but it suffices simply to notice that if we 
replace « by 1 — x, the equation does not change in form, but y is replaced by 
a + jS + 1 — 7 . The general integral is therefore represented in the circle Fj 
with unit radius about the point as = 1 as center by the expression 

y = Oj F(a, /3, a + /3 + 1 - 7 , 1 - *) 

+ 02 ( 1 - a;)>-«-^F( 7 - a, 7 - /3, 7 + 1 - a- jS, 1 - x), 

provided that 7 — a — /9 is not an integer. 

In order to study the integrals for values of as of very large absolute value, 
we put as = 1/tf and we are then led to study the integrals of a new linear 
equation in the neighborhood of the origin. The integrals of this equation 
are likewise regular in the neighborhood of the origin, and the roots of the 
characteristic equation are precisely a and /3. If we substitute simultaneously 
X = l/l, y = i^z, the equation obtained is again of the form (83), but jS is 
replaced by a + 1 — 7 , and 7 by a + 1 — Gauss’s equation has therefore 
the integral 

By symmetry it has also the integral obtained from this one by interchanging 
a and / 8 , and therefore the general integral is represented in the region exterior 
to the circle by the expression 

j/ = CiX-^F^a, a + 1 - 7, g + 1 - /J, + C^x-fiF + 1 - 7,/J, /S + 1 - , 

provided that a — /9 is not an integer. 

Note, Every linear equation of the form 

(87) {x — a) (x — b)y" + (te + m) y' + ny = 0, 

where a, 6 , Z, m, n are any constants (o ^ b), reduces to Gauss’s equation by the 
change of variable x = a + (6 — a)f. For, to identify the resulting equation 


x-‘F{a,a- 


■ 7, g + 1 - ft 


' ’ Ofi \b-a / dt 


with the equation (88), we need only put 7 = — (Za + m)/{b — a), and then 
determine a and /3 by the two conditions nr + /J + 1 = Z, a/3 = n. 
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52. Bessel’s equation. Let xis consider in particular the equation 

(89) X (1 — kx) y" + (c — bx) y' ^ ay ■=. 0, 

wliich lias the two singular points x = 0 , x = \/k^ and which can be reduced to 
Gauss’s equation by the change of variable kx = If we make the parameter k 
approach zero while a, 6 , c approach finite limits ii, C, the singular point 
X = 1/k goes off to infinity, and we obtain at the limit the linear ecjuation 


(00) xy" + (C - Bx) y' - Ay = 0, 

whose only singular point at a finite distance is the point x = 0. If R is not 
zero, replacing Bx by x we are led to an equation of the same form, where 
B = 1. Likewise, if 7i = 0 and A is different from zero, we can suppose A = 1. 
Finally, disregarding the trivial case A = B — 0, the equation (90) can be 
replaced by one of the two forms 

(91) xy" -\-(y — x)y'— cxy - 0, 

(92) xy" + — 2 / = 0. 


Studying the integrals of these two equations in the neighborhood of the 

origin, as wo have done for Gausvs’s equation, we are led to introduce the two 

series , , 

7 , -e) = 1 + --■t + + • • •- 

1.7 1 . 2 . 7(7 4- 1) 


-C) = 1 + ~ + ~ — — 

7 1.2. 


. 7(7 + 1) 

X2 + 


7(7 + 1) 


which may be considered as degenerate cases of the hypergeometric series. If 
wo replace in F((r, j3, 7 , x) the variable x by kx and by 1/A;, the coefficient 
of X" in F(<r, l/A’, 7 , kx) approaclies the coefficient of x" in G(rr, 7 , x) as k 
approaches zero. Similarly, the coefficient of x« in F(l/Ar, l/Ar, 7 , A;‘‘*x) approaches 
the coefficient of x’* in J (y, x) as k approaches zero. 

If 7 is not an integer, the general integral of the equation (91) is given by 
tlie expression 

(9.3) y = C^G (cr, 7 , + C.,x^-yG (a + 1 - 7 , 2 - 7 , x). 

Likewise, the general integral of the etjuation (92) is 


(94) y = C,J(y, x) + C.,xi -7 J(2 - 7 , x). 

These formulae are valid in the whole plane. 

If 7 is an integer, the general integral of the equation (92) always contains a 
logarithmic term. For example, if 7 = 1, we obtain an integral different from 
«/■(!, x) by finding the limit for /i = 0 of the quotient 

xV(l+/i,x)-J(l-^, X) 

which gives for the general integral 

y = C, J(l, *) + x)Logx - 2 ^ (1 + 1 + . . . + 1)^]. 


We can reduce to the form (92) a certain linear equation which appears 
in a large number of questions of mathematical physics. Let us put in the 
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equation (92) x = — i replacing 7 by n + 1 , the equation obtained is iden- 
tical with the equation already studied (§ 40), 

(96) t'2 + (2n + l)^^ + ty = 0. 

If, in this last equation, we put y ~ we obtain a new form of Bessel’s 

equation, 

(96) f + t + (42 _ „2) j, = 0. 

0 . 1 “ at 

The three ecpiations (92), (95), (90), where 7 = n + 1, arc therefore absolutely 
equivalent to (me another. If n is not an integer, the preceding development 
shows that the general integral of Bessel’s equation (90) is 

z = i\t«J (n 4. 1, _ ^) + Ojt-”,/ - n, _ 

We have shown above (§ 40) that if n is half an odd integer, the general integral 
of the ecpiation (96) can be expressed in terms of elementary transcendental 
functions. Hence the transcendental function J(7, x) is expressible in terms of 
exponential functions if 7 is half of an odd integer. 

Note* The equation studied by Uiccati, 

(97) — + ylM2-i<j:’” = 0, 
dx 

where ^4, R, m are given constants, can also be reduced to any one of the 
equivalent equations (92), (95), (90). Indeed, we have seen (§ 40) that the gen- 
eral integral of the eijuation (97) is z'/Az, where z is the general integral of 
the linear equation 

(98) ~-yl/te'»z = 0. 

If we make the change of variable x = where X and y. are two undetermined 
quantities, the last equation becomes 

r722 dz 

(99) i - 1 ) ^ 7j Xm + 2 ^2 ^(m + 2) M - 1 2 = 0. 

In order to identify this eciuation with the ecpiation (95), we need (ndy take 
fi = 2/{m + 2), and determine X by the condition + = — 1. The cor- 

responding value of n is — /x/2 or — l/(m + 2). We can therefore express the 
general integral of Biccati’s eciuation (97) in finite terms whenever l/(m -b 2) 
is half of a positive or negative odd integer 2i -f 1, that is, whenever m is ecjual 
to — 4 i/(l 4- 2 i), where i denotes a positive or negative integer. 

53. Picard’s equations. Given a linear differential equation with coefficients 
analytic except for jmles, we can determine by Fuchs’ method whether the 
general integral is itself an analytic function except for poles. For this it is 
necessary and sufficient : (1) that the integrals shall be regular in the neigh- 
borhood of each of the singular points; (2) that all the roots of the charac* 
teristic equation, relative to each of these singular points, shall be integers ; 
finally, (3) that all the logarithmic terms shall disappear from the expression 
for the general integral in the neighborhood of a singular point. 
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Suppose that all these conditions are satisfied. The general integral is then 
a single-valued analytic function except for poles in the whole plane. If the 
coefficients of the equation are rational functions, there are only a finite num- 
ber of singular points Og, • • •, a^. In order for the general integral to be a 
rational function, it is sufficient that the equation obtained by putting x = 1/t 
shall itself have all its integrals regular in the neighborhood of the point t = 0, 
since the general integral is single-valued and therefore cannot contain log- 
arithmic terms nor fractional powers of L If this last condition is satisfied, we 
can obtain the general integral by equating coefficients according to the method 
of undetermined coefficients. In fact, let — nii be the smallest root of the char- 
acteristic equation relative to the point x = a,-, and N the smallest root of the 
characteristic equation relative to the point f = 0 for the transformed equation. 
It is clear that the product of any integral y and the expression 

(x - (x - . (X - an)«« 

is a rational function having no poles in the finite portion of the plane. This 
product is therefore a polynomial P (x), whose degree is at most equal to 

+ nij + . • . + m„ — N. 

Since we know an upper bound for the degree of this polynomial, the coefficients 
can be determined by replacing y by an expression of the form P(x) n (x — a,)- "»«, 
where P(x) is the most general polynomial of this degree, in the left-hand side 
of the given equation, and then equating the result identically to zero. 

Picard has given another very important case where the general integral can 
be expressed in tenna of the classic transcendental functions. Given a linear 
homogeneous differential equation^ whose coefficients are elliptic functions of the 
independent variable with identical periods, if its general integral is an analytic 
function except for poles, that integral can be expressed in terms of the standard 
transcendental functions of the theory of elliptic functions. 

For simplicity in writing, let us develop the proof for an equation of the 
second order only. Let /i(x), / 2 (x) be two independent integrals of a linear 
homogeneous equation y" p(x)y'+ q (x) y = 0, where p (x) and q (x) are elliptic 
functions with the periods 2 <■; and 2 ut'. By hypothesis, /i(x) and/jW are single- 
valued functions analytic except for poles. Since the given equation does not 
change when we replace x by x + 2 «, /^(x -I- 2 w) and /^(x -1- 2 w) are also inte- 
grals, and we have the relations 

(100) /i(x + 2 «) = af^(x) + bf^(x), f^{x + 2 w) = cf^{x) + df^{x), 

where a, h, c, d are constant coefficients whose determinant ad — 5c is not zero. 
For if we had ad— 5c=0, we could derive from (100) a relation between /j(x+ 2 w) 
and f^(x + 2 w) of the form C^f^(x + 2 w) -f- C 2 / 2 (x + 2 w) = 0, where Cj and Cj 
are constants not both equal to zero. This is imi)ossible, since and f^ are two 
independent integrals. For the same reason, we have another system of relations 

(101) /,(x + 2 0,0 = a'A(x) + b'Mx), f,(x + 2 0,0 = c'f^(x) + d'f,(x), 

where a\ b', c', d' are constant coefficients, and a'd' — b'c' is not zero. Let us try 
to find, as in § 47, an integral 0 (x) = Vi(®) + m/* 2 (®) 0 (x + 2 o,) = (x). 

We have for the determination of \, y,, a the two equations 

X(a — a) + gc = 0, X5 -f |*(d — a) = 0 ; 
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wbenco we derive the equation of the second degree for s, 

F(8) = s* — (a + d)8 + od — 6c = 0. 

If this equation has two distinct roots 8^, there exist two independent inte- 
grals 02 (^) 

(102) 0i{x + 2 «) = s^0j(x), 02(x + 2 w) = Sa02(^)» 

and the relations (101) can be replaced by the two relations of the same form 

(103) 0i(x + 2 «') = *;0i(*) + + 2 w') = + nip^(x). 

By means of the relations (102) and (103), we can now obtain two different ex- 
pressions for 0j(x + 2 « + 2 w') and + 2 w -f- 2 w'). We have, on the one hand, 

0j(x + 2 w + 2 w') = s^0^(x + 2 w') = 8^k^i(x) + 8|l02(a;). 

On the other hand, proceeding in the inverse order, we may also write 

0i(® + 2 w + 2 w') = A;0j(x + 2 «) -1- i02(x + 2 w) = fc«i0i(x) + l8^tp2{^)» 

Since these two expressions must be identical, we have I = 0, for — ^2 
zero. Similarly, by considering the two expressions for 02(x -f 2 w -|- 2 w'), wo 
find m = 0. The integrals 0i(x), 02(ic) are therefore analytic functions except 
for poles, which reproduce themselves multiplied by a constant factor when tho 
variable x increases by a period ; these are called doubly periodic function8 of the 
8econd kind. Every function 0 (x) analytic except for poles which possesses this 
property can be expressed in terms of the transcendental functions p, er, since 
the logarithmic derivative 0'(x)/0 (x) is an elliptic function, and we have seen 
that the integration does not introduce any new transcendental (II, Part I, § 75). 
Moreover, we can prove this without any integration. Let 0 (x) be an analytic 
function except for poles such that 

0 (x + 2 w) = /U.0 (x), 0 (x + 2 w') = /i'0 (x). 

Consider the auxiliary function 0 (x) = eP®'<r(x — o)/<r(x), where a and p are 
any two constants. From the properties of the function a- (see Vol. II, Part I, 
§ 72) we have 

0 (x -f 2 «) = e2»P-2i?a^ (x), 0 (x -I- 2 «') = (jp). 

In order for the quotient 0 (x)/0 (x) to be an elliptic function, it is sufficient that 

2 (tfp — 2 = Log /*, 2 w'p — 2 ari' = Log y.'. 

These relations determine p and a (II, Part I, p. 101). It should be noticed that 
we can take a = 0 if Log /x and Log y.' are proportional to the corresponding 
periods 2 w, 2 u'. 

Let us now turn to the case where the equation F(«) = 0 has a double root s. 
We can find (§ 48) two independent integrals 0i(x), 02 (x) such that 

(104) 0i(x + 2 «) = s0i(x), 02(aJ + 2 w) = s02(x) + C0i(x). 

If C = 0, all the integrals of the equation, and in particular /^(x) and/2(x), are 
multiplied by 8 when x is increased by 2 w. Assuming C = 0, let us try to find a 
linear combination X/i(x) + which reproduces itself multiplied by s' when 
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z increases by 2«'. Startinj^ from the equations (103), we find two independ- 
ent integrals 0i(x), such that either 

01 (X + 2 w') = «'l0l(x), 02(x +2u') = .s'^03(x) 

or 

<p^{z 4- 2 w') = <p^{x +2u)') = s'<p 2 (j) + C’>i(x), 

where C' is not zero. In the first case the integrals are again 

doubly periodic functions of the second kind. In the second case the integral 
<f>i{x) alone is a doubly iJeriodio function of the second kind. As for tlic inte- 
gral the quotient </>.2(«c)/0i(j‘) increases by a constant (T wlien x increases 

by 2w', and it does not change when x increases by 2w. Now the function 
+ Rjc, where A and B are two constant coefficients, possesses the same 
property, provided that we have 

2Arj-{-2 Bu) = 0 , 2 Art' + 2 Bu' = C'. 

The difference (J^) — Bx is therefore an elliptic function. 

If the coefficient C is not zero in the equations (104), we have relations between 
the integrals ^^(j*), + 2a;'), + 2a;') of the form (103), and we 

can again deduce from them two different expressions for 0,(i* 4 2 a; 4 2 a;') 
and <f>^(x 2 0 J 2 a;'). By writing that they are identical, we obtain the con- 

ditions 1 = 0, fc = n. The integral (p^ix) is again a doubly periodic function of 
the second kind, while the integral (p^^ix) satisfies the two relations 

J 4 2 g;) _ 02jf) + 2 a;') _ {x) ^ m 

01 (X 4 2 a;) 0i(x) H 0,(x+2a;') (pi(x) Ic 

Let us determine just as before the two coefficients A and B in such a way 
that 2A7J 4 2B<jj = U/s, 2yli/' 4 2 Bw' = m/k. Then the difference 

Jix. 

0,(X) ' 

is again an elliptic function. We see, therefore, that tlie general integral is in 
all cases expressible in terms of the single transeeiidentals t-^, p(/), f(x), <r{x). 
Let us consider, for example, Larne's equation 

(105) ^ - [n{n + l)p(x) + /»! ;/ = 0, 

where n is an integer and h is an arbitrary constant. The integration of this 
equation by llermite was the starting point for the preceding theory. The gen- 
eral integral of this equation is a function analytic except for poles. In fact, 
the only singular points are the origin and the points 2 /no; 4 2 m' a;'. In the 
neighborhood of the origin the integrals are regular, and the roots of the char- 
acteristic equation are r' = — n, r" = n 4 1. Their difference is an odd integer, 
and the coefficient of y is an even function ; therefore the expression for the 
general integral does not contain any logarithmic term (see ftn., p. 137). 


64. Equations with periodic coefficients. In many important questions of 
mechanics, linear equations with periodic coefficients occur. We shall indicate 
rapidly their more important properties. Let 


d*^y , ^ d^~^y 


4 ••• 4p„y = 0 


(106) 
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be a linear equation whose coefficients are continuous functions of the real 
variable having a period w, which we may always suppose positive. If the 
integrals y^{t)^ y«(0 L)rm a fundamental system, it is clear that 

+ w), yoU+w),---, y„(t + u) are also integrals of the equation (106), 
since that equation remains unchanged when we replace t by i + w. Hence 
we have n relations of the form 

(107) y,{t + w) = afiyi{l) + n, 2 lh(t) + • • • + a,„y„(0. (f = 1, 2, • • n) 

The determinant II of the coefficients is different from zero. For, by 
repeating the reasoning of page 120, we lind that this determinant has the value 


/*(•> 

-f Piiit 

(108) ll = e 

Tin; equations (107) define a linear substitution with constant coefficients, 
whose determinant is not zero. We are therefore led to a study entirely similar 
to the one which has already been made in detail in §§ 48, 40. Instead of 
making the complex vaiiable x describe a circuit in the positive sense around a 
singular point the variable t describes a segment of the real axis of length w. 
It follows from that study that we can always choose a fundamental system of 
integrals such that the relations (107) reduce to a simple canonical form. The 
actual formation of this system deixnids lirst of all on the solution of the 
characteriHtiv equation 

f/ll — .S ((j2 ••• Uin 

(109) F(S)- «24-8 ••• «2„ 

Onl ^ 

All the roots of this (Mpiation are different from zero, since their product is 
ecpial to the determinant //, whose value we have just written down. If the 
n roots of that e<iuation arc distinct, there exists a fundamental system of 
integrals such that the e(iuations (107) take the form 

(110) yi(^ + w) = -^ 1 ^ 1(01 •••! y«(^ + w) = 8„y„(i). 

If the equation (100) has multiple roots, we can always find a fundamental 
system of integrals which separate into a certain number of groups such that 
thep integrals y^, y.^, • • •, 2//^ of the same group satisfy relations of the form 


( 111 ) 


■yi(^ + «)^«yx(0» 

y,(i 4- «) = «ry2(0 + yi(0]» 



l/j. (t + w) = « [y,. (t) + j/p _ 1 {()]. 


In order to find expressions for these integrals, let us seek first the general 
form of a single-valued (•ontinuous function /{t) such that /(t + w) = 
where the factor s is not zero. Let a be a determination of (l/a>)Log«. It is 
clear that the product has the period w; hence f(t) is of the form 

f{l) = where is a continuous function with the period w. Accord- 

ingly, if »,• is a root of the characteristic ecpiation, we shall put at = (l/ta) Logjt<. 
The constants tr,*, which are determined except for multiples of 2 tt V— 1/w, 
are called the characteristic exponents. The real parts of these exponents, which 
are determined without ambiguity, are called the characteristic nuinhers. If the 
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equation (109) has n distinct roots «2» * * *» *>»» equation (106) has then n 
independent particular integrals of the form 


( 112 ) ^1 — 1/2 = ^**^2(^)1 *••1 2 /n = C*»‘ 0 n(Oi 

where an are the characteristic exponents, and where ^21 • * *» 

are continuous functions with the period 

In the general case it is evidently sufficient to find expressions for the 
integrals of a group which satisfy the relations (111). Now if we substitute in 
these relations yi = where a is equal to (l/a;)Log s, they become 

z^{t + u) - z^(t), 

(111.) . 22(^ + ") = «2(0 + 2i(0» 

^2p(« + w) = 2Jp(0 + 2p-l(0- 

When t increases by w, the variable r = f/w increases by unity. Taking t for a 
new variable, the problem is reduced to one solved above (§ 49). If we set 


Pi(t) = • • • (t — iu + ta) 


(i = l, 2,...,p) 


the general expressions for the functions • ‘t Vp are 

r 2/i = e«'0i(O, y2 = e«'[Pi(O0i(O + 02(O]» •••, 

(113) J yi{t) = e«*[Pf_i(O0i(t) + P.--2(O02W + • • • + + 0.(0], 

(i = l,2,...,p) 


where 0^, 02, • • • ,0p are continuous functions with the period «, the first of 
which, 0^(0, is not zero. We see again here, as in § 49, that all these integrals 
can be deduced from the last one of the group. For Zp^i(t) is equal to the 
difference Zp{t + w) — Zp{t), and, similarly, Zp^ 2 {t) = Zp^i{t + «) — «p-i(0, and 
so on. We can therefore write the equations (113) in the form 


(114) 


Vp (0 — (0, 

yp-i(0 = e«*Ai(Zp), 

- yp-2(0 = e«*A2(«p), 

.2/1(0 =€<‘«Ap«i(«p), 


where Aj(2rp), A2(2p),««' indicate the successive differences of Zp{t) when we 
change t to t-\- w. Let us observe that Zp{t) is a polynomial in t of degree p — 1, 
whose coefficients are periodic functions of t. The successive differences Ai(Zp), 
A2(2p), • • • are therefore polynomials of the same kind with decreasing degrees, 
the pth difference being zero. Let us indicate by Dzp, U^Zp,*» •, D'Zp the suc- 
cessive derivatives of Zp taken with respect to f, considering the coefficients of 
this polynomial as constants. From the theory of finite differences, we know 
that the successive differences Aj(Zp), A2(2p), are linear combinations with 
numerical coefficients of the derivatives Dzp, . . ., D»Zp, and conversely.* 


* Without resorting to this 
step by step, 


theory, we may observe that Taylor’s formula gives us, 
A; (Zp) - w*/><zp + . . . , 


where the terms not written contain only the derivatives Z)* + i, ••*. We can there- 
fore express, conversely, the derivatives as linear functions of the differences 
Ai, Ai + i, •••. 
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We can therefore replace the system of integrals (114) by the equivalent system 


(116) 


^Y^{t) =e^ti)P-iZp. 


Note 1. The integrals of the group (113), corresponding to the oharaoteristic 
exponent cr, approach zero when t becomes infinite passing through positive 
values, if and only if the real part of a is negative. In order that all the inte- 
grals of the equation (100) shall approach zero as t becomes infinite, it is there- 
fore necessary and sufficient that all the characteristic numbers shall be vegaitve^ 
or, what amounts to the same thing, that the absolute value of each of the roots 
of the equation (109) is leas than unity. 


Note 2. If a is a real positive root of the etpiation (109), it is natural to 
take for a the real determination of (l/w)log.s. If the coefficients of the c<jua- 
tion (106) are real, the same thing will evidently be true in this case of the 
integrals . • *, yp of the group (113) and consequently of the periodic 

functions 0i(t), 0^ (t), « . .. 

Let s = X + /[* V— 1 be ap-fold root of the equation (109), where /u 0, and 
let a = n:' + a" V~ 1 be a corresponding determination of the exponent ^r. To 
the group of integr als ( 113) we can adjoin a conjugate group obtained by replac- 
ing a by o' — a" V— 1 and the functions <f>i(t) by the conjugate functions. It is 
clear that by combining these 2p integrals linearly in pairs we can derive from 
them a system of 2p real integrals. 

Finally, suppose that s is a real negative root. Then we can write the value 
of a: = a' + (w/w) V— 1, and to that root corresponds a particular integral of 
the form 

y = (coa — + sin — ) (0 + V— 1 f g (0)» 

\ w w / 


where the functions and are real and periodic. If the coe fficie nts of (106) 
are real, it is clear that the real part and the coefficient of V— 1 must each 
satisfy separately the linear equation. We would proceed similarly with the 
other integrals of the group (118) if p is greater than unity. 

Moreover, the case where s is real and negative reduces to the case where a 
is real and positive by considering the period 2w instead of the period w. It is 
clear, in fact, that if an integral is multi^died by a when we change t to i + w, 
it will be multiplied by when we change f to t -p 2ci». 

Note 3. When the coefficients p{ are analytic functions of the complex vari- 
able i -f* V— 1, analytic in the strip R included between the two parallels 
to the real axis V' = ± A, the integrals of the equation (106) arc analytic func- 
tions in the same strip. The reasoning used under the supposition that the 
variable t moves along the real axis applies without modification to the case 
in which that variable moves in the strip /?. It follows that the functions 0, (t), 
which appear in the expressions of (113), are periodic analytic functions in the 
strip R. They can therefore be developed in series of sines and cosines of 
multiples of the angle 2wt/v (see Vol. II, Tart I, § 66). 
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55, Characteristic exponents. The investigation of the characteristic exponents 
is in general very difficult.* The solution of this problem evidently reduces to 
the cle termination of the coefficients rt,* which appear in the ecpiations (107), 
which, in turn, is equivalent to the following : knowing the initial values, for 
t = of the n integrals l/g, • • •» ?/n their first ?i — 1 derivatives, to And 
the value,s of these integrals and of their derivatives for t w. The coeffi- 

cients (Ilk are then obtained by the solution of the n systems of linear equations 

r Vi {to + w) = an 1/1 (to) + ai^iyzik) + • • • + a,„i/n(to) 

(116) 4 + «) = + ■ • • + 

I, (j)=l, 2, . . .,(n- 1)) (i = l, 2, . . n) 

We cannot in general ,solve this last problem except by the use of general 
methods, for example, by successive approximations. Let us replace p, by Xp, in 
the equation (lOA), where X denotes a variable parameter, and then develop in 
powers of \ the integral of that equation which together with its first (n— 1) 
derivatives takes on preassigned values independent of X for t ~ 

(117) y =fQ(t) + Vi(0 + • • • + X»A(0 + . . ., 

where /o(t) is a polynomial in t, of degree ri— 1 at most, which can be written 
down immediately from the initial conditions. Substituting this value of y in 
(100), we see that the other coefficients/i(t ),/2 (t), • • • are (letermined, step by step, 
by relations of the form 

in which the right-hand sides depend only upon the functions /^, /g, • • •, /i -i, 
and upon their derivatives. ^loreover, these coefficients, together with their first 
n — 1 derivatives, must vanish for t = Hence these coefficients can be found 
hy quadratures. We have already noticed (§ 28) that tlie series obtained is con- 
vergent for any value X. If we put X — 1 in the relation (117) and in all those 
which we obtain from it by tlifferenliation, we shall have the developments of 
the integral under consideration and of its derivatives in series which are con- 
vergent for all real values of t. Hence we can obtain in this way the. (piantities 
yi(^o+ ") appear iii the equations (lid), and coiisecpiently 

wc can determine the coefficients 

Example. Let us consider, for example, the equation 

CIS) ^=p{l)y, 

where p(i) is a continuous function of t with the period w. The product of 
the roots of the characteristic etpiatioii is here etjual to one, by forimila (108). 


•When the coefficients p, arc analytic integral functions of tlie complex variable /, 
the change of variable replaces the given equation l>y a linear ecpiation 

whose eoefficieiits are single-valued in the neighborhood of the origin, and we are led 
to study the law of the permutation of the integrals when the variable a* describes 
a loop around the origin. But the equation thus obtained is not in general of the 
Fuchs form. 

t If we allow the parameter X to have any value, it follows, from the process used 
above, that the coefficients at*, and consequently the coefficients of the characteristic 
equation, are integral functions of this parameter. 
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That ecjuation is therefore of tlie form 

(119) s2-A.s + l = 0. 

In order to determine the coefTieient ^1, let ns denote by f(t) and ^(<) the inte- 
grals of tlie equation' (118) whirli satisfy the initial conditions /(O) = 1, /'(O) = 0, 
0(0) = 0, 0'(O) = 1. From the relations 

/(< + <.) = ,,„/(<)+ a, 2 0(t), 

0 (< + w) = «„,/ {() + rt„2 0 (0. 

0'(< + w) = «2,/'(<) -t- «2a0'(<). 

we derive, by putting f = 0, «,, = /(w), a.^., = 0'(w). The characteristic equation 

in this special case is , . 

‘ ("a - «) (I'-j-j - ») - 'Ll = 0. 

wlitiiice + fio., =/(w) + <P'(<^)‘ 

If we now repliiee p(f) by \p(t)^ we obtain tlie developments of the integrals 
/(t)f (f>(t) in the form 

/(t) = 1 + \r,(l) + . . . + x«/„(<) + . . 

= X<p,(t) + . • ‘ + V‘0„(O 4- • • •, 

where the functions/,, aiul 0„, together with./];^ ami 0,', vanish for i = 0. Substi- 
tuting these developments in the two sides of the eipiation (118), after having 
replaced p by Xyi, we find 

=l>(0/«-l«), r.p(<)0,-l(«), 

whence we derive the recurrent relations 

A(l) - r di f'p(t)f,^i(t)dt, 0„(O f\lt f'p{t)i>n^x(t)dt, 

J 0 J 0 J 0 d 0 

which enable us to calculate step by step all these functions by starting with 
f^{t) =: 1, 0y(t) — i. Tt follows that we may write 

(120) A = 2 + '^ [/., (a,) + 0,: («)] . 

If the function p (t) is never negative, we see at once that all the functions 
/»(0» 0n(Oi positive for t > 0. It follows that A >2, and the equa- 

tion (llh) has two real and jiositive roots, one greater and the other smaller 
than unity. The conclusion is much less evident in the other cases. ltp(t) 
never takes on a positive value, it follows from a thorough study made by 
Liapunof* that' the absolute value of A is less than 2, if the absolute value of 



is less than or equal to 4. The equation (119) has in this case two conjugate 
imaginary roots, the absolute value of each of which is unity. 


♦ Liapunop, Prohlenip qeiipvdl de hi stuh’dite da moavpiaent {Annalen dp la 
Facidte den SckncPK de Toulnasp, 2d series, Vol. IX, p. 403). On the general theory 
of linear equations with periodic coefticieiits, in addition to the preceding paper, see 
also Floquet’Si4?mrt/c.sde VKcole Normulp .superipurp, 188.3, and Poincare's Les Methodei 
nouvelles de la Mechanique ccderte (Vol. I, chap. iv). 
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IV. SYSTEMS OF LINEAR EQUATIONS 


56. General properties. Most of the theorems established for a 
linear equation can be extended without diflSculty to systems of 
linear equations in several dependent variables. We shall assume 
in what follows, as we may without loss of generality, that these 
equations are of the first order (§ 22). Let 2 / 3 * ' * *> ^ ^ 

dependent functions, and x the independent variable. It follows 
from a general theorem (§ 37) that the integrals have no other 
singular points than those of the coefficients. If we assign the 
initial values 2/i> 2 / 2 ? * * *» ^ point x = which is not a singu- 

lar point, we can follow the analytic extension of these integrals 
along the whole of any path starting from x^ and not passing through 
any of these singular points, which are known in advance. 

We shall suppose, only for simplification in writing, that we have 
a system of three equations with three dependent variables. Let us 
consider first the system of three homogeneous equations, 


( 121 ) 


~ + ay + bn + m = 0, 

^ + b^z + c^u = 0 , 

^ + b^z + c^u = 0, 


where a, b, c, • * • are functions of the single variable x. If we know 
a particular system of integrals (y^, z^, w^), the functions (C?/j, Cz^y Cu^) 
also form a system of integrals for any value of the constant (\ 
Similarly, if we know two particular systems of integrals, z^, u^) 
‘^od (//g, derive from them a new system of integrals 

depending upon two arbitrary constants. 

Finally, if we know three particular systems of integrals, 

(^i. »‘i)> «2. »^2)> (y.> *»> «»)» 

the equations 

(y = 

( 122 ) \z = C^z^ + C,z^ + C^z„ 

U = 


represent also a system of integrals, where Cj, C^, C, are arbitrary con- 
stants. In order to assert that the expressions (122) represent the 
general integral of the system (121), we must make sure that we eau 
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choose the constants C^, in such a way that, for a given point 

x = not a singular point, y, «, u take on any preassigned values 
z^, whatever. In order for this to be true, it is necessary and suf- 
ficient that the determinant of the nine functions y^ z^, ti^ (i=. 1 , 2 , 3 ), 






A = 

Vi 








shall not vanish identically. If this is true, we shall say that the set 
of three partieular systems of integrals form a fnruUimental system 


If A vanishes identically, the three particular systems of integrals reduce to 
two, or even to a single system. Suppose, first, that not all the first minois of A 
vanish simultaneously, for example, that the minor is not identi- 

cally zero. Let A be a region of the plane where 5 does not vanish. We shall 
determine two auxiliary functions and analytic in the region A, such 
that we have 

(123) = A'ji/i + K^y2y 

and since the determinant A is zero, these functions and also satisfy 
the relation 


(124) Vg = ^1^1 +-^' 2 *^ 2 * 

If we replace 2 /, z, and u in the first two equations of the system (121) by the 
preceding expressions for 2 /g, Zg, Ug, observing that (y^, z^, u^) and ( 2 / 3 , u^) 

form two particular systems of integrals, we obtain, after simplification, the 


equations 


l/i Aj + 2/3 JRTj — 0, /fj -f- Z3 X3 -- 0, 


from which we derive K[ = = 0, The functions and are therefore 

constants, and the relations (123) and (124) remain true in the whole region 
of existence of the functions y,-, Zt, m<. It follows that the system of integrals 
( 2 /g, Zg, Ug) is a combination of the other two. 

If all the first minors of A vanish identically, the three systems of integrals 
reduce to a single system. Since the elements of A cannot all vanish simul- 
taneously, let us suppose that is different from zero, and let us put yg = 

From the relations y^z^ — z^y 2 = 0, y^Ug — u^yg = 0 we derive also Zg =• Az„ 
Mg = Ku^, Replacing y, 2 , u in the first of the equations (121) by Ky^^ Kz^, Ku^ 
respectively, there remains y^lir' = 0. Hence K is constant, and the system 
(yg, Zg, Ug) differs from the system (y^, Zj, Uj) only by a constant factor. Simiisriy, 
the third system of integrals is identical with the first. It should be observed 
that yj, yg, y, are not necessarily linearly independent; for example, one or 
two of these functions may be zero, but not all three may be zero. 

The value of the determinant A may be calculated as follows. The derival*v 0 A' 
is the sum of the three determinants 



Vi 


Vi 


Vi 

A' = 

1/2 ^2 ^ 

+ 

ya z'^ Ug 

+ 

yg Zg U^ 


vi «« Wg 

i 

Vi 4 “4 


Vi «8 “8 
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Replacing the derivatives y\^ z'j by their values obtained from the e(|uations 
(121), these three determinants reduce, respectively, to — uA, — ^’jA. 

We have, therefore, the relation A' — — {a + + c.,) A, and consequently 

(126) A(j:) = + 


When we know the general integral of the homogeneous system 
(121), we (‘an d(*(lii(ie from it hy (quadratures tlie genmal solution ot 
the uon-honiogeneous system 


(12G) 


If 

i + "i-'/ + + '■i" 

(hf. . , ^ 


Indeed, if we make the (diange of variahh's (lelin(‘d hy the etiuations 
(122), f/j, g being (‘onsidmvd as lu'vv deiumdent variables, the 

system (121)) is rephmed by the following sysbun. 


(127) 


<f(\ 


d(\ 






d.v 


iU 




( 1 <\ <M 2 


dr. 


=/»(}<■)> 


whi(jh is integrable by (quadratures, for we derive from it 

Let us also observe that this transformation is unne(‘essary whenever 
we can determine dire(;tly a qiartmular system of integrals ( U) 
of the e(quations (120). In order to obtain the general integral 
of these equations, we need only add Y, Z, r, respe(‘tively, to the 
right-hand sides of the e(quations (122) whieJi req)resent the general 
integral of the homogeneous system (121).* 


•A method analogous to tliat of Cauchy (§39) may also be employed. Let 

«), 2 =i^i(y, a), u = irx{x,a) (i = l, 2 , 3) 

be three systems of integrals of the homogeneous equations (121), satisfying, respec- 
tively, the initial condition 

0 , (<r, tr) = 1 , 01 (a, a) = 0 , ttj (a, a) =* 0 , 

02 (O', a) = 0, 02 (^» «')=-!, TTg (a, a) = 0, 

08 (a, a) =. 0, 08 (a, a) = 0, (a, a) - 1. 
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When we know one or tiro ])arii(mlar systems of integrals of the 
equations (121), we can lower the order of the system by one or two 
units. Suppose, first, that we know a single system of integrals 
(//j, rjj, 7q), where the fun(*tion //^ is not zero. The change of 
de])endent variables 


u = //i b, •• = y + y + U 

leads to a linear system of the same form whieli must have the par- 
ti(*ular system of integrals F=l, Z = 0, ir = i). Therefore the 
(*o(*liiei(Mits of Y in these new equations must be zero. In fact, the 
transformed system is 


( 128 ) 


ff Y 

//, 4 - hz + I-U = 0 , 


If we nqdaee (lY/(l.r in tlu*. last two equations by its value derived 
from the first, w(^ obtain a sysbmi of two linear homogeneous equa- 
tions in th(j tiro depend(*nt variables Z and l\ After integrating 
this system )' can be obtained by a quadrature. 

Su])pose now that we know two uidepemleyit systems of integrals, 
{Uv (//a’ '"'s’ three determinants 

^r'a - //a-e //i "a ” ''i "a ~ ^a^'i 

do not vanish simultaneously, as we have shown above, let us sup- 
pose that is different from zero. The transformation 

y = !h y + lu + -a^> + ^'a^ + 

where F, Z, U are the new dependent variables, leads to a linear 
system of the same form having the two particular systems of 


It is easy to see that the functions 


F= r [/i {a) 01 (ic, n) +/2 {(x) 0^ (*, n) {(x) 03 (a;, a)] da, 
2 = r [fiWypxix, n)+/ab*')^2(*» +/ 8 («) 'As (*. a)]da, 

U- J*''[/i(a)Wi(x, a) +/2(a)ir2(x, cx) +/ 8 (a)^ 8 (a;, a)]da 


form a system of integrals of the nonrhomogeneous equations (126). 
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integmls (J^ = \,Z^ = U^ = 0), (¥^=0, Z^ = 1, = 0). The coeffi- 

cients of Y and Z in the equations of the new system must therefore 
be zero, and this new system has the form 


(lx 


’hAU=^ 


0 , 


^+A,U = 0, 


dU 

dx 




as is easily verified. It is clear that this system is iiitegrable by 
quadratures, since the last equation contains only IJ, 

The preceding methods may be extended to systems of n linear 
equations with n dependent variables. In order to obtain the general 
integral of such a homogeneous system, it is sufficient to know n 
particular systems of integrals which form a fundamental system. 
If we know independent systems of integrals (jr> < ti), the integra- 
tion reduces to that of a system of the same form with n — p 
dependent variables and to a number of quadratures. Finally, the 
general integral of a non-homogeneous system can be obtained by 
quadratures if we know the general integral of the corresponding 
homogeneous system. 


67. Adjoint systems. Given a linear homogeneous system with n dependent 
variables, 

(120) = a,iyi + . . . + a^kyk + • • • + (hnVn, (i, * = 1, 2, . . n) 

the linear system 

(130) = a«r* 

which is obtained from the first by replacing y,- by F,-, and by changing the 
rows into columns in the determinant of the coefficients a,)t, after having changed 
the sign of each element, is called the adjoint of the first. It is evident from the 
definition itself that this relation is a reciprocal one between the two systems. 

The integration of one of the systems (129), (180) involves that of the other. In 
fact, let (yj, yg, • • •, y^) and (Fj, Fg, • • •, F^) be any two particular systems of 
integrals of the two adjoint systems. From the relations (129) and (130) we have 

^(Fiyi + Fa^j-I- ••• + Y„Vn)='^Yi(a,iVi + V + ••• + a,nVn) 

+ 2^ y- (- «« 1^1 "H Ft (Ini Yn). 

% 

If we permute the indices i and k in the second sum, we see immediately that 
the coefficient of Yiyk on the right-hand side is 

UiJfc — ^ik = 0, 

and the right-hand side is identically zero. We have therefore the relation 
between these two particular systems of integrals 

(131) "1" F ^y^ + • • • + F ty^ = (7, 
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where C denotes a constant. The knowledge of a particular system of integrals 
(Yj, Yj? *••» ^n) of the equations (180) furnishes therefore a first integral of 
the system (129), which is linear with respect to the dependent variables y^, 

• • • ^ yn- If we know the general integral of the adjoint system (130), the gen- 
eral integral of the given system (129) is represented by n relations of the form 
(131), where we take successively, for Y^, Yj, • . •, Y„, a set of n independent 
systems of integrals of the equations (180). 

Particular attention has been paid to linear systems which are identical 
with their adjoint. In order to have this case, it is necessary and sufficient 
that the determinant of the atk be a skew symmetric determinant ; that is, that 
we have aa -{■ Oki = 0, whatever may be i and k, and consequently a,i = 0. If 
(//n ^21 * * *» Vn) J^od ( 2 i, Zj* • • •» 2 :„) are two particular systems of integrals, the 
velation (131) becomes 


Vl^l + ^2^2 + • • • + VnZn = COUSt.; 
and if the two systems are identical, we have also 

2/i + + • * • + i/,* = const. 

The integration of a linear system of the third order identical with its 
adjoint leads to the integration of a Riccati equation (§ 31, Ex. 2). The inte- 
gration of a system of the fourth order of that kind leads to the integration of 
two Riccati equations (see Ex. 15, p. 170). 


58. Linear systems with constant coefficients. If all the coefficients 
a, hj (*,••• of the equations 


(132) 


+ ai/ + bs + eu = 0, 
d 

^ + «,// + *1* + o," = 0, 

du 

~ + a.j/ + b./! + e.j,i = 0 


are constants, the general integral can be found by the solution of 
an algebraic equation. For let us try to satisfy these equations by 
taking for y, Zy u expressions of the form 

(133) 1 / = (te^^y z = u = ye'^^y 

where a, fiy y, r are unknown parameters. Substituting these func- 
tions for ijy Zy u in the left-hand sides of the equations (132), and 
suppressing the common factor e'^^y we find the conditions 

(a -f r)a -f 4 - cy = 0 , 

-f (/>j + r) /? + Cjy = 0, 

4- (^a + 


( 134 ) 
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which must be satisfied by values of a, p, y whieli do not all vanish. 
For this it is necessary and sufficient that r shall be a root of the 
equation of the third degree, 

// -f“ b c 

(135) l>^ + r =0, 

"■•2 «2 + »■ 

which is called the auxiliary equation. Having taken for r a root of 
this equation, the relations (134) are consistent and we can deduce 
from them values for /3, y, at least one of which is not zero. 
To every root of the cfiiiation = 0 corresponds therefore a 
particular systcMu of integrals of the form (133) ; there may even be 
several, as we sliall see presently. If the auxiliary equation has 
three distinct roots eacdi one furnishes a i)articular system 

of integrals. These three systems are independent, for, if they were 
not, we could express c'a’ as a linear combination with constant 
coefficients of and of cV, whi(*-h would bo absurd. We can there- 
fore, in this case, obtain the general integral of the system (132) 
after we have solved the ecpiation F(/*) = 0. 

It remains to treat the case in which the auxiliary ecpiation has a 
multiple root. Let us denote by /(r), the three cofac- 

tors of the auxiliary determinant corres[)oiiding to the elements of 
the same row, for example, the lirst. The last two equations of 
the system (134) are always satisiied for any value of r by taking 
for a, Pj y (juantities ])roportional to these (iofactors ; if r is a root 
of F(r) == 0, these values of a, p, y also satisfy the iirst of the ecpia- 
tions (134). It follows from this that if /• is a root of F(/*) = 0, 
the functions 

y = /(»•) » = <#> ('•) ’« = '/' ('•) " 

form a particular system of integrals. Now let us suppose first that 
the equation F(r) = 0 has two roots, and whose difference is 
very small. Each of them furnishes a system of integrals, and the 
functions 



are also integrals. If we now let r., approach 7*^ and i)ass to the limit, 
we may conclude that if is a double root of F(r) = 0, the two 
groups of functions, 

(I) !/i = /('•,) t'’’'-' , ~i = <t> i>\) 


= "A (''i) 
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(H) 


^3= =r., 


form two systems of integrals. Similarly (see § 44), if the equation 
F(r') = 0 has a triple root we e-an add to the preeeding two groups 
the group of three fune-tioiis, 


(III) 






O’) 3i-= 




whi(4i form a third system of integrals. 

Let us now consider first the ease where the ecpiation F(r) = 0 
lijis a double root and a simple root r^. If the double root 7*^ does 
not (^ause all the first minors of the auxiliary determinant to vanish, 
we may suppose that at least one of the cofaetors /(r^), 
is not zero, for we can evidently replace, in the reasoning whicL pre- 
c,edes, the first row by the second or the third. Suppose, for example, 
J\r^ ^ 0. Th(‘. two systems of integrals (1) and (IT) are independ- 
ent, for //.^ is e(jual to the 2 )rodu(*t of and a binomial of the first 
degree ir/(/*^) As for the simple root it furnishes a third 

system of integrals which, for the same reason as above, is not a 
linear (iombination of the first two. 

The reasoning fails if the double root makes all the first minors 
vanish, for the system (I) reduces to the trivial solution 


7y^ = = 0. 

But in this case the three e<piations (134) reduce to a single equa- 
tion when we replace in it /■ by i\. If, for example, c is not zerO) 
they reduce to the single equation (ft -f- = 0, and we 

can take the two constants a and p arbitrarily. If we. take, first, 
(«: = !, j8 = ()), then (rt = 0, ^ = 1), we obtain two independent 
systems of integrals of the form (133). A fiouhJv, root of F(r) = 0, 
therefore, altvfnjs furnishes two imrtlcular independent systems of 
integrals. 

Suppose, finally, that F(/’)= 0 has the trijile root r = 7^ If this 
root 7 *j does not cause all the first minors of the determinant to 
vanish, we may suppose, for example, that f(r^ is not zero. The 
three particular systems of integrals (I), (II), (HI) are independent, 
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for the coefficients of in y^ are respectively of degrees 

0, 1, 2 in X. 

If the triple root causes all the first minors of the determinant 
to vanish, we can determine first of all two independent systems of 
integrals of the form (133), as we have just explained in regard to 
the case of the double root, and we can then obtain the general 
integral if we can find a third system independent of these two. 
Developing the expressions in (III), and noting that 


we find 


/(»’i) = ^ = 0. 


y, = e'!* [2 !r/'(»-j) + /"(r^)], [2 

and this system of integrals is certainly independent of the first 
two unless we have at the same time 

Hence we obtain in this way a new system of integrals, unless the 
triple root also causes the derivatives of all the first minors to 
vanish. Now this cannot happen, as we see at once, unless we have 


6 =r 0 = = Cj = ^2 = = 0, a=:b^=:r^=: — r^, 

and the system (132) reduces to three identical equations, 


dx 




0 , 



du 

dx 


= 0. 


In this case, which may be considered as a limiting case, the three 
ecpiations (134) are satisfied identically, when we replace r by in 
the expressions of (133), for any values whatever of the parameters 
rr, p, y. Summing up, to a triple root of the auxiliary equation there 
always correspond three particular independent systems of integrals. 


Generalization. 

coefficients 


(136) 


Similarly, a system of n linear equations with constant 

+ “iiyi + + • • • + ai,y« = 0, 


I ^Vn 

I + «n 2 y 2 + • • • + OnnVn = 0 , 


may be integrated by finding particular systems of integrals of the form 

(187) = = = o'nC'-* 

where * ‘ *» ^»»» unknown constants whose values are to be deter- 

mined. We are thus led to n equations of condition 
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(«ii + r) + ai2<^2 + * * • + 

«21 + (^2 + + * * • + fhncr^n = 0, 


l«nl <ri + ani fr2 + • • • + {(Inn + 0 (^n = 0, 

which give for the unknown quantity r the auxiliary equation 

rtii + r ai2 ••• flin 

(139) f(r)= ‘'22 + »' ••• “*» =0. 

^n2 • * * ((nn + ^ 

If this equation has n distinct roots r,, rg, • * r„, we obtain by this method 

n particular systems of integrals of the form (1.37) and, consequently, the gen- 
eral integral. If there are multiple roots, the discussion is somewhat more 
complicated. Let be a p-fold root; to obtain from this root particular sys- 
tems of integrals of the equations (136), we may proceed in two ways. On the 
one hand, applying d’Alembert’s method, as in the case of three equations, we 
can obtain p systems of integrals corresponding to that root. These integrals 
will be independent only if does not make all the first minors vanish. On the 
other hand, if makes all the minors formed from n — 7 + 1 rows of the deter- 
minant vanish, without making all those of n — 7 rows zero, that root furnishes 
7 systems of integrals of the form (137), for the n eciuations (138) reduce to 
n — 7 independent equations when we replace r by Combining these two 
methods, we find that they always furnish p independent systems of integrals. 

Practically we can obtain all these systems by equating coefficients. In fact, 
by the combination just mentioned we should obtain a system of integrals 
depending uponp arbitrary constants, which is of the form 


V\ — (•*')» 2^2 — 


Vn - e»*i^P„(jr), 


where P^, Pj, • • •, Pn are polynomials of degree p — 1 or of lower degree. If 
we leave the coefficients of these polynomials as unknown, and if we substitute 
ifi the given equations, we shall obtain a certain number of relations between 
these coefficients, which enable us to express all of them in terms of p of them, 
which may be taken as arbitrary constants. 


69. Reduction to a canonical form. Every linear system with constant coeffi- 
cients can be reduced to a simple canonical form the integration of which is 
immediate. 

Let us write this system under a slightly different form, 

{y\ = diiVi + ai2 2/2 + • • • + ainVn, 

J = «2iyi + «222'2 + • • • + a2nyn, 


y'n = ®«iyi + ®n2y2 + • • • + dnnynt 


where denotes dyi/dz. If we take n dependent variables, Fg, •••, F„, 
linear in terms of j/g, • • • , 


Ft — &il 2/1 + • • * + f^tnyni 


(t = l, 2 ,...,n) 
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where the coefficients 5,^ are constants whose determinant is different from 
zero, the system (140) is replaced by a system of the same form, 

Tj = + -^12^2 + • • * + 

^J42J , ^2 = ^ 21^1 + ^^ 22 ^"2 + ^^ 2 mF«, 



+ A„ 2 F 2 + \- A„„Yn, 

obtained by replacing the variables //,, 2 / 2 , • • •, Un, in the expressions for K 

17 = fhifJi+ • • • + fhny'n - + • • • + fh»y„) + • • • 

+ + • • • + (tnnVn)-) 

by their values given by the equations (141). If we consider the equations (140) 
as a linear substitution carried out on the variables //j, 7 / 2 , • • •, ?/«, and I".,, 
• . . , Yn .as n new variables, the prece<ling calculations .are precis(‘ly those which 
we must make in order to tiiul the new linear substitution on the variables 
y, , Fg? F„, which eorrcsixuids to the linear substitution (140). Now we 
have seen that by suitably choosing the variables (§ 48) we can rc'duce every 
linear substitution to a simple canonical form.* In this canonical form the 
variables separate into a certain nunib(‘r ot distinct groups, such that the 
substitution which the p variables Fj, •**? same group uiKhjrgo 

is of the form 


( 143 ) = sr^, y' = (i^ + y„), • • • , r; = s (r„- , + r,,). 

We can therefore, by a suitable change of variables of the form (141), always 
reduce the integration of the system (140) to the integration of a c(*rtain num- 
ber of systems of the form (I4il), where I',' = (ZF,/(Zx. 

The integration of this system is iinnualiate, but it is preferable to employ a 
somewhat different canonical form. For this puipose let us set Ft = s^Zi(8 5 ^ 0). 
The system (143) becomes 


(144) 


'Ih 

d£ 


(U2 

dx 


! + 2; i . 


dZp 

dx 




This new canonical form is unchanged if we multiply all the dependent vari- 
ables by a factor except for the change of « to .s -f X ; and it is applicable 
also to the case where the auxiliary equation has zero for a root. 

The general integral of the system (144) is represented by the equations 

= C, ■■■+ C.-.x + C.- a = 1 , 2 , . ..,p) 

or by equivalent eejuations obtained by solving for the constants C, 


(145) z,c-^-=C\, 

j Zt-xzi-i-h — z.-a — 


li 



2«i — 1 

|t— '•=0,. (i = 


z. 

(«-!)! 

l,2,...,p) 


♦ We supposed before that the deterniiiiant of the substitution was not zero, 
whereas the determinant formed by the coefficients (ha may be zero. But if we 
change ?/» to the coefficients a^i, Wja, • * ■ , Onn are diminished by X, while the 

where k, do not change. We can therefore always cluiose X in such a way 
that the determinant of the new coefficients shall not be zero. 
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60. Jacobi’s equation. Let us consider again a system of three 
linear eciuations with constant coefficients, which wo shall write in 
the form 


( 140 ) 


' dx 

~ = „x + hj/ + cz, 

<l!f , , , 

{hi , 

= V + ^‘-^j + 


wlier(‘ t denotes the inde|)eiuleiit variable. Let us add tliese three 
eciuations, after liaving multiplied them res])eetively by ytJn — 

Tidx — j'dr:, xdy — ydv, I'' he relation obtained is 


cr:)(ij(lr. — r:<h/) -|- {a^x + h^ij + c^i^{ji{Lp — xdz) 

and it is homogeneous in x, f/^n, lienee it can be replaced by a n‘la- 
tion bi‘t\V(‘eii x/ri a.nd t//r:. Indeed, if we put x = y ~ and 
divide by tliis relation takes the form 

+ /,r + c)./r + («,A- + i' + c.)rfA' 

1“ \ +(a^.\ + />,)'+ g(Ar/r - Yd.\)=0, 

whieh is (*xa<;tly daciobi’s e(puitiou ([)p. 11 and 32). 

Let X =/(0> 1/ = <^(0> - — ’/'(O ^ system of integrals of the 

eriuations (14(i). As f varies, the point whose homogeneous coordi- 
nates are x, //, (and whoso Cartesian coordinates are X = x/.'ij 
Y = y/r:) describees a plane curve T which is, by the jn't'ceding argu- 
ment, an integral curve of Jacobi’s etjuation (118). The integration 
of f Jacobi’s equation therefore reduces to the integration of the sys- 
tem (lb)), that is, to the solution of an algebraic e(]uation of the 
third degree, as we have already seen. 


If tlic anxili.ary oiiuation has three distinct roots Sg, the general inte- 

gral ot the system (14(>) is, according to the preceding paragrapli, of the form 

(I) Pc-V = 6\, Qc-V = 02, 7i*e-V=:f;3, 

where /’, Q, R are three linear homogeneous functions of x, z. It is easy to 
derive from these equations a homogeneous combination of degree zero which 
does not contain the \ariable U 

(a) - ’2 Q^x - fs Rh - = K, 

which is the same result that we obtained before by another method. 

The case in which the auxiliary equation has a double or a triple root 
can also be easily treated. The equations representing the general integral form 
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either two groups or a single group. In the first case these equations are of 
the form 

(II) Pe- V = Cl, (Q - tP)e- V = Cg, Re- V = Cj, 

and in the second case, of the form 

(HI) Pe-V = c„ (Q-tP)e-, =C\, (jj- tQ + e-.' = C„ 

where P, Q, R denote in each case three linear homogeneous functions of 
ac, y, 2 . From (II) we derive the following homogeneous combination of zero 
degree, independent of t : 


and from (III) the combination 


(7) 


2 PR - Qa 

pa 


=:K. 


The relations (a), (/3), ( 7 ) represent the three forms possible for the general 
integral of Jacobi’s equation. 

61. Systems with periodic coefficients. Let us consider first, for simplicity, a 
system of three equations of the form (140), whose coefficients a, 6 , c, • • • are 
continuous functions of the variable t, each of which has the period w> 0 . 

Let (Xj, 2 /^, Zi), (Xj, 3/21 ^ 2 )» independent systems of inte- 

grals. Then the functions 

ATf (t) = X, (t + «), Yi (t) = Vi (t + w), Zi (0 = 2 ,- (t + «) 

also form a system of integrals, and we have consequently three groups of 
relations of the form (§ 50), 


(149) 


Xt = anXi + a,2X2 + flisa’s? 
Yi = ciiiyi + 012^2 + ttisys, 
Z, = a,i 2i + «»2«2 + «t828, 


(i = l,2, 3) 


where the a.^’s are constant coefficients whose determinant H is not zero. We 
have, in fact, the relation 



I'l 




Vx 



Yz 

z* 

= 71 

*2 

Vi 

^2 


Yz 

z. 


2^8 

Vs 

2^8 


or, by (126), reasoning as we have done several times (§§ 38, 60), we may write 
the value of II in the form 

„ (o + 6, + O dt 

(160) . 

If the variable t is increased by the period u>, the three functions 

f ®i(0» * 2 ( 0 ? 

undergo a linear transformation whose determinant is different from zero, 
defined by the relations 

rXi = a^iX^ + + <*18*8* 

X2 — ®21®l ®22®2 ®^28®8» 

1.^8 ~ ®81®l “I" ®82®2 ®88®8» 


( 161 ) 
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and the two other systems of functions, y,, 2/3), (2^, Zg), undergo the same 
transformation. Now we know that it is possible to replace the three functions 
f^^ree independent linear combinations with constant coefficients 
such that the equations (161), which define the new linear transformation, take 
on a simple canonical form. Taking the same linear combinations of the func- 
tions ^2, yg) and of obtain three systems of functions which 

are transformed by the same linear substitution of canonical form when t is 
changed to f 4- 

The reasoning is evidently general and applies to every linear homogeneous 
system in n dependent variables with periodic coefficients. Let j/j, • • •, Vn 
be these n dependent variables. We can determine n independent systems of 
integrals (yi,-, ^211 • • •, Vm) (i = 1, 2, • • •, n) such that the n functions 

Vkh yi 2 , 2/An 

undergo a linear substitution of canonical form when t changes to f + w, this 
linear substitution being the same for all the indices k. The consequences are 
the same as those which have been developed above (§ 54). All the integrals 
are expressible as the product of an exponential factor of the form and 
another factor which is either a periodic function of f or a polynomial in t 
whose coefficients are continuous periodic functions of L Let 

2 /2 i = c«'2 ^2» 2/ni = e^'^n 

be a particular system of integrals, where z^j***^ Zn are polynomials in f, 
with periodic coefficients, of which ai least one is of degree p — 1, and of which 
none is of a degree greater than p — 1. From this system of integrals we can 
derive (p — 1) other systems of the form 

2/22 = ®“'^«2» 2/n2 = 

...» * ' *» * * *> * * ‘1 

yup = 2/2./, = e««DP-iz2» 2/n,p = 

where the derivatives D*Zk are taken regarding the periodic coefficients of the 
powers of t as constants (§ 54). All the systems of integrals of the given oejua- 
tions can thus be derived from a certain number of them. The actual formation 
of these integrals, of which we know only the analytic form, depends, above all, 
on the solution of an algebraic equation of the nth degree, which is called, as 
before, the characteristic equation of the system. The coefficients of this eijua- 
tion can be obtained in general only by approximations, as in the case of a 
single differential equation of the nth order (§ 65). 

62. Reducible systems. Let us consider a system of linear homogeneous ecpia- 
tions of the form (140), whose coefficients are real, continuous, and bounded 
functions of the real variable t for all the values of that variable greater than 
a certain bound and let us suppose that we apply to this system a transfor- 
mation of the form 

(152) Zi = hiiVi + 6, -22/2 + • • • + &in2/n, (i = 1, 2, . • ., n) 

where the coefficients 6fjfc satisfy the following conditions : 

1) They are real, continuous, and bounded functions of the variable t foi 
t><o; 

2) They have derivatives satisfying the same condition ; 

3} The reciprocal of the determinant of the bat's is bounded. 
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If we take the functions Zi for new dependent variables, it is clear that the 
system (140) is replaced by a linear system of the same kind as the first. We 
have, in fact, 

■^ = ftiiyi + 6.i!/i + •••! 

or, replacing by their values obtained from the equations (140), 

— — CtiVi + Ct2y2 + • • • + CinVn, 


where the coefficients have the same properties as the coefficients We 
have now only to replace ?/i, i/ 2 , • • •, 2/» in these last e<inations by their expres- 
sions in terms of tlie new dependent variables 21 , 2 : 2 , • • •, Zn obtained from the 
equations (152). 

If it is possible to choose the coefficients 6,*. of the transformation in such a 
way that the new system will be a system ^oith constant coefficients^ the system is 
said by Liapunof to be reducible. See page 242 of his paper cited in the footnote 
on page 151. 

Every sysian whose coeff dents arc real, continuous^ and jycriodic functions, with 
the same period w, is reducible. 

In fact, let us consider the adjoint system, which is also a system with 
periodic coefficients. Let s be a root of the characteristic eciuation and a the 
corresponding characteristic exponent. We shall suppose, in order to consider 
the most general case, that to this exponent a corres])onds a group of p par- 
ticular systems of integrals of the form previously consideri'd. This group will 
therefore furnish (§ 57) p linear first integrals of the given system, which will 
bo of the form 

+ 2 : 22/2 +••• + Znl/n) = Cl, 

e^*{inl)zi + V2J>Z2 + • • • + //»D2:„) = U 2 , 
c^t(yil)p-izi + + • • • + 2/«/>p-i^„) - r/,„ 


where Zi, Z 2 , • • •<, Zn arc polynomials in t, of degree p — 1 at most, with periodic 
coefficients, and where the derivatives />» arc taken regarding these coefficients as 
constants. Arranging these first integrals with respect to t, we may write them 
in the form 


(153) 


\ L(p-l)! (p-5i)! 

c-rf 

L(P-2)! 


(P - 3 ) ! 


Yi+... 


= Cl, 

= C.„ 




where IT, IT, • • Yp a.rc independent linear combinations of iji, y^, • • •, Vn with 
periodic coefficients. For if they were not independent, we could derive from 
the equations (153) a relation between the arbitrary constants CT, C 2 , •••, Cp 
and the variable t. If we take the linear combinations IT, F 2 , ••*, for 
dependent variables, the relations (153) represent precisely the general integral 
of the linear system of equations (§ 59), 


(154) 


dt 


= -ccYi, 


dY2 

dt 


=-alT + ri, 


dt 


£=-aY, + rp^i. 
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I'roceedins similarly wiUi all Urn Kroiijis of first iiitCRrals furiiisliod by tlip grouiss 
of integrals of tlie adjoint system, we see that tlie given system is transformed 
into a linear system with eonstant eoelheieiits by means of a transformation of 
till! form 

^ » = 0tl2/l + 012^2 4* • • • 4- 

where the coefficients <f>,i are periodic, functions with tlie period w. 

The reciprocal of the determinant 1) of the is hounded for t > for 
we sluill show tliat 1) does not vanish for t > t^. Indeed, if we consider n inde- 
pemlent ^systems of intejrrals (//n, •*., //„,) of the lirst system and the corre- 
sponding n systems (I'n, • • •, >",„•) of the transformed system, tlie determinant 7> 
is eijual to tlui (piotient obtained by diviilin;^ the d(‘t(‘rminant of the by 

the determinant of the y^t.’s, and wo know that these last two have finite values 
different from zero for all finite values of I, It follows that tin* absolute value 
of 1) remains greater than a certain positive minimum for all values of t 
between and + w. 

In order to compleUi the proof, we may suppose* that the characteristic ei|na- 
tion of the adjoint system has no r(‘al negative roots ; for, by r)4, any root is 
replaced by its sepiare if we conside*!* the period instead of the period w. 
If the characteristic equation has only real ])ositiv(* roots, we may eviilcnlly 
suppose that all the functions <f),i which appeal in the eipiations (155) are real. 
Then that transformation actually satisfies all the reiinired conditions. More- 
over, all the characteristic exponents are real, and the transformed system has 
real coefficients. Hut if the characteristic equation of the ailjoint syst(*m has 
conjugate imaginary roots, to each group of p lin(‘ar combinations, such as 
1'2 »***» which aiipear imaginaries w'e can associate the group 

formed by the conjugate imaginari(*s. Hence, combining them in conjugate 
pairs, it is clear that we again obtain a system with real constant coeflicients 
by means of a transformation ot the desired form with real coefficients. 


EXERCISES 

1. Integrate the linear eijuations 

?/•' ) — 2y" 4- 1 / = A 4- T sin x I) cos/, y(') + y" — x, 

y'" — V" A- >/ — U - — 4 cos /, 

i/" - y' 4- 2 y = {ax 4- h) + re- 2 

x'^y'"’ — 0 xy" 4- b y' = 1 4- 2 / 4- i^og /, 

xry" — 2 /y' 4- 2 y = x- 4- px 4- 

x^y'" - 3 x^y" 4- 7 /y' - 8 y /» - 2 /, 

x‘V' _ Sxy' + 4y = x‘^ f - ^ , 

•^0 Vl + /♦ 

x V'' — 9/2y" _f. ,q7 jcy' — 04 y - X* [u 4" h Logx 4- e(Logx)2], 
x2y" 4- 2 xi/ — 2 y = X cos / — sin x, 
xV'4- 3/y'4- y=f{x). 

If /(x) is analytic in the neighborhood of the origin, prove that this last equa- 
tion has a particular integral analytic in the same neighborhood. 
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2. Integrate the systems of linear equations 

(«) 


(/») 

(y) 

(«) 

(«) 

in 

(’») 




dz dx , _ 


S-f— ‘ 


d^v 

— + 6x + 3 / = co82t, -^-x+Zy = 0-, 


dx 


dt 


- + X - 1 / = 0, 


dy 

dt 


+ y - 4 2 = 0, 


d2 

dt 


+ 42 ~x = 0; 


dx 


— 32/ + 82--4u = 0, 
du 


dz 

dx 


+ 2/— 62 + 2u = 0, 


— + 31/ -142 + 6m = 0; 
dx 

2 /' — (X + 1)1/ — 22 + 2(1 — \)u = 0, 
2 ' + X 2 / + « + 2 (X — 1) M = 0, 
u' + \y + (2 X — 1) M = 0. 


3. Find the general integral of the equation 

(2 X + 1) 2 /" + (4 X — 2) 2 /' — 8 2/ = (6 x® + X — 3) e» 

from the fact that the homogeneous equation has a particular integral of the 
form e'"*®, where m is a constant, [Licence, Caen, 1884.] 

4 . Prove that the differential equation 

(x2-l)j^" = n(n + l)y, 

where n is a positive integer, has a polynomial P(x) for integral. From this 
prove that the same equation has a second integral 

where Q is also a polynomial. [Licence, Paris, 1890.] 

6. The linear differential ecpiation 

xy" - (X + g + 1 ^) / + At2^ = 0, 

where g and v are two positive integers, has a polynomial 2 ^^ = P(x) as an inte- 
gral, Hence prove that it has a second integral = e^Q(x), where Q(x) is also 
a polynomial. [Licence, Paris, 1903.] 

6, Find the necessary and sufficient condition that the linear equation 

y" 4- py' yy — 0 may have two independent integrals, y^, y^, which satisfy 
the relation 2 / 13/2 = L Assuming thatp = — 1/x, find the coefficient q and the 
general integral. [Licence, Paris, 1902.] 

7. Derive the formula (23), p. Ill, from the formula (11), p. 106, which 
gives the value of the determinant A ( 2 / 1 , y^, •••, 
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8 . Bessers equation, 

+ 2 (m + 1) y' 4- xy = 0, 

has as a particular integral the function represented by the definite integral 

I/i = f (1 — 2*)'" cos xz dz, 

Jo 

provided that the real part of m is greater than — 1. If m is a positive integer, 
that integral is of the form (see Vol. I, end of Chap. V, Ex. 20, 2d ed.; Ex. 21, 

1 st ed.) 2 . 4 . 0 . . . 2 m ( f/ sin X + F cos x), 

where U and V are polynomials in 1/x whose coefficients are all integers, and 
the general integral is 

y = C (17 sin X + V cos x) + C'(V sin x — U cos x). 

[Hbrmitb.J 

9. The integration of the system of linear equations 


dy 

dx 


4- ay + 62 = 0, 


dz 

— + tt^y + ^2 = 0, 


where a, 6, a^, are any functions of x, reduces, on putting y = tz, to the 
integration of Riccati’s equation, 

~ + 6 + (a - 6,)t - ajt» = 0, 


and to the calculation ofJ*(a + bj)dx (see ftn., p. 112). 

10. The ratio z of two independent integrals of the linear equation 


y" ■{■py' + qy = o 

satisfies the differential equation of the third order, 
z'" 3/2'Y 1 .. 

■7-2(7) 

11, Given the differential equation 


{E) x(y"-y')-«i/ = 0, 

where a is constant, how must we choose the path of integration L so that the 
function y(x) represented by the definite integral 


y(x)= ( 

J(L) 

shall be a particular integral of (E)? Show that the equation (E) has a par- 
ticular integral, which can be expressed without any sign of quadrature, when 
a is aii integer. Deduce from it the general integral, and express it in terms 

of the smallest possible number of transcendentals. 

[Licence, Paris, July, 1908.] 

12. Determine the two functions P{t) and Q{t) so that the function y 
represented by the expression 

y = (x- a)fJ/{t)P{t)dt + (X - «>) V(«) Q(t)<K 

shall be an integral of the differential equation y" =/(x) for all possible forms 
of the funcUon/(x). [Xfcence, Paris, October, 1907.] 
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13. The general integral of the linear equation 

+ [n + j; P(x)] y' + x” = 0, 

where P{x) and Q{x) are analytic in the neighborhood of the origin, is single^ 
valued in this neighborhood. The letter n denotes an integer greater than unity. 
14*. Every equation of the form 


xn-P-lQ - 


+ XQn-p-i{x) + Qn-p{x) + • • • + Q»(x)y = 0, 


where Q^, Qg* • * *» Qn ^-^e analytic functions in the neighborhood of the origin, 
has an analytic integt-al in the same neighborhood ; and the value of the inte- 
gral, as well as the values of its first p — 1 derivatives, may be arbitrarily chosen 
for X = 0 , provided the eciuation 

(r - p) . . . (r - n -f 1) + (0) (r - p) . . . (r - n -f 2 ) + . . . + = 0 

has no integral root greater than p — 1 . 

[K. (fOiiitsAT, Annales de I'lUcole Normale, 1883, p. 205.] 
Note. Ry an artitice analogous to the one which was used in § 50, we are led 
to prove the propositi(ni for an equation of the form 

dt*u M /dp-^u dn \ 

r 

where we have put 

. (Z” “ P 2/ 

U = J/ + xy' -f . . . +X»-P . 

cZx'»-p 


16*. Let 2 be a system of four linear ecjuations identical with its adjoint 
(p. 150) 

(*’) = + «iai /2 + «.3j/3 + «.-4j/4- (j = l, 2, 3, 4) a,* + n*, = 0 


This systctn liivs tlio fii-st iiitoffral j/f + + j/J + y^=C. It we suppose C = 0, 

the preceding relations are satisfied by putting 

yi = p{v-(), .V 2 = p(i + «j»), y» = pi0-ir,), yt = pi{.v + i). 

Substituting thfsi- expressions for y^ in the equations {E), we obtain 

the system of three equations 

2 ^ = (a2i + Wia) — I) + 2 i«28 + («84 + ia^i) {v + f), 

2 = (rti ‘2 4- (tiii) (1 + ri^) + + «24) (1 -■ 1 ?®) + 2 i (a32 -f 014 ) 17 , 

2 {' = (rt21 + <148) (1 + f*) + i («81 + «24) (1 — f*) + 2 i (082 + <*41) 

of which the last two are Riccati equations. Let 17 = /(x, C^), | = 0 (x, C^) bo 

the general integrals of these two equations ; then the general integral of the 
equation in p is given by the equation 


^ ac, sv. • 


[E. Goursat, Comptea rendus, Vol. CVI, p. 187, and Vol. CXLVIII, p. 612.] 
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16. Prove the relation 

V (*) W • • •/ V (r) dx£ V(.r) dx 

in which the left-hand side contains n integral signs, by proving that the two 
sides are particular integrals of a linear differential equation of the nth order 
satisfying the same initial conditions. 

17 *. Prove that the integral 0 (/, <r) of the linear eiiuation F{y) — 0 (p. 108), 
considerefl as a function of the variable is an integral of the adjoint ecpiation 
Cr (z) = 0 after having replaced x by a. 

Note, st is seen that the integral of the ecpiation F{y) = 0 which, with its 
fii«t (n — 1) derivatives, takes on the same values for x ~ jr^ as a function 7r(x) 
and its first (n — 1) derivatives, has the form 

y = 7r(x)- f F{z) 0 (x, (r) da, 

•'*0 

where z = w(cr). The integral on the right must depend only upon ir(x), ir(Xj,), 
ir'(Xo), • • •, 7r(**-i)(Xy). Now we can also write (§ 42) 

f'"F(z)(t>(x, a)da= {^[z, <f>(x, “ f za[(p{x, a)]rhr, 

and it is clear that the preceding condition is not satisfied unless wo have 
6r[0(x, «)] = 0, It follows readily that the functions 0, (x) defined by the 
ecpiations (yl) (ftn., p. 109) form a fundamental system of integrals of the 
adjoint equation. 
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NON-LINEAR DIFFERENTIAL EQUATIONS 

1. EXCEPTIONAL INITIAL VALUES 

The proof which has been given for the existence of integrals 
that take on given initial values really supposes that the right-hand 
sides of the given system of equations are analytic, in the neighbor- 
hood of these initial values (§ 22). Restricting ourselves to the case 
of a single etiuation, we shall examine some simple cases in which 
that condition is not satisfied. 


63. The case where the derivative becomes infinite. Let us (consider 
an equation of the first order, 


(i) 


^ =/(•-, y), 


where the right-hand side f(xy y) becomes infinite for the pair of 
values a; == ajjj, y = in such a way that its reciprocal 


y) 

is analytic in the neighborhood of this pair of valu(*s. We can write 
the preceding equation in the form 


( 2 ) 


dx, 1 . / N 


regarding y as the independent variable and .r as the d(‘p(*n(lcnt 
variable. Rut since the right-hand side/j(.r, //) is analyticj by hypothe- 
sis for a! = j’q, y = y^, Cauchy’s theorem applies to the c(|uation (2). 
Hence there exists an integral, and only one^ which approaches 
as y approacihes y^, and that integral is analytic in the neighborhood 
of the point y^. The development of a; — a’^^ in a power series accord- 
ing to powers of y — y^ necessarily commences with a term whicdi 
is at least of the second degree, since dx/dy or ./’(.r, y) is zero for 
a; == cc^, y = y^, for otherwise /(a:, y) itself would be analytic. Let 
this development of a- — ar^ be 

(3) a: -ar^, = ^^(y - y^)'" -f- d^ + i(y - yo)"* + ' H . 

{in ^ 2 , .. 1 ^ 0 ) 
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From the equation (3) we derive a development for y — according 
to powers of {x — (see II, Part I, § 99), 

1 * 

It follows that the equatum (1) itself has this one and only this one 
integral of the form (4) which approaches as x aqtproaches x^, and 
the point x^ w an algebraic critical point for this integral,^ 

64. Case where the derivative is indeterminate. The coniplete dis- 
cussion of all the cases in which the derivative l)ecomes indeter- 
minate is much more (^omjilieated. Let us hike first the equation 
studied by Ih-iot and Louquet,t 

(5) a-//' - hy = t,^^x + + a^jr H = 4>(x,y), 

where the right-hand side is analytic in the neighlxirhood of the 
point x — y — 0, and let us try to determine whether there exists an 
analytic*, integral which vanishes with x. For this jairpose let us 
substitute for //, in both sides of the ecjuation (fi), a power series 

(0) y = c^x + ^ 4- H 

After the substitution the coefficient of j*" on the left-hand side is 

(^i — while the coefficient of x^ on tlie right is a polynomial, 

* * * > * * ’> 

whose coefficients are all ])<)sitive integers, and which contains oidy 
the coefficients and some but not necessarily all of the 

coefficients a,^ for which i h ^ n. We therefore obtain a recurrent 
relation for the (*oefficients of the series ((>) : 

• ~ *)'■•.==■''« ("io» 'V • ••>"«»; '"v 

I (« = 1,2,...) 

This enables us to calculate these cwfficients suc^cessively, provided 
that h is not equal to a positice integer. Let us first set aside this 
supposition. The relation (7) gives us 

4- - f 

~ 1 _ // 2 -i> ’ ■ ■ ■ ’ 

* In geometric language, we can also say that through the point (a-Qi Vo) there 
passes one and only one integral curve, on which the point (Xqi I^o) f* ordinary 
point, and the tangent at this point is tin* straight line x » jtq. In stating the theorem 
we have tacitly assumed that the function y) does not vanish for x^Xq for all 
values of y ; for in this case the integral of the equation (2), which takes on the value 
*0 for y=^yo, reduces to ar» a*o, and the equation (1) has no integral which approaches 
Pq as X approaches Xq. 

t Journal de VEcole Poly technique^ Vol. XXI, 1866. 
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and so on in this way. The value of the series (6) certainly repre- 
sents an integral of the equation (5) vanishing with ar, provided that 
the series has a radius of (convergence different from zero. In fact, 
the operations by whi(;h we have obtained the coefficients of this 
series are then valid (I, § 192, 2d ed.; § 186, 1st ed.). 

In order to i)rove the convergence of this series, let us observe 
first that if we give to n all the integral values 1, 2, • • • , to infinity, 
the fraction l/(/i — 4), whicch cannot l)econie infinite, approacches 
zero. The absolute value of that fraction has therefore a maximum 
1/By and we have for every value of the integer w, 1 1 /(ri — | ^ 1 / H, 

On the other hand, let 

y) = ^ 10 ^ + -h a^^xy + A^^y^ + . . . + -h . . . 

be a dominant function for <^(./*, //), having no constant term nor any 
term in Y, We might take, for example, a fumction of the form 


4>(.r, Y) = 


M 




- M - M — , 
P 


but it is really not necessary to specify it completely in order to 
carry through the proof. The auxiliary eciuatiou 


(S) 7?r= ^(.r, Y) 

has, by the gcuieral theorem on impliccit functions (1, § 193, 2d ed.: 
§ 187, 1st ed.), an analytic, root vanishing with .i*. Let 


(9) Y = ( \.r -h -f . . . + -f . . . 

be the development of this root in a ])ow(U' series. In order to cab 
eulate the coefficients C,., we can substitute this develojiment for 1' 
in the two sides of the relation («S). This gives the recurrent relation 


(10) 7iC„ — /*„ (.IjQ, .1.^, • • • , ^ . . . , j), 

wlune 7\ denotes the polynomial whi(*h app(*ars in the relation (7), 
in whi(ch 0 ^^. has been repku’ed by .1,^^ and by C^. 

Rut from the very way in which we have chosen the constant B 
and the function ^(ar, T), we have the ineipialities 


It follows that if we have 


we have also |c„| < r„, since all the coefficients of the polynomial 
are positive integers. Now we have |«,o| < A and, consequently, 
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|Ci|<Cj. Eeasoniiig step by step, we eoiieliule that the series (9) 
dominates the series (6). Tlie latter is therefore eonvergent in the 
neighborhood of the origin. Humming up, [f the coefficient h of // in 
the equation (5) is not equal to a jiositiee integer^ that equation has 
one and only one analytic integral that vanishes with a*. 

In order to finish the study of the analytic integrals wliieli vanish with 
we must still examine the case where h is equal to a ]K)sitive integ(*r. Suppose 
first 6 = 1; the first of the relations (7) reihices to = 0. If a^^y is not zero, 
then there is no analytic integral fulfilling the condition. If is zero, setting 
y = Xx, we are led to an equation, 

(11) y = ^p (X, X) = + u,,,X2 + . . 

where the function ^(jr, X) is analytic, provided that |jr|<r, |X|<A, r and A 
being two suitably chosen positive numbers. Now this equation (11) has an 
infinite number of integrals which are analytic in the neighborhoo<l of the 
origin, for we can choose arbitrarily the value X„ of X for / = 0, ])rovided that 
we have |X()|< A. Hence in this case the e<juation (A) has an infinite numht*r 
of analytic integrals vanishing with /. 

If b is ccjual to a positive integer greater than unity, the cjudlicient of x in 
the development of an analytic integral vanishing for x = 0 must be ecjiial 
to a^^y{l — 6), and the transformation y = a,„jr/(l — h) + \x leads to an eipiation 
of the same form in which the coetticient of X is equal to (1 b ) ; 

/X^ — (6 — 1) X = ^11 d* • • • • 

Ily a succession of similar transformations we reach the case which has just 
been treated. Conseipiently, if the coeflicient b is (Mpial to a i)ositiv(‘ integer, 
the e(juation (5) has no analytic integral vanishing with jr, or it has an infinite 
number of such integrals. 

Briot and Bouquet also investigated wliether there existed non-analytic inte- 
grals approaching zero with /, and proved that the e<iuation (o) has an infinite 
number of such integrals when the real i)art of b is positive. AV^e can easily 
establish this theorem by means of the mefhod of succi'ssive approximations. 
Let us first point out that if the real part of b is positive, we may, without 
lack of generality, suppose that the real part 7^(6) >1. In fact, if we make 
the change of variable x = x'«, where n is a positive integer, the erpiation (5) 
is replaced by an ecpiation of the .same form in which b is replaced by nb. 
We shall suppose, then, that we have 7i(6)>l, and that b is not an integer. 
As we have just seen, the e(iuation (b) has an analytic integral ^j, which 
vanishes for x = 0. Hence, setting y = y^-{-u, the e<iuation (5) becomes 

xu' = (x, 1/1 + w) — 0 (x, i/i) = M0 (X, m). 

Since the function 0 (x, y) does not c<intain any term of the form a constant 
times 1 /, the function 0(x, u) will not contain any constant term, and we can 
write the preceding equation in the form 

xu' — 6u = u [ax 4- /3 m + • • •]• 
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Let U8 now put u = where X denotes the new dependent variabl'e. The 
equation takes the form 

(12) V = X[a + /3Xx6-i+ = 

where F denotes a power series with respect to the three variables X, ac, 

In the plane of the variable x let us draw through the origin two rays whose 
inclinations are Wq and < Wi < «© + consider the circular 

sector A limited by these two rays and an arc of a circle with the radius r 
described with the origin as center. If x remains in the interior of and 
if 1X| remains less than a positive number /, the function F(X, x, x*>-i) will 
be analytic,* provided that the two numbers r and I are sufficiently small. 
Let us connect the origin with any point x of the sector -d by a strjiight line- 
segment, and suppose that we take for the initial value of X an arbitrary value 
\ whose absolute value is less than L We can apply to the equation (12) the 
method of successive approximations (§ 29), which consists in taking the 
successive integrals 

\ = ^0+ «*’“')dx, X2 = ^0+ F(Xi, X, x*>-i)dx, 

and, in general, ^ 

Xn = Xq 4- f F(X«_i, X, x&-i)dx, 

J 0 

all of these integrals being taken along the straight line. The fundamental 
hypotheses for the validity of the proof are satisfied. All the functions Xi(x), 
Xa(x), ••• are analytic in the interior of the sector A, and the function X„(x) 
approaches a limit A (x) if the radius r has been taken sufficiently small. Hence 
the equation (12) has an integral which is analytic in the interior of the sector 
A and which approaches the value Xq as x approaches zero. It follows that the 
equation (6) has an infinite number of non-analytic integrals in the neighbor- 
hood of the origin, each of which approaches zero as the point x approaches 
the origin and depends upon an arbitrary parameter This proves Briot and 
Bouquet’s theorem. 

The condition that the real part of 6 — 1 be positive is essential. Indeed, if 
X approaches the origin, remaining in the sector A, its angle remains between Wq 
and wj, and its absolute value approaches zero. Setting x = pe‘", 6 — 1 = g -h n, 
we have 

( 13 ) x^-i = + ‘'•)(iogp + »w) + 

As p approaches zero, w remaining included between the two limits Wq and Wj, 
/ilogp — tfta becomes infinite in absolute value in remaining negative, and the 
absolute value of x*-^ approaches zero. On the contrary, if the real part of 
6 — 1 is negative, it is obvious that the absolute value of x*>-i becomes infinite 
as X approaches zero, remaining in the sector A. The function F(X, x, x*-i) is 
not continuous at the origin, and the previous proof no longer applies. 

According to Briot and Bouquet, if the real part of ft is negative, the equa- 
tion (6) has no other integral than the analytic integral vanishing for x = 0. 


• If X approaches the origin, remaining always in the sector .1, the derivative of the 
function F with respect to x may become infinite if the real part of ft - 2 is negative, 
but that derivative does not appear in the method of successive approximations. 
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But their proof, which is very similar to the one in tlie footnote on page 60, sup- 
poses that tlie variable x approaches the origin along a path of finite length that 
has a definite tangent at the origin, and thu* condition should appear in the state- 
ment of their theorem. In order to give some idea of the difticiilty of the (pies- 
tion, let us consider the function jp, supposing that the real part fx of b is neyativc, 
while the coefficient v of i is different from zero. The absolute value of x** is equal 
to If we make the variable x describe a curve that approaches the 

origin indefinitely, does approach -f co, but if wo make the angle ta in- 

crease in absolute value at the same time in such a way that the difference 
/ilogp — v%a remains negative and increases indefinitely in absolute value, the 
absolute value of approaches zero at the same time as |x|. If i^> 0, we need 
only make the variable x describe the logarithmic spiral whose equation is 
p = for example ; for we then have Ij^I = and if the angle u 

approaches -f x, |x| = p and |x*| approach zero simultaneously. 

If the real part of b is negative and the real part of b/i is not zero, it follows 
from investigations of Picard and Poincard that the e<iuafion (5) has an In- 
finite number of non-analytic integrals that depend upon an arbitrary constant 
and approach zero as the variable x describes a path such as the preceding, along 
which |x^| approaches zero. IMie contradiction between this result and the 
theorem of Rriot and Bouquet is only apparent, since in the two cases entirely 
different conditions are assumed. In particular let us notice that if the variable 
X takes on only real values, it cannot turn an infinite number of times around 
the origin ; consequently there will be no other integral which approaches zero 
with X exc-ept the analytic integral, provided the real part of b is negative. 

The results of this discussion are easy to verify with the ehunentary ocpiation 
Xj/' = ax + by, whose general integral is y = ax/(l — 6) + Cx^ if 6—1 is not 
zero, and y =z ax Log x 4- Ux if 6 = 1. 

65. We shall limit ourselves to a few statements coneeriiing the 
general ease of an equation of the form 

/14\ 4- by 4- -f 2 -j- c / / » . . _ Y 

. ' dx a'x + h'y + dx^ 4* ^ 4" 

where X and Y are power series whicli converge when 

We are supposing, as we may without loss of generality, that it is 
for x = y = 0 that dij/dx Ixicomes indeterminate. Setting y = vx in 
this equation, it becomes 

/ 1 — ~~ ^ ( y , ^0 

^ ^ ^ dx a* h*r x\lf(x, e) 

where <^(x, v) and ^(x, v) are two power series which are convergent 
whenever |x| < r and |rx| < r. If the equation (14) has an analytic 
integral vanishing with a*, the coefficient of x in the development* of 
that integral is necessarily a root of the equation 

(Ifi) a 4- ^>0 — v((d 4- = 0, 
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since the left-hand side of (15) is zero for x = 0. Let be a root of 
the equation (16). If we put i; = -f the two functions 

<l> (^} ^ + ^0 

are still regular in the neighborhood of the values a; = 0, = 0, and 

the ecjuation (15) reduces to an equation of a form already studied, 

(17) * + Jix+..., 

l)rovided that v = does not make a' -f I/v vanish. Sim^e the equa- 
tion (16) is in general of the second degree, we see that we (;an 
reduce the equation (14) to the form (5) in two different ways. 
Hence there are in general two analytic? integrals and only two van- 
ishing for 5C = 0. But these conclusions art? ai)pli(;ab]e only under 
the most general conditions, where tlie coefficients a, h, a\ V do not 
satisfy any special relation. 

The general investigation of the integrals, analytic; or not, of the 
ecpiation (14), which approach zero when x approachc's zero (.V and 
r being two regular functions which vanisli for a* = y = 0), has been 
tlie objecjt, sinc;e the; work of Briot and Boucpiet, of a large number 
of invcstigjitions. Although it has been possible to treat more and 
more general cases, the question is still not exhausted. Let us notice 
in particular just one remarkable circumstance which we have not 
yet mentioned. Let us take the ecpiation 

(18) 3^'^-hij = ax, 

and let us try to find, as above, an analytic integral of this equation 
whicdi vanishes for x = 0. If we attempt to determine the coeffi- 
cients of the series (6) so that on substituting it in the equation (18) 
we arrive at an identity, we discover the relations 

a + hc^ = 0, rj = 2 c, = ■ • •, 

from whic;h we derive 

^ 2 a vA a 

'\-~y •••> <*.+1 jTTI' 

We thus obtain a uniciue value for each coefficient, but the series 
wh ich* we obtain is divergent except for x = 0. The origin is an essen- 
tially singular point for all the integrals, as is verified by direct 
integration. Similarly, the point a* = 0 is an essentially singular 
point for all the integrals of the equation xif -f- = 0 ; and all these 

integrals approach zero with [a*!. 
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If we assign only real values to the variables j and y, and wish to construct the 
integral curves of the eciuation (14) (A' and Y being, for example, two polyno- 
mials in X and y with real coefficients), it is very important to know the form of 
these integral curves in the neigliborhood of a point coimiion tt) the two curves 
= 0, F = 0. We shall study from this point of view the simple eijuation 


(19) 


dx a'x + b'y 


which can be integrated by elementary methods (§ 3) by the substitution y = tx. 
We can integrate it in a more symmetric way by replacing tlie etpialion (19) by 
the system 


( 20 ) 


‘'y -at 

a'x b'y ax + by ’ 


where t is an auxiliary variable introduced for the sake of symmetry. We have 
seen above (§ Tid) that this system can be reduced to a simple canonical form 
by replacing wC and y by two linear homogeneous combinations A and Fof tlu‘se 
variables. In this case the characteristic ecpiation is 

.s*-^ — (a' + h) H 4- ba' — ah' = 0. 

This ecpiation cannot have zero for a root, since wt* sui)pose that ab'^ba' is 
not zero. Several cases are now to be distinguished according to the nature of 
the roots ; 

1) If the characteristic e(iuation has two real and distinct roots Si, .H 2 , we can 
reduce the system (20) to the form 


and the given ecjuation consecpieiitly becomes 


r<z.v xdr. 

The general integral is given by the etiualu)n 

*8 

F=6LV\ 

If Si and S 2 have the same sign, Y approaches zero with A', and all the integral 
curves pass through the origin, which is a node. If sj/sj is negative, there exist 
only two integral curves passing through the origin, the straight lines A' = 0, 
F = 0 ; hence the origin is a saddleback. 

2) If the characteristic e<iuation has two conjugate imaginary roots a 
a ^ ^ 0), we can reduce the system (20) to the f«)rm 

d(X4- Fi) _ (HX-Yi) 

(a 4- ^0 (X 4- Vi) {<r- M {X - Yi) 

where X and F are linear homogenecms combinations of x and y with real 
co^cieids. We can then write these ecpiations in the form 

aX--fiY pX^aY 
XdX 4- YdY XdY - FdX 


from which we derive 
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The general integral of the equation (19) is therefore represented by the 
equation ^ ^ 

3 arc tan 

= Ce« 

If a is not zero, all these curves have the form of spirals which approach 
the origin as an asymptotic point. The origin is said to be a focus. 

If a is zero, the general integral is represented by concentric conics. The 
origin is called a center^ but this case must be considered as exceptional, since it 
occurs only when a satisfies an etiualUy, 

3) If the characteristic equation has a double root s, that root is real and 
different from zero, and the system (20) reduces to the form 

sx “■s(A' + y) * 

The equation (19) itself becomes dY/dX = 1 + F/X, and the general integral is 

Y = CX 4- A' Log A". In order to construct the.se curves, we can express X and 

Y in terms of an auxiliary variable by putting X = gtf, which gives F= Ce^ + 
When 6 appr()aclie.s — oo, A’^ and F, and consecjnently x and approach zero, 
and the origin is again a focus. 

Tlie preceding classification is due to Poincar6, who has extended the dis- 
cussion to eciuations of the general form (14) whose coefficients are real. 


IT. A STUDY OF SOME ECJUATIONS OF THE FIRST ORDER 

66. Singular points of integrals. The developments in series by 
wliicdi W(* have established the existence of analytic integrals of a 
system of diftVrential equations enable us to calculate these inte- 
grals only in the interior of the circle of convergence; but the 
knowledge of these developments suffices, as we have noticed in 
general (see IT, Part I, § 8G), to virtuaUy determine these functions 
in the whole domain of their existence. Let us consider, for defi- 
niteness, an algebraic differential equation of the first order, 

( 21 ) 

where F is a polynomial in cr, y, y\ Let y^ be a pair of values 
for which the equation F(x^, y') = 0 has a simple root y^. When 

X and y approach and y^ respectively, the equation (21) has one 
and only one root approaching yj, and that root, y^=/(.T, y), is a 
regular function in the neighborhood of the point (ar^, y^. The 
eipiation (21) has therefore an analytic integral which reduces to 
y^ for X = and Avhose derivative takes on the value y' for x = x^. 
This integral is defined by its power-series development only in the 
interior of a circle about as center, whose radius is in general 
finite. But this functi m, whose analytic extension may be followed 
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outside of the circle c.. satisfies the equation (21) in its whole domain 
of existence. Let us observe that we may make use of the equation 
(21) itself to calculate the coefficients of the different series which 
we use in the method of analytic extension. If at a point in the 
circle C^the integral considered is equal to its derivative is equal 
to one of the roots i/[ of the equation F(x^, y') == 0, and we shall 

he able to derive the values of the other derivatives at the j^oint x^ 
by successive differentiations of (21). 

It follows that every differential equation of the first order defines 
an infinite number of analytic functions, depending upon one arbi- 
trary constant. These are in general transcendental functions which 
cannot be expressed in terms of the classic transceiidentals, and the 
same thing is true a fortiori of the functions defined by algebraic 
differential ecjuations of the second, or higher, order. The study 
of the properties of these new transceiidentals and their classifi- 
cation constitutes the object of the analytic theory of differential 
equations. 

We may lie guided in this study by two different motives : we 
may seek the necessary and suffi(dent conditions that ecpiations of a 
given sort may be integrated by means of functions already known ; 
or, on the other hand, we may jiropose to ourselves tlie j)roblem of 
discovering the algebraic differential ecpiations that define trans(uui- 
dentals not reducible to the classic transceiidentals, and [lossessing 
certain remarkable properties, such as being single-valued and ana- 
lytic, or analytic except for poles, etc. Whatever may bo the objee.t 
that we have specially in view, the investigation of the possible 
singularities of the integrals is an essential question. While the 
singular points of the integrals of a linear equation are fixed, the 
singular points of the integrals of non-linear eijuations vary in gen- 
eral with their initial values. For example, the integral of the cipia- 
tion X yy' = 0 which takes on the value j/^ for a; = 0 is y = VyJ — x*. 
This function has the two critical points -f y^, — y^,, whicdi depend 
upon the initial value. Similarly, the integral of the equation y^ = y* 
which takes on the value y^ for x = 0 is i/J(l — xy ^ ; this solu- 
tion has the pole a; = 1/y^. We are therefore led to distinguish two 
classes of singular points for a differential equation : the fixed sin- 
gular points which do not depend upon the chosen initial values 
(not being necessarily singular points for all the integrals), and 
the movable singular points, poles, or critical points which depend. 
ux)on the initial values. A differential equation may have both kinds 
of singular points. 
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67. Functions defined by a differential equation y' = R{x, y). We 

shall study in particular the differential equation 


( 22 ) 


dx 


=^R(x, y) 


y) ^ 
Q(^> y) 


where P(x, y) and y) are two polynomials in x and y which 
have no common polynomial divisor. The pair of simultaneous 
ecjuations P(x^ y) = 0, Q(x^y) = 0 has a certain number of solutions 
b^)j • • (a„, Let us mark the points a^, • • in the 

a:-plane. 

The transformation y =^\fz reduces the equation (22) to an equa- 
tion of the same form, 


(23) 




Q^{x, s) 


and the equations P^{x, z) — 0, z^ = 0 has a certain 

number of systems of solutions {a[, b'^, ♦ . Let us mark 

the x)oints a[^ a 2 , • • aj-^dane. The x^oiiits </[. are in gen- 

eral singular i)oints for some of the integrals of the eejuation (22), 
but they are known a jiriori; that is, they are the fixed singular 
points. 

Let now (ic^, y/^) be any pair of values such that y^ is not 

zero. Then by (Cauchy’s fundamental theorem the equation (22) has 
an analytic integral, in the neighborhood of the x)oint which 
takes on the value y^ for x = x^. Sui)X)ose that we make the variable 
x describe any X)ath L i)roceeding from the x)oint x^ and not x)assing 
through any of the points a^, %. We can continue the analytic; 
extension of this integral along L so long as we do not encounter 
any singular j^oint. But it may hai)X)en that we are stox)i)ed by the 
X 3 resence of such a i)oint; let a be the first singular point which 
we encounter. The integral considered is analytic in the neighbor- 
hood of every point A" of the i)ath L included between x^ and but 
the circle of convergence of the power series whicJi represents it, 
and whose center is at A”, never contains the x^oint a in its interior, 
however small | A — may be. The equation Q(a, ?/) = 0 has a cer- 
tain n^imber of roots ^3^ * * ’ > Let us mark the points in 

the y-plane. The equation Q(<r, y) = 0 has only a finite number of 
roots, for otherwise the polynomial Q(a5, ?/) would be divisible by 
(x — a) and the point a would be included among the points a'j^. 
For the same reason it is seen that the two equations P (a, y) •= 0, 
Q (<r, y) = 0 have no common root. 
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There are now several possible cases to be examined. Let Y be 
the value of the integral in terms of X ; we cannot suppose that V 
approaches a finite value J3 different from J3^, • • • , jSy as A' ap- 

proaches aj for 77 (or, y) is a regular function for or == a, y = p, Now, 
by (Jauchy’s fundamental theorem, there would then exist a single 
integral approaching as ir approaches a, and that integral would 
be analytic at the point a, contrary to hypothesis. Let us suppose 
next that Y approaches the value when | A' — «:| approaches zero. 
The function R(or, y) is infinite for or = a, y = but its reciprocal 
is a regular function, since we cannot have P (a, = 0. We have 

seen in § 63 that the e(iuation (22) has one and only one integral 
which approaches as | A — a| approaches zero, and which has the 
i)oint a as an algebraic critical point. Similarly, if 1 1"| becomes 
infinite as | A — a| approaches zero, the ecpiation (23) has an integral 
which approaches zero with |A — u:|. We cannot luive siinultam*- 
ously /\(a, 0) = 0, Q^(a, 0) = 0, since the point a is not contained 
among the points al. If 0) is not zero, z is analytic, in the 

neighborhood of the point a, which is a ])()le for the integral con- 
sidered. If Q^((Xj 0) = 0, the point a is an algebraic critical point’ 
for and thus also for y. 

We have not yet exhausted all the ])ossibilities. Might it not hap- 
pen, for example, that T does not approach any limit, although 1 1"| 
does not become infinite as \X — rr| approaclies zero? Painleve has 
shown, in the following way, that this is not possible. Previously 
this had been assumed without adecpiate proof. About the point a 
as a center let us describe a circle C with a very small radius .• . The 
roots of the equation Q(X,y) = 0 which api)roacli respectively 
/^i> • * *> Py as I A — a I approaches zero remain respectively con- 
tained in the interior of the cirdes y^, ' ' ' y yi^ about the points 

Pv * * * > Py with radii />,, ' * ' > 

radius r so small that all these radii p, are themselves smaller than 
any given positive numl)er c. Let us consider at the same time a 
circle T with a very large radius H, described in the plane of the 
variable y about the origin as center, and let (P) be the portion of 
the //-plane exterior to the circles y,- and interior to the circle F. We 
shall show that when |A — rr| api)roa(lies zero, the corresponding 
point Y finally remains constantly in the interior of one of the cii- 
cles yi or exterior to the circle F. If this were not the case, w(* 
should always find dh the path L certain points A such that | A" — u| 
is less than any given number and for which Y would be in the 
region (E). Suppose now that we have | A — a| < r/2, for example, 
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while only values of V in the region (B) are considered. JFe shall 
show that there is a positive minimum for the radius of the circle of 
convergence of that integral of the equation (22) which is equal to Y 
for X = X, In fact, there is evidently a maxiniuin for |/i (A, Y) | when 
the points A', remain respectively in the preceding regions, while 
there is a positive minimum for the numbers a and h (see § 22). Let 
Tf be the minimum of the radius of this circle of convergence. We 
could find, by hypothesis, a point A'' on the path L whose distance 
from the point a would be less than -q and such that the correspond- 
ing point Y' would be in the region (L’). Since the circle of conver- 
gence of the series, which represents the integral which takes on the 
value 1'' for x = A'', has a radius at least equal to ly, the point a 
would' be in the interior of this circle, which is evidently impossible, 
since a is a singular point. 

The point F, therefore, finally remains constantly in the interior 
of one of the circles y, or outside of the circle F as | A — €i;| approaches 
zero. Since the radius p,. can be taken as small as we please and the 
radius R as large as we please, this means that Y ap])roache 3 one of 
the values unless | F| becomes infinite. We have just examined 
what happens in these two cases. It follows that the point a is either 
a pole or an algebraic critical point. Hence we (‘-an avoid the singular 
point by replacing the portion of the path L near the point a by an 
arc of a circle of infinitesimal radius described about this point 
as center, and we shall be able to continue the analytic extension 
beyond this point until we meet a new singular point. We shall 
show that on a path L of finite length there are never more than 
a finite number of poles or of algebraic critical ])oints. In fact, with 
each of the points a\ as centers let us describe a very small circle 
in the plane of the a;’s, and let us describe also a circle of very large 
radius about the origin as center, so that all of the path L shall lie 
in the region (E') of the cc-plane bounded by these circumferences. 
Let 05^ be any point of (£;'). Then the integral whose absolute value 
becomes infinite as |a; — acj approaches zero is equal to a polynomial 
in (x — plus a power series in {x — which converges in 
a circle of radius pj. Similarly, the different integrals which have 
the pomt as an algebraic critical point are represented by series 
arranged according to fractional powers of sc — x^. Let p^ be the 
smallest of the radii of convergence of these different series. It is 
clear that these numl^ers p^ and p^ vary continuously with the position 
of the point x^\ hence they have a minimum X > 0, and the distance 
between two neighboring singular points on the path L is of necessity 
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greater than A.* We can therefore encounter on this path only a 
finite number of poles or of algebraic critical points. Consequently, 
the only movable singular 2 ^ 0 bits of the integrals of the equation (22) 
are poles or algebraic critical qjoints. These integrals cannot have 
movable essentially singular points, and consequently they can have 
no natural boundaries. 

The preceding arguments can be extended without difficulty to 
equations of the form (22), where P(x, y), Q(xy y) are polynomials 
in y whose coefficients are analytic functions of a*. We have only to 
add to the points a',,y which are defined as above, the singular 
points of all these (coefficients. Tf the path described by the variable x 
remains in a region not (containing any of the points (/,, a'^. or any 
of the singular ])()ints of the (ioeffi(iients of the various powers of y, 
the only singular points whi(ih the integrals can have are poles or 
algebrai(i (criti(cal points. 

As an application, let us consider the question of finding the 
equations of the form (22) whi(ffi have no movable critical points. 
In order that this may be true, the denominator must not contain y. 
In fact, let a be any value of Xy and ^ a (corresponding value of y, 
for which (l{ay = 0, while the numerator P(ay is not zero. The 
integral of the e(]uation (22) whuch ai)proa(ch(\s p wlum |aj-- urj 
approa(ches zero has this point as a (critical i)oint, and it is clear 
that it is not a critical point for all the integrals. Hence the desired 
equation must be of the form 

where P„,y P,n-\j ' " functions of x. Moreover, the ecjuation 
obtained by putting y = 1/.:; must be of the same form, so that m 


* It should be noticed that an integral can have an infinite number of critical points, 
and even an infinite number of them in the neighborhood of any value of ac. Consider, 
for example, the equation 

2yir=I{(r), 

where R (a*) is a rational function ; the general integral of this equation is 

lP = yl+ f 

Let us suppose that the definite integral //?(») dx has the four periods 1, a, t, j8f, 
where a and /3 are two real irrational numbers. In the interior of a circle c described 
with any point as center and with an arbitrary radius, it is easy to prove (see II, 
Part I, § 63, Note) that wo can find an infinite number of roots of ?/2 by suitably 
choosing the paths of integration, and each of these roots is a critical point. But 
a path of finite length described by the variable never contains an infinite number 
of them. 
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cannot be greater than 2. It follows that the most general equation 
which satisfies the given conditions is a Riccati equation. It is 
eiisily verified that the condition is satisfied by any Iliccati equa- 
tion. If we take, for example, the expression in (2G) (§ 40) which 
represents the general integral, it is clear that that integral can have 
for singular points, besides the singular points of the functions 
T/g, only poles resulting from the roots of the denominator -f i 
that is, poles whic,h vary with the constant C, 


Similarly, we may consider the question of determining the equations of the 
form (22) whose integrals have no movable poles. Let m and n be the degrees 
of P(x, y) and of Q(x, y) with respect to y ; the equation obtaine<l by putting 
y = \/z is of the form 


(24) 


dx 


= 2 » + 2 


Z) 


where Pj and are two new polynomials in z. Let x = a be any value of x 
not contained among the fixed singular points. The equation (24) has an inte- 
gral which approaches zero as [x — a| approaches zero. It would seem from 
this that the equation (22) always has an integral whose absolute value becomes 
infinite as |x — tr| approaches zero, but this conclusion is incorrect if the inte- 
gral of the equation (24) reduces to x = 0. It is necessary and sufficient for 
this that < n + 2 ; hence this is the condition that there shall be no movable 
poles. It follows that the only type of equation which has no movable singular 
point of any kind is the linear equation. 


Application. The preceding result enables us to determine whether the gen- 
eial integral of a differential equation of the first order is a rational function 
of the constant of integration^ when that constant is suitably chosen. Let 


(A) 


y = R{x, 0) = 


C) 


be a rational function of the parameter C, where the coefficients of the two 
polynomials in (/, P(x, C) and Q(x, C), are any functions of x. It is clear that 
the derivative y' is also a rational function of 6’, 


y'=R'(x,C). 

The elimination of the parameter C leads to a relation of the form 


(E) F{y, y' ; X) = 0, 

where F is a polynomial in y, y' whose coefficients may be any functions of x. 
From the manner in which this equation is obtained we see that it is of defi- 
ciency zero in y and y\ regarding x as a parameter. 

Conversely, let us consider a differential equation of the first order (E), in 
which the left-hand side is a polynomial in y and y' whose coefficients are any 
analytic functions of x. In order that such an equation have a general integral 
of the form (A), it must first of all be of deficiency zero in y and y'. When 
this is the case, we can express y and y' as rational functions of a parameter u, 

y = r(x,u), y' = r,(i, «), 



IV, §68] SOME EQUATIONS OF THE FIRST ORDER 


187 


in such a way that wo have, conversely, u = s(x, y, y')^ where the functions r 
and rj are rational in m, and where a is a National function of y and y\ Hence 
the given differential equation (E) may be replaced by the equation 


which is of the form 
(Ki) 


dr Sr du , 




where F is a rational function of u. If the general integral of the ejiuation (E) 
M y = C), the general integral of the equation (Ej) is, according to the 

above, 

u = s[j!, ]i(x, C), R'(x, C)]; 

that is, it is a rational function of C. But the only singular points of such an 
expression which vary with C are evidently poles. The only movable singular 
points that the equation (Ej) can have are therefore poles ; consequently the 
e(iuation (E^) must be a Riccati equation.* 

Let us consider, for example, the equation 

y'^ = {Py + Q)2 (y ~ a) (y-b), 

where P and Q are functions of x, and where a and b are two constants. This 
relation is of deficiency zero in y and y\ and in order to express y and y' as 
rational functions of a parameter, we need only set {y — b)/{y — a) = which 

y'{i _ t2)2 = (6 _ a) [P(W - (U>) + Q({ - «»)], 

and the equation (Ej) is the Riccati equation 

2£ = P(6-aO+ Q(l-0- 


68. Single-valued functions deduced from the equation 

Let us now consider the integrals of the differential equation 

( 20 ) = 

where m is a positive integer and wdiere PQ/) and Q(//) are two 
mutually prime polynomials in j/ with constant coefficients. We shall 
now propose to determine all the equations of this kind whose gen- 
eral integrals are single-valued and in general analytic. Let be 
any value of x, and an arbitrary value of y whi(di does not cause 
either of the polynomials P(y), Q(y) to vanish. The eqmition (25), 
after y has been replaced by y^, has m distinct roots in y'. Let us 
choose one of these roots, The equation (25) has an analytic 


* The converse is immediate. If (Ei) is a Riccati equation, the general integral u 
is a linear function of the arbitrary constant (7, and consequently v(x, u) is a 
rational function of C. 
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integral in the neighborhood of the point which takes on the value 
at this point and whose derivative is equal to f/'^ for x = x^. We 
can extend this integral analytically along the whole of any path 
starting from the point x^, so long as we do not encounter any singu- 
lar points. Let a be the first singular point encountered, let X be a 
point of the path L lying between and a, and let Y be the corre- 
sponding value of the integral at the point .V. The arguments of 
the preceding paragraph, which apply here without essential modi- 
fication, show that as | A — cjr| approaches zero, Y approaches a root 
of one of the equations 

^*(//)=0, C2(//)=0, 

or else \ Y\ be(;oiues infinite; but it (jan never happen that Y does 
not approach any limit. 

Let us examine the different possible cases. Suppose first that b 
is'a q-foid root of the denominator Q (y) = 0. From the equation (25) 
we have 

(26) dx = (// — b)”^ -f f\(i/ — />)+...] (c^ 0) 

If y describes a path from y^ to b in the plane of the //s, the vari- 
able X describes a path starting from j^^^and ending at a point which 
we shall call a in the finite portion of the a*-plane. Conversely, if x 
goes from to a along this path, y goes from y^ to b. Putting 
we derive from the equation (26) a development of 
X — a in i^owers of t beginning with a term of degree + q. 
Conversely, we have for t a development according to fractional 
powers ol X — a beginning with a term in (x — and there- 

fore a development of y — ^ of the form 

m 1 

Since q is positive, m + q\s greater than vi, and the point ./• = fit is 
an algebraic critical point for the integral considered. In order that 
the general integral of the equation (25) may be a single-valued func- 
tion, it is necessary that the polynomial Q(y) shall reduce to a 
constant, or that the equation shall be of the form 

f 

(27) (yr=p(//), 

where P (y) is a polynomial. Since the equation = (— (1 /z)y 

obtained by the transformation must also be of the same 

form, the degree of the polynomial P(y) cannot he greater than 2 m, 
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Finally, we may suppose that P(i/) is of degree 2 7n, In fact, if 
PQ/) is of degree 2m putting y=^a + ljzy where a is not a 
root of P(jj)i we are led to the equation 

= (~ ^ -j^ 

where the right-hand side is now a polynomial of degree 2 m, 

(Conversely, given an ecpiation of the form (27), where P{y) 
is a polynomial of degree 2 //#, if b is a root of that polynomial 
the substitution y=^h-{-\/z leads to an equation in of the 
same kind, where the right-hand side is a i)olynomial of degree 
less than 2 m. 

Ijet us suppose, then, that />(//) is a polynomial of degree 2my and 
let (X be the lirst singular point that we find on the path L starting 
from If | Y\ becomes infinite when A" ap])roa(‘hes a, the equation 
in z, obtained by putting y = 1/z, has an analytic, integral which is 
zero for A' = a. The ])oint a is tlierefore a ])()le for ;//. 

There remains the ease where K approaches a root b of P(y) as A 
ai)pr()aches a. This can ha])pen only in case tlie order of multi- 
plicity of that root is less than vf» For let us supj)ose that P(y) 
is divisible by (// — by, where (/ ^ m, Ph*om the equation (27) we 
obtain, according to the initial conditions. 



where regular in the neighborhood of the point b, and we 

see that |A| becomes infinite as 1" approaches b. It follows that 
q < m, and the given equation can again l)e written in the form 


(28) d.r = (// - b) + ^(y - H yi/, (^0 0) 


whence we may derive a development of x — « in powers of (// — by^”^ 
beginning with a term of degree in — q. Conversely, we may derive 
from (28) a development for y — b according to fractional powers of 
X — a beginning with a term in (x — The point a is there- 

fore, in general, an algebraic critical point. In order that it may Ixi 
an ordinary point, vt /(in — q) must be an integer i; that is, we must 
have q = m(l — 1/i), where i is an integer greater than unity. This 
condition is also sufficient, for if it is satisfied, we may derive from 
the equation (28) a development of the form 


x-a = kfy - i) ‘ + A-jCy - b) ‘ 
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and, conversely, we have for (y — a development according to 
integral powers of a; — 

In order that the integrals of the equation (27) shall have no 
critical points, where P(jj) is a polynomial of degree 2vi it is neces- 
sary and sufficient, by what precedes, that the order of multiplicity 
of each root o/7^(//)= 0 he equal to or greater than ???, or of the form 
— 1/Z), where I is an Integer greater than unity. If all these 
conditions are satisfied, the general integral of the equation (27) is 
a single-valued function whose singular points in the finite portion 
of the plane can only be j^oles. 

To complete the discussion, we shall distinguish several erases ; 

First vase. There is one linear facitor in P(y) whose exponent is 
greater than m (evidently there can l)e only one). If there are also 
p linear factors distinct from this one, the sum of the exponents of 
these factors is less than ni : 

Hence we have ^ — 1 < 1/q -| h 1/^^ and, since • • • , are 

each greater than unity, — 1 < 7>/2, or p <2. We have therefore 
jt) = 1, and, extracting the ?/ith root of the two sides, we may write 
the equation (27) in the form 

(I) y’ = A (// — rt)‘ . 

The case where 1 = 1 should not be excluded, for it corresponds to 
an hypothesis which we have not examined — that of a single linear 
factor in 7^(//). 

Second case. The equation P(y) = 0 has an m-fold root. If it has 
two, the equation (27) l)ecomes, after extracting the 7 /^th root of the 
two sides, 

(II) y' = A(y-a)(y- b). 

If the equation P(y) = 0 has only one root of multiplicity hi, it has 
]>(p ^ 2) roots whose order of multiplicity is less than m, and we 
have a relation of the form 
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Since p is greater than unity, we have necessarily yj = 2, = 2 ; 

the number vi is an even number, and the eciuation (27) reduces 
to the form 

(III) y'^ = A{y-a)\y-h){y-c), 

a, by c being three different numl)ers. 

Third rase. The equation PQ/) = 0 has only roots whose order of 
multiplicity is less than ?//. Let^^be the numlHU* of these roots; the 
sum of the orders of multiplicity being equal to 2?^/, we have a 
relation of the form 


L l\ /. i\ 




\ *i/ \ 's' 

p-2 = \ + -- 

VII 

+ 


lieiKie 2> = 4, and since > 2, we ean have only p == i or p = .'h If 
;; = 4, the sum 1/q + 1 Aa + 2; and 

since each of the denominators is ecjual to at least 2, we must have 

\ = ^2 — ^8 ~ ^4 “ 

If p = 3, it is a question of finding three integers, q, q, each 
greater than unity, such that the sum of their reciprocals is e(]ual 
to 1. If none of these numbers is ecpial to 2, each must be equal to 
3. If one of them, q, is equal to 2, the sum of the reciprocals of the 
other two must l)e equal to 1/2; if the two are ecpial, each of them 
is e(iual to 4. If they are unequal, the smaller must be less than 4 ; 
it is therefore equal to 3, and the greater is then equal to G. We 
have, then, in all only four possible combinations, and the equation 
(27) may be reduced to one of the following forms : 

(IV) - d (// - a) (y - b) (jj - c) (y - d)y 

(V) 

(VI) //'* = A (i/’- a)®(y - by(i/ - c)\ 

(VII) 

where «, by c, d are different numbers. If, in the equation (27), the 
polynomial P{y) is of degree 2 m, and if the general integral is a 
single-valued function, the equation (27) has one of the forms which 
we have just obtained. Conversely, every integral of any one of 
these equations is a single-valued function, since on any path 
described by the variable we cannot encounter any other singular 
points than poles. 
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It is convenient to add to the types which we have just enumer- 
ated, in order to have all the equations of the form (25) whose 
general integral is single-valued, the tyjHJs whi(;h are obtained by a 
transformation of the form y — a: = 1/s;, where a is a root of the 
polynomial P(y). The new types of equations thus obtained are 


(I)' 

!/' = - «)*”> 

(I)" 

y' = (y - «)*^^ 

(TI)' 

y'= A (j/- a), 

aii)' 

y'^ = ^ (y - (y - ^')> 

(HI)" 

y“ = ^ (y - *Hy - 

(IV)' 

y” = ^Ky - “) (y - *) (y - «)» 

(V)' 

y™ = ^ (y — «)*C'/ — *)'■’> 

(VI)' 

y'‘=.l(y-«)»(y-i)», 

(VI)" 

1 

eo 

1 

II 

(VII)' 

y'*^ J(y-a)'(y-/0S 

(VII)'' 

y<^=A{y-a)\y-h)\ 

(VII)'" 

« * 

1 

1 

11 


The equations (I), (I)^, (I)'', which are transformable one into the 
other, have a rational fuiuttion for their general inb^gral, as we see 
immediately from the equation (T)', for example. It is easy to show 
that the equations (II), (IT)^ (ITT), (TIT)" have a simply 

periodic function for their general integral. T^inally, the general 
integral of the equations (TV) and (TV)' is an elliptic function. 
There remain, then, as new types of differential equations of the 
form (25) whose general integral is single-valued, only the equations 
(V), (VI), (VII), and those which reduce to these forms. These 
equations separate into three groups, and it is sufficient to integrate 
one equation from each of the groups, for exaiiq)le, the equations 
(V)^ (VI)", (VII)"^ 

If, in the equation (VI)", we put y = a and extract the square 
root of the two sides, it becomes 

4 = A^z(z^ a — 

and the general integral in z is an elliptic function. Similarly, if in 
the equation (VII)'" we put y = a + and extract the cube root 
of the two sides, it becomes 

9 + a -6), 

which is an equation of the form (IV)'. 
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111 order to integrate the equation (V)', we observe that that rela- 
tion between \j and y* is of dehciency one. We can therefore express 
y and y' rationally in terms of the coordinates of a point of a cubic 
or in terms of a parameter t and the scjuare root of a polynomial of 
the third degree. In facb, if we put ij ^ we derive from the 
equation (V)' j ^ 


and the relation dy = yV/oj leads to the new equation 


dt 


3^==V(«-&/ + 4vli» 

The general integral of this equation, t = f{x, + C'), is an elliptic 
function. lienee the general integral of the equatioq (V)' is of the 
form , 7 Q 

y = — ^ + 2/('® + O- 


It follows that the general integral of every eciuation of the form 
(25), if it is a single-valued function, is a rational function of x or 
of the exponential function or is an elliptic^ function. 

Ex(;ept in the cases wliiMi have just been enumerat'd, the general 
integral of the equation (25) is never a single-valued function. For 
example, the inverse function of a hy))erelliptic integral of the first 
kind cannot be a single-valued fuiuition. In fact, let /'(//) be a poly- 
nomial prime to its derivative and of d(*gree greati*r than 4. The 
differential equation //'*^ = P(y) cun not have a single-valued integral. 
Let (j’q, be the initial values of the two variables x and y. As 
\y \ becomes infinite, x approaches a finite value cr; and, conversely, 
when X goes from to a, \y\ becomes infinite. The point x = cr is 
an algebraic critical point, as we have just seen, for the integral of 
the equation z'^ = rAP{\/x) which approaches zero when x approaches 
tty since the degree of P{y) is greater than 4.''*^ 


* In one of their papers Briot and Bouquet set for theniselvoH the problem of de- 
termining all the equations F (y, if') -Of where F is a polynomial, whose general inte- 
gral is a single-valued function {Journal <Jc VEcnla Poliftochnique, Vol. XXI). From 
the conditions found by them Hennito proved that the relation between y and y' is 
of deficiency zero or one {Cours UthographU de V EooIp. Polytcclinique, 1873) ; hence 
we can apply the method of § 11 in integrating them. If the relation is of deficiency 
zero, we can express y and ?/' as rational functions of a parameter t. In order that 
the integral of the given equation be a single-valued function, the variable *, which 
is obtained by a quadrature, must be a linear function of f, x={at + 6)/(cf + d), or 
else the logarithm of such a function, r — A Log [(at + h)/(ct + d)]. If the relation is 
of deficiency one, we (fan express y and jf^ as elliptic functions of a parameter w, and 
dx/du - (1/y') dy/du roust reduce U) a constant. The problem of Briot and Bouquet 



194 


NON-LINEAR DIFFERENTIAL EQUATIONS [IV, § 69 


69. Existence of elliptic functions deduced from Euler’s equation. The reasoning 
of the preceding paragraph proves, in particular, that the general integral of 
the equation y'^ = R (y), where R (y) is a polynomial of the third or of the fourth 
degree, prime to its derivative, is a single-valued function analytic except for 
poles in the whole plane. On the other hand, the inverse function, which is an 
elliptic integral of the first kind, has two periods whose ratio is imaginary (see 
II, Fart I, § 66). This single-valued function is therefore doubly periodic, and 
wo thus demonstrate the existence of elliptic functions by means of the integral 
calculus alone. 

The preceding proof of the single-valued property of the inverse function of 
the elliptic integral of the first kind is distinct from the one which has been 
given in § 78 of Vol. II, Part I, in which we make use of the properties of the 
function p(u). We shall also show in brief how we can take as our point of 
departure the theory of the integration of Euler’s eciuation, which will give an 
idea of the method pursued by the originators of the theory. 

Let us first consider the differential equation 


(29) 


dx ^ dy 

Vl — x-* Vl — y^ 


= 0 , 


whose general integral is * Vl - j/"'* + y Vl - = 6' (§ 14). It is also clear that 

the general integral is given by the equation 


arc sin X + arc sin y = C\ 

and therefore that we have between the two a relation of the form 


arc sin X -f arc sin 2 / = F(xV1— 2 /*^ + y Vl — z^). 

In order to determine the function F, let us suppose y = 0 j there results the 
definite relation 

(30) arc sin x + arc sin y = arc sin (xVl — y-^+yVl — x*). 

This relation is e(iuivalent to the addition formula. For let us take two angles 
u and V determined by the conditions 

X = sin Vl — x^ = cos u, y = sin v, Vl — y^ — cos v, 

where the radicals have the same values as in the preceding eejuations. The 
relation (30) gives 

xVl — y^ + y vT— x^ = sin (u + r), 
or 

sin (u + v) = sin u cos v + sin » cos it. 

However, to see in this work only an ingenious proof of the addition formula 
for the sine function would be to overlook entirely its broad significance. 
Indeed, we shall show that it leads to a very simple proof of the existence of a 
single-valued integral function which satisfies the differential eq^uation 

(31) ^ = 1-2/2, 


has been generalized by Fuchs, who formulated the necessary and sufficient condi- 
tions that the general integral of an equation of the first order F(x, y, ?/0 = 0» alge- 
braic in y and ?/^ may have only fixed critical points. Poincard has since shown that 
when these conditions are satisfied, we are led to quadratures or to Riccati equations 
{Acta mathematica, Vol. VII). 
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and which reduces to zero for » = 0, while y' is equal to + 1 for x = 0. Cauchy’s 
general theorem shows, indeed, that there exists an analytic function 0(x) satis- 
fying these conditions and analytic in the neighborhood of the origin, but it does 
not give the radius of convergence of the power series which represents 0(x). 
Let U be this radius of conv?rgence. The circle C of radius R about the origin 
as center is the greatest circle described about the origin as center within which 
the function 0 (x) is analytic. The derivative 0'(x) is analytic in the same circle, 
and we have 0'2(x) = 1 - 0‘'^(x). Let us now return to the equation (29), and let 
us make the change of variables x = 0 (m), y = 0(r), where u and v are the two 
new variables and 0 the function which has just been defined. If we choose 
the determination of the radicals in a suitable way, we have also 

V 1 — X^ = 0'(U), Vl — 2/2 = 0'(u)^ 

and the equation (29) becomes du + dv = 0. The general integral of this equa- 
tion can therefore be written in two different ways : 

u + D = C, xV 1 - 2/2 + y Vl - x2 = C' 
or 

0(u) 0'(v) + 0'(u)0(r)= C'. 

Hence it follows, as before, that we have a relation between u + v and 
0(u) 0'(v) + 0'(u) 0(v). Putting V = 0, the relation is determined, and we have 

(32) 0 (m + v) = 0 (u) + 0'(u) 0 (r). 

This relation holds, provided |u|<7e, |i?l< R, [a + u| < 11, which will surely 
be true if we have \u\<R/2, \v\<R/2, Let us put u = u and |ul<7^/2 ; then 
the equation (32) becomes 

(33) 0 (2 u) = 2 0 (u) 0^(tt) • 

Let 0 i(m) be the function 2 0 (u/2 ) 0'(m/ 2). This function 0i(u) is analytic in 
the circle of radius 2 R about the origin as center, and, by (33), it is identical 
with the analytic function 0 {u) in the circle C of radius R. These two func- 
tions, 0 (m), 01 (u), form therefore only a single analytic function, which is ana- 
lytic outside of the circle C. It is therefore impossible that the radius R of this 
circle of convergence has a finite value ; consequently the function 0(u) is an 
integral function of u. 

Let us now consider the differential equation 

(84) = 

adopting for the right-hand side Legendre’s normal form, and let us study the 
integral X (x) of this eejuation which is zero for x = 0 and' whoso derivative is 
equal to -f 1 for x = 0. This function X(x) is analytic in the neighborhood of 
the origin. Let C bo the greatest circle about the origin as center in the inte- 
rior of which the function X (x) is analytic except for poles, and let R be its 
radius. If the nearest singular point* of X(x) to the origin were not a pole, wo 
should take for C the circle through this singular point, and the function X (x) 
would then be analytic in this circle. 

Let us now consider Euler’s equation 


, = 0 . 

/(i - *?) (1 - Vu-*2) (1 - 
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Multiplying the numerator and the denominator of the right-hand side of the 
equation (06) (p. 29) by the conjugate of the denominator, and suppressing 
the common factor xj — we have for its general integral 


/Q«\ ^i) (1 ~ fc'xj) + Xj '^(1 — Xg) fl — fc^Xg) 


On the other hand, choosing the sign of the radicals suitably, the change 
of variables Xj = X(it), Xg = \(u) reduces the equation (36) to the equation 
die + (Z© = 0, whose general integral m u + v = C\ If we make the same sub- 
stitution in the formula (36), we have a relation of the form 


\{u) \'{v)-\- \(v )\'(u) 
\ — (u) (©) 


= F{a + ©). 


We can determine the form of the function F, as before, by supposing © = 0, 
which gives F(u) = \(u); and we have the definite relation. 


(37) 

I’utting © = w, we find 

(38) 


\(u + + 

' ' I-Jt2X2(u)X»(») 

X{2«) = ?M“)^W. 

' ' l-Jl:'^X''(u) 


a formula which holds true whenever |tt|< R/2. 
Let us consider the function 


2X 


♦(u) = . 


X'llf 


l-it*X« 


This function is analytic except for poles in the circle of radius 2 R abouc the 
origin as center, since it is the quotient of two such functions. Moreover, it 
coincides with X(m) in the interior of the circle C, by the relation (38). Hence 
the two functions X(u) and <l>(u) form a single analytic function, and X(u) is 
analytic except for x)olea in a larger circle than C. It is therefore impossible to 
suppose that the radius R of this circle has a finite value, and consequently the 
function X(u) is analytic excejit for poles in the entire plane. 

The equation (37) constitutes the formula for the addition of the arguments 
of the function X(u). When k apjjroaches zero, we find again at the limit the 
addition formula for sin u. The function sin u can, in fact, he considered as a 
degenerate case of X(m), obtained by letting k approach zero. 


70. Equations of higher order. The study of the properties of the functions 
defined by differential ecjuations of higher order presents much more serious 
difficulties than those which arise in studying equations of the first order. These 
difficulties result in a great measure from the possible presence of movable 
essential singularities. These singularities may be at the same time essentially 
singular points and transcendental critical points, as in the following example, 
due to Painlevd. The function 


(39) 


y = p [Log(A* + B) ; 9a, 9,], 
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where A and B are two arbitrary constants, is the general integral of the equa- 
tion of the second order, 


2 




In the neighborhood of every value of x different from — B/A this function 
(39) is analytic or analytic except for poles. 

When X turns around the point — B/A, the function has an inlinite number 
of different values, unless 2 tti is an aliquot part of one of the periods of the 
function p(u; g^, g^). On the other hand, when the variable x describes any 
sort of curve such that \Ax R] approaches zero, the i^oint which represents 
the (piantity u = Log (Ax + B) describes a curve with an inlinite branch. This 
curve therefore crosses an infinite number of parallelograms of periods of 
the function p(u), and consctiuently y docs not approai'h any finite or infinite 
limit. Thus, although the general integral of the eijuation (40) presents neither 
fixed critical points nor rnovdble algebraic critical points, we cannot conclude 
from this that it is single-valued. This is on account of the presence of the 
movable transcendental critical point, x = — B/A, 

Beginning with eciuations of the third order, the nu)\al)h‘ transcendental 
singular points may form lines. It is easy to see how an ai alytic function hav- 
ing natural boundaries may not have any critical points in its whole domain of 
existence without being on that account single-valued. Consider, for example, 
a function /(x) analytic in the ring included between tlu^ two circles C and O' 
described about the center a and having C and C" rs natural boundaries 
(II, Tart I, § 87). The function F{x) =/(x) + Log (x — a) has th.e same circles 
C and C' as natiiral boundaries, and it is analytic at every point between C 
and C', Nevertheless it has an infinite number of determinations for every 
value of X in this domain. 

For a long time these difficulties arrested the progress of this theoiy, but 
Painl^vo, in recent investigations, has obtained algebraic differential etpiations 
of the second order which are integrable by means of essentially new single- 
valued transcendentals. We .shall cite oidy one of the equations given by 


Painlev(S, 


y" = fxy^ + /3x, 


where a and p are constants (<r/3 7 ^ 0). The general integral of this equation is 
a transcendental function analytic except for poles.* (Bulletin de la SocUU 
Mathematique, Vol. XXVIII.) 


♦ Starting with linear equations, it is easy to form systems of <lifTerential equa- 
tions which generalize Riccati’s equation, and whose integrals have no other movable 
singular points than poles. Consider, for example, a system of thiee linear equations 
of the first order, 

(a) y'+oy+6z+c?/ = 0, 2 ^ + Ujy + 6iZ + CiW = 0, ?('+ a 2 ?/ + ^2?+ 

If we put y«^uY, z^uZ, Y and Z are integrals of the system of equations 

... r r+ar+&z+c- r(rt2F+^^+c2)-o, 

\Z' + UiY + b^Z Z (ctg 1 + Z + c.^) 0, 

and it is clear that the only movable singular points of the integrals are poles. But 
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III. SINGULAR INTEGRALS 

71. Singular integrals of an equation of the first order, have 
already remarked on several occasions (§§ 10, 14) that a differential 
equation of the first order may have certain integrals which it would 
be impossible to obtain by assigning a particular value to the arbi- 
trary constant which appears in the general integral. This result 
appears to contradict the theorem of § 26, from which we deduced a 
precise definition of the general integral. This leads us to consider 
again Cauchy’s fundamental theorem and to determine by a closer 
examination whether or not the hypotheses of that theorem are 
necessarily fulfilled for all integrals. Let us consider, for definite- 
ness, an equation of the first order, 

(41) F{x, y, y') = 0, 

where F is an irreducible polynomial in jr, y, y’ of the vith. degree 
in y\ To every system of values y^) the equation 

(41’) F{x.„y^y') = 0 

determines in general m corresponding distinct and finite values 
y[i Ihi’) * • 2/m y'* sui)pose first that this is actually true 

at a given point (ir^, y^). Then, as x and y — y^ approach zero, 
the m roots of the ecjuation (41) approach respecjtively y(, yj, • • •, y^. 
and each of them is an analytic function in the neighborhood of the 
point (x^y y^). The root which approaches y', for example, is rei)re- 
sented by a power-series development of the form 

(42) y' = y' + (c,(x - *„) + ^,(y -y^)+.... 

We can apply Cauchy’s theorem to the equation (42), and we con- 
clude from it that that equation has one and only one integral which 
approaches y^ as |.r — approaches zero. This integral is analytic, 
and the development of y — y^ begins with the term y'.(./; — x^). To 
each root of the equation (41’) corresponds thus an integral of the 
given equation. 

it is to be noticed that this is not the most general system of differential equations 
of the form 

(7) • r- 7? {X, r, Z), Z'- {X, r, z), 

where R and Jii are rational functions of Y and Z, which possess this property. 
In fact, let Y—4>{Yif Zi), Z^\p{Yi, Zi) be relations defining a Cremona trans^ 
formation^ such that we can derive from them the inverse relations I'l = 0i ( T, Z), 
(F, Z), where 0, 0 , 0i, are rational functions. If we apply this trans- 
formation to the system (/ 3 ), we are led to a system having the same property, which 
is surely of the form (7) but not in general of the form (/S). 
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The equation (41) has therefore m and only in integrals whioli 
take on the value for x = and these m integrals are analytic 
ill the neighborhood of the point In geometric language we may 
say that through the point whose coordinates are there 

pass vi integral curves with in distinct tangents, and that the point 
is an ordinary point on each of them. Besides, all tlie integrals 
of the equation (42) which for x=^ take on values differing only 
slightly from satisfy a relation of the form 4>(a’, y\ x^y y^-{- r) = 0 
(§ 26), and the integral considered corresponds to the value C = 0 
of the arbitrary constant. 

If for x = x^y y ^y^ a root of the equation (41') is iniinitc, it 
will suffice to regard y as the independent variable and x as the 
dependent variable. The equation (41) is replaced by an ecpiation 
of the same form, which for x=^x^y y =. y^ has a 

zero root x^ = 0. If this is a simple root, we derive from it a develo]>- 
incnt for x — x^ in powers of // — y^ beginning with a term of at least 
the se(;ond degree. Conversely, the point x^ is an algebraic eritic^al 
point for the integral which approaches y^ when |aj — approaches 
zero (II, Pai't I, § 100). Through the point (x^, there passes an 
integral curve whose tangent at that point is the straight line x = x^. 

The coordinates (aj^, y^ of a x>oint for which the equation (41) 
has a multi^de root satisfy the relation 

(43) n(xyy)^0, 

whieli is obtained by eliminating ?/' from the two relations F = 0, 
dF/dy' = 0. The equation (43) represents a certain curve (y), and 
for all the points of this curve tlie equation (41) has one or several 
inultijde roots. Let (.r^, y^) be the coin-dinates of an ordinary x)oint 
taken on this algebraic curve. We shall su^q^ose, in order to 
treat the simplest possible case, that the equation 

Vo> y") = <> 

has a double root ?/o but no other multii>le root finite in value. If 
this double root were infinite, it would suffice to interchange x and 
y in order to i)ass to the case where it is zero. When \x — Xq\ and 
I y — I are very small, the eciuation (41) has two roots which differ very 
little from i/q. These roots are not, in general, analytic functions of 
the variables x and y in the neighborhood of the x^oint (x^y y^)y but 
their sum and their product are analytic functions,* so that these two 


* The proofs of these properties are analogous to the proofs of the corresiKjuding 
theorems on implicit functions of a single variable (II, Part I, § 98). 
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roots of the equation (41), which approach yj as | j: — and |y — yol 

approach zero, are also roots of an equation of the second degree, 

(44) y “ — 2 J' (or, y) y ' 4- Q (j-, y) = 0, 

where P(xy y) and (l{x, y) are aiialytici functions in the neighbor- 
hood of (cCq, y^. From the equation (44) we hnd 

(46) y' = V (r, y) ± {x, y) - Q (x, y), 

and these two roots are equal for all the points of the curve (y^) 
whose ecpiation is 1^'^ —(2 = 0. This (iurve (y^) is necessarily part of 
the curve (y), and since it passes through the point (.r^, it (;oin- 
cides with (y) in tlie neighborhood of (ir^, tQ, In order to study 
the corresponding integral ciurve, wo shall suppose* that the origin 
has been transformed to the point which amounts to putting 

= y^ = 0. Since the origin is a simjde point of the (;urve (y), if we 
have chosen the axes of coordinates in siKih a way that the tangent 
at the origin is not the axis Oy itself, the eepiation 7^^ —(2 = 0 has an 
analytic root y = Uxi/) which ai)proa(dies zero as jc a])proaches zero. 

In general, the slope of the tangent to the curve (y) at the origin 
is different from the double root //' =P(0, 0) of the equation (45) 
for a! = y = 0. Let us first assume this point, which is almost self- 
evident, and return to it later. Then, if we put y == //^ in the 
equation (45), it becomes 

y'l + «' = P(x, y, + «) ± Vr;<t(x, z), 

where 4 >(jj, z) is a power series in x and z. It is clear that z must 
be a factor under the radical after the sui)stitution y = //^ -p Zj since 
?/j is a root of the equation — (2 = 0. If we arrange 4> (.r, z) in 
powers of z, we have a development of the form 

"AoC*) + «'/',(*) + «V2(-^) H > 

where i/r^, are regular functions of x in the neighborhood of 

the origin. The function ^^(a’) cannot be zero for cr = 0, for other- 
wise the development of z^(xy z) would contain no terms of the first 
degree in x, z ; whence the development of P'^ — Q would contain no 
terms of the first degree in x, y, contrary to hypothesis. Similarly, 
if we replace y^ by its development in the difference P{x, y^ + ^) ^ yl, 
we haVe, after arranging in powers of z^ 

Vx + - Vx = H , 

where the first function <^„(a') does not vanish for x = 0, since by 
supposition the derivative y\ is different from P(0, 0) at the origin. 
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The equation (46) therefore reduces to an equation of the form 
(46) «' = </.,(^) + 4-.#>,(a-) + . • ± V5 V./r„(j-) + , 

where neither of the functions <I>q(x') and \I/q(x) vanishes for o’ = 0. 

In this last equation let us x)ut « = Selecting a determination 
of the radi(‘al on the right, we find 

('^7) 2 « +•••+« H • 


The right-hand side is analytic in the neighborhood of the point 
X = 0, u = 0, siiKie \I/q{0) is not zero. Moreover, this right-hand side 
is not zero for x = 0, u = 0, since <Ao(0) is not zero. The derivative 
dujilx is infinite for a; = /f = 0. Hence the ecpiation (47) has one 
and only one integral whi(4i approaches zero as x approaches zero 
(§ 63), and for which the origin is an algebraic critical point. 

It follows that the given ecpiation (44) has an intc^gral // = //^ + 
which approaches z(n‘o as x apx)roac4ies zero. The adoption of the 
ox)posite determination of the radical in th(». cfpiatiou (47) would 
amount to changing u to — ii in that ecpiation, and we should obtain 
the same function The origin is an algebraic} critical ))oint 

for this integral. Let 1x3 the term independent of x and of \i in 
the develoj)ment of the riglit-hand side of the equation (17), and let 
be the coefiiciient of n in the same devcdoimient. ])evelo])ing x in 
powers of /q we find 


X 




Conversely, we derive from this a series for n in jiGwers of a*^'**, 
n = -yta^ x^ + a- -f • • • , 


and the development of -f- \i^ contains a term in Tlie origin 
is therefore a cusp for the integral curve which passes through this 
X)oint, and we can say now that the curre (y), rejtresented hy the equa- 
tion (43), is, in general, the locus of the cusps of the integral curves. 

Through a point of the curve (y) there X)asses, in general, an inte- 
gral curve that has a cusp of the first kind at this ])oint, and the 
tangent at the cusp has for its sloj)e the double root //„. If the ecpiar 
tion (41) is of higher degree than 2, there X)ass through the same 
point other integral curves, corresi)onding to the sinq)le roots of the 
eciuation F(x^, y^, f) = 0, for which this point is an ordinary point. 

The discussion is entirely different when for every ])oint (.r^, y^ 
of the (}urve (y) the corresponding double root //' of the ecjuation (41) 
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is equal to the slope of the tangent to the curve (y) at this point 
In this ease we see first of all that the curve (y) is an integral curve 
of the equation (41). Moreover, it is an integral which is entirely 
unaccounted for in Camdiy’s fundamental theorem, whatever may 
he the point chosen on the curve to fix the initial values of x and y. 
For if we take the point yj, the equation 

Vy y') = 0 

has two roots which approach y' as \x — x^\ and \y — ?/J approacih 
zero ; but these two roots are not in general regular fuiuitions of the 
variables x and y in the neighborhood of the values x^, y^^ and we 
cannot apply Cauchy’s theorem. The integral thus obtained is said 
to be a sinyular integral. The investigation of singular integrals 
does not offer any theoretical difficulties, siiuje jt is evidently suffi- 
cient to determine whether the curve requ-esented by the equation 
(43) satisfies the differential equation (41), and this necessitates only 
an elimination. It may happen that the equation (43) represents two 
distinct curves, one of which is a singular integral curve and the 
other the locus of the cusps of the integral curves. 

If the curve (y) is a singular integral, through eacL point of that 
curve there passes in general another integral curve tangent to (y). 
Let us take for origin any point of (y). We know in advance an 
integral y^ of the equation (45), namely, the singular integral for 
which we liave simultaneously 

(48) y[ = ?/,), = Q {r, y,). 

Putting y = as above, the equation takes the form (46), but 

in this case the function <#> 0 ( 0 -) is zero, since z = 0 must be an inte- 
gral of this new equation. Retaining the other hypotheses, the func- 
tion is not zero for x = 0, and if we next put z = in the 

eciiiation (46), we are led to an equation all of whose terms are 
divisible by u. Dividing by Vy there remains a differential equation 

(49) 2 u' = u H ] ± Vfj(a') + wViW H > 

to whu:li we can apply Cauchy’s general theorem. Since the func- 
tion is not zero for x = 0, the two determinations of the radi- 

cal are analytic for x = 0yti = 0. The equation (49) has therefore 
two analytic integrals in the neighborhood of the origin which van- 
ish for x = 0, and it is easily seen that these two integrals are 
(ledu(ubh»> one from the other by changing ti to — u It follows that 
the ecpiation in y has another integral curve 

y = y, + M*, 
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which is tangent to the curve (y) at the origin. Rut there is an 
essential difference between these two integrals. In fact, we, can 
apply the general theorems of § 26 to the ecpiatiou (49), and the 
integral of this equation which is zero for a; = 0 belongs to a family 
of integrals which depend upon one arbitrary constant. The same 
thing is therefore true of the integral curve which is tangent to the 
singular integral curve at the origin, whereas the singular integral 
itself is in general an isolated solution. This fact is easily exi)lained, 
since we (‘,annot apply to this integral the reasoning which jjroves 
the existence of a general integral (§ 21) from which we could 
obtain the former by giving a particular value to the constant 
which appears in the latter. 

The singular integral is therefore in general the envelope of the 
other integral curves. Lagrange had already noticed that the enve- 
lope of the curves represented by the general integral of a differen- 
tial equation of the first order is also an integral of the siime equation, 
which is almost self-evident, since at any point of the enveloping 
curve the slope of the tangent is the same for the envelope and for 
the particular curve enveloped at that point. We can also find in 
this way the rule which enables us to deduce the singular integral 
from the differential equation itself. In fact, let us first take a j)oint 
M very near the envelope. Through this point M there pjiss two 
integral curves very close to each other. Moreover, the slopes of 
the tangents to these two curves differ from each other very little. 
When the point M approaches the envelope, these tangents approach 
coincidence, and the e<]uation (41) has a double root in if (see I, 
§ 208, 2d ed. ; § 202, 1st ed.). 

Summing up, we see that for an equation of the first order two 
entirely distiiujt cases may present themselves, according as the 
curve (y) is a singular integral curve or the locals of the cusps of the 
integral curves. It is natural to ask which of th(‘,se two cases ought 
to hi considered as the normal case. A little attention will show that 
it is the second. In fact, the curve (y) is also the envelope of the 
curves represented by the ecpiation F(r, y, a) = 0, where a is the 
variable parameter. If the differential equation (41) had a singular 
integral, whatever the polynomial F might be, we should be led to 
assert a consequence which is manifestly absurd — that is, that at 
every point of the envelope of a family of algebraic curves the slope 
of the. tangent is equal to the value of the parameter for the corre- 
sponding curve of the family tangent to the envelope at that point. 
If this condition is satisfied by a family of curves, it suffices to 
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change the parameter (putting, for example, a = a' -f- c) in order 
that this condition shall cease to hold. We see, therefore, that if 
we start from an equation of the first order in which the coeffi- 
cients of F are taken at random, rather than from an equation fur- 
nished by the elimination of an arbitrary constant, the cases where 
there exists a singular integral must be considered as excejjtlonal. 
If this result formerly appeared paradoxical to some mathemati- 
cians, that was no doubt because, up to the time of Cauchy ^s work, 
the equations studied had been principally those whose general inte- 
gral is represented by algebraic curves. As a family of algebraic 
curves lias in general an envelope, it appeared quite natural to 
extend the conclusion to the integral curves of any differential 
equation of the first order. We have just seen that this indmition 
was not justified.* Moreover, even in the case where a family of 
plane curves depending' upon a variable parameter has an envelope, 
the method which enables us to find that envelope gives also, as 
we have seen (I, §§ 207, 208, 2d ed. ; §§ 201, 202, 1st ed.), the locus 
of singular points. 

72. General comments. EQtamj}h 1. Let us take the equation 

(50) 2V~y = 0. 

The two values of y' are equal for all the points of the parabola 
y -p = 0, and the double root is equal to — .r, while the slope of 
the tangent to the parabola is — 20*. This curve is therefore not a 
singular integral curve. We shall show that it is the locus of the 
cusps of the integral curves. The ecpiation (50) is a Lagrange 
ecpiation. Applying to it the general method of § 9, we find that the 
co()rdinates x and y of a point of an integral curve are expressed in 
terms of a parameter p by means of the eejuations 



* In the theory of envelopes we suppose tacitly that in the neighborhood of a 
system of solutions (a*o, j/o. «o) the two ecpiations / (*, ?/, rt) = 0, 0//0a = O the 
functions / and tf/da^ together with their partial derivatives, are continuous, so that 
wo can ayply to the functions x and y of a defined by these two equations the reason- 
ing which we apply to implicit functions. Now, given a differential equation of the 
first order, we know certainly that it has an infinite number of integrals depend- 
ing upon an arbitrary constant and represented in a certain region by an equation 
4>{x, ?/, C) = 0, but there is nothing to prove a priori that this function 0 (*, y, C) 
satisfies the conditions which we have just mentioned. We may even assert that it is 
not true in general. 
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It follows that these integrals are rei)resented by nnicursal curves of 
the fourth degree. For the values of the parameter which are roots 
of the equation 7 / -f* L’ = 0 we have dx/djj = dijjdp = 0. Each of 
these curves has therefore three cusps, and the locus of these points 
can be found by eliminating p and C from the equations (51) and 
the relation = — 3 T, whicdi gives the parabola 4 - = 0. 

Example, 2. Let us again consider Euler^s equation = Y, The 
two values of y' are equal for all the points of any one of the eight 
straight lines represented by the equation A' F = 0. These eight 
lines represent the singular solutions, and form the envelope of the 
curves represented by the general integral. 

Example 3. We can use the following method to determine whether 
singular solutions exist. From what we have seen, such an integral, 
if it exists, satisfies the equations 


y')=o. 


%\j' 


= 0, 


and consequently also the equation dFjdx + = 0 obtained by 

differentiating the first, (conversely, su])pose that for all the points 
of a curve (y) the three equations 

(/52) F{x,y,m)=0, = 0, 


have a common solution in m. Along the curve (y), a*, //, and m are 
three functions of a single variable satisfying the three relations 
(52). We have therefore the relation between their differentials, 


•^dx’Y-^ dij + dm = 0 , 
OX Oij cm 


which, by (52), takes the form 



If dFjdy is not zero at all the i)oints of the curve (y), we have 
therefore y' = m, and this (mrve is a singular integral curve.* If 
dF/dy = 0, we must also have dF/dx — 0, and a direct verification is 
necessary to determine whether the curve (y) is an integral curve. 

This remark applies in particular to ClairauUs equation 

>'(*) y> y') =/(y'. y - *y') = o- 


» See an article liy Darboux in the Bulletin dee Sciencee mathimutiquee, 
Vol. IV, 1873, pp. Irj8-17(i 
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Putting, for the sake of brevity, u — y-- Qcy\ the three equations 
which are to be compatible are here 

/('/',y-*y)=o, ^,-*^ = 0, g(_y) + y'g = o, 

and they reduce to only two equations. A singular integral is there- 
fore obtained by eliminating i/ from these two relations. 


Example 4. Consider the equation 


— 2x{x + yy') + — (x + yyj^ + A" = 0, 

whose general integral is represented by the circles which have double contact 


with the conic 


(1 — m^) + + A = 0, 


and which have their centers on the x>axis. This conic represents a singular 
solution. Moreover, the two values of y' become infinite for every point of the 
axis of X. This straight line is not, however, a locus of the cusps. Through any 
point of it there pass two integral curves tangent to each other, the common 
tangent being parallel to the axis of y. 

Example 6. In order that a curve C represent a singular integral, it is not 
enough to require that at all the points of that curve the equation (41) shall 
have a double root. It is also necessary that that double root shall be precisely 
the slope of the tangent to C. Let us consider, for example, the cissoids repre- 
sented by the equation {y—2 a)'^ (x — a) — = 0. The straight line x = 0 is the 

locus of the cusps of these curves, and it represents also a particular integral 
obtained by supi)osing a = 0. At every point of this integral curve the corre- 
sponding differential equation has the double root y' = 0 and an infinite root. 
It is therefore not a singular integral curve. 

Example 6. Let *S be a surface having convex regions and also regions 
where its curvature is negative. These regions are separated by a curve T, the 
locus of the parabolic points, at every point of which the differential equation 
of the asymptotic lines (I, § 243, 2d ed. ; § 242, 1st ed.). 


Ddu^ + 2 lYdu dv -I- = 0, 


has a double root in dv/du. This double root furnishes the direction of the 
single asymptotic tangent. If the tangent to r does not coincide with this 
asymptotic tangent (which is the general case), the curve V is the locus of the 
cusps of the asymptotic lines ; but if the asymptotic tangent at each point M 
of r coincides with the tangent to r, the curve is the envelope of the asymptotic 
lines. This curve T, therefore, is at the same time an asymptotic line and a line 
of curvature, since the tangent is ahso an axis of the indicatrix. The normals 
to the surface S along T form, therefore, a developable surface, and since the 
normal to S is the binormal to the curve r, it follows that r is a plane curve 
(I, § 235, 2d ed. ; § 231, 1st ed.) and the given surface 6' is tangent to the plane P 
of the curve V along the entire length of that curve. 

Let us consider, for example, a surface of revolution. In order that one of 
the principal radii of curvature at a point M of this surface be infinite, the 
radius of curvature of the meridian must be infinite or the tangent to this 
meridian must be perpendicular to the axis. In the first case the curve T is a 
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parallel each point of which is a point of inflection for the meridian, the asymp- 
totic tangent is perpendicular to the tangent to r, and this parallel is a locus 
of the cusps of the asymptotic lines. On the other hand, in the second case the 
curve r is a parallel in all of whose points the surface is tangent to the plane 
of this parallel, as in an anchor ring. It is also the envelope of the asymptotic 
lines. All these results are easy to verify directly from the differential e(iuation 
of the asymptotic lines in polar coordinates. 

73. Geometric interpretation. The preceding discussion may he presented in a 
somewhat different form, which we shall rapidly indicate. We shall continue 
to employ geometric language, although the reasoning can he extended without 
difficulty to the domain of complex variables. 

We have already pointed out (§8) that the integration of a differential 
equation of the first order F{x, y, y') = 0 is equivalent to the determination of 
the curves V which lie on the surface S whose equation is 

(53) F{x,y,z)~0 

and for which dy — zdx = 0. The projection c on the /y-plane of a curve V of the 
surface aS satisfying the preceding conditions is an integral curve of the given 
differential equation, and conversely. We shall suppose in the discussion that 
this surface *S has no other singularities than the double curves along which two 
sheets of the surface cross with distinct tangent planes. Instead of studying 
the curves c in the jj^-plane, we shall study the curves V on the surface S. 

Let us consider first a point ?/(,, z^) of the surface S not on a double 

curve nor where the tangent plane is parallel to the z-axis. Tin* tangent to the 
curve r which passes through lies in the tangent plane at this point, 

Q- “• 

and also, since we must have dy — zdx =0, in the plane 

(55) Y^y^^z,(X^x,)=^0. 

These two planes are distinct, since {dF/dz)Q\n not zero ; hence they intersect in 
a straight line not parallel to Oz. Through the point Mq there passes, therefore, 
one and only one curve F whose tangent is not parallel to the z-axis. The 
projection c of this curve on the iry-plane passes through the point m^,, the 
projection of 3/^, and is an ordinary point for c. If the point belongs 
to a double curve of iS’, the preceding reasoning applies to each of the two sheets, 
provided that none of the tangent planes at are parallel to Oz. Through the 
point there pass, therefore, two curves F corresponding to the two sheets 
of the surface *S. It remains to find out what happens if the point lies on 
the curve T> of <8, the locus of the points for which we have simultaneously 
F = 0, dF/dz = 0. We shall suppose that this curve I) is not a double curve. 
It is, then, the locus of the jioints of *S where the tangent plane is parallel to Oz, 
and one at least of the partial derivatives dF/dx^ dF/dy is different from zero 
at the point ^ff^. Hence the two planes (54) and (66) are parallel to the z-axis, 
and their intersection is parallel to Oz unless these two planes coincide, that 
is, unless we have 
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Lot us first discard the case in which this happens. The tangent to the 
curve r which passes through Mq is parallel to Oz, but this curve itself does 
not present any singularity at the point M^, To assure ourselves of this, wo 
shall replace the system of the two equations 

('57) F(x, 2/, 2) = 0, dyzzizdz 

by the system of the two simultaneous equations 

( 58 ) 

dF dF dF dF 

Z + 2 

dz dz dx dy 

with the initial conditions x = y = y^^^ z = 2 ^. Tlio two systems are equiva- 
lent. In fact, from the eipiations (58) we derive the integrable combination 
dF = 0. Hence we have F{x, y, z) = F(Xq^ y^, z^) = 0. Now, since 



does not vanish by hypothesis, we derive from the eciuations (58) the develop- 
ments of x — Xq and oi y — y^ in powers of z — z^^ beginning with terms of at 
least the second degree, 

x-x^ = a^{z-z„)^..., y-v^ = (z - Zo)“ • • • • 

The point Mq is therefore an ordinary point for the curve r which passes 
through this point, but the projection of 37^, on the plane xOy is a cusp (in 
general of the first kind) for the curve c, the projection of r. This results, more- 
over, from a general property, which is easily verified, that the projection of a 
space curve on a plane, in a direction parallel to the tangent at a i)oint M of 
the curve, has a cusp at the point m, the projection of M (1, Exercise 18, p. 582, 
2d ed.). If d denotes the projection of the curve J> on the xy-plane, it follows 
that the curve d is the locus of the cusps of the integral curves c, as we have 
shown before. The preceding method has the advantage of showing us how this 
singularity disappears when we pass from the plane to the surface S. 

The result is quite different when the relation (56) is satisfied at all the 
points of the curve I), The two planes (54) and (55) are then coincident, and 
we have the case in which there exists a singular integral. Through every point 
of there pass in general two curves r, the curve D itself and the second curve 
whose projection on the xy-plane is tangent to the singular integral curve d. 

74. Singular integrals of systems of differential equations. The theory of the 
singular integrals may be extended to systems of differential equations of the 
first order, and therefore also to equations of higher order. Wo shall study 
only a system of two equations of the first order (which covers also the case of 
a single equation of the second order), and we shall employ a process which is 
the reverse of the preceding — that is, we shall consider first of all a system 
obtained by the elimination of the constants.* Let 

(60) F{r,y,z-, a,h) = 0, 4>(x, y, z ; a, b) = 0 

* See E. (toursat, Sur Ips solutions singulieres des Equations d^ffe'rentielles 
simultanfies {American Journal of Mathematics^ Vv>l. XI). 
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be the equations of a family of plane or skew curves which depend upon two 
arbitrary parjimeters a and b. Such a family is called a congruenre of cutncs. 
Let us suppose, for simplicity, that the functions F and ^ are polynomials. The 
curves of the conj?ruence are then algebraic. We shall lirst generalize the 
theorems established for the congruences of straight lines (I, § 255). If wo 
establish a relation between a and 6 of arbitrary form b = 0(u), we obtain an 
intinite number of curves T depending upon a single arbitrary parameter a. 
In general these curves do not have an envelope. In order that an i*n\(‘lopn 
exist, it is necessary that the four equations (5b) and ((>0) shall have a system 
of common solutions in a;, z (I, § 215, 2d ed. ; § 223, 1st ed.) ; 


(GO) 


fiF . dFdb ^ db 

— “T “ — ■ - — 0, '1 ' - - 

c(i c'b da I a cb da 


The elimination of x, ?/, z fiom these four equations leads to a relation 
between a, 5, and db/da, 



that is, to a differential e<iuation of the lirst order. If we have takmi for 
b = an integral of this ecpiation, the curves r will generate a surface ^ 
ami will be tangent to a curve C lying on S. We shall call this curve C the edt/r 
of regression of 2, as in the case of line congruences. If tlu* etpiation (Gl) is of 
degree m in db/da^ every curve V of the congruence belongs, in general, to m 
surfaces similar to 2, and it touches the corresponding edge of r{*gressif)n on 
each of tliese surfaces in a definite point. Thus there exist in remarkable par- 
ticular points on each curve F of the congruence, which we call ihoforal ponds. 
These focal points can be obtained without integrating the <lifferential cMjna- 
tion (Gl), for we need only solve the four etjuations (51)) and (GO) for x, ?/, 2, 
db/da. We find first the relation (Gl), wiiich gives dh/da, and, eliminating db/da 
from the two equations (GO), we have a new relation, 

(m 

' ^ J){a, b) Pa cb Pb Pa ’ 

which, together with tlie two e(iuations (Wi) of tlie curve r, oiuil)io us to calcu- 
late the coordinates of the focal points. 

The locus of the focal points is the focal surface of the congruence. Wo 
obtain the equation of this surface by eliminating a and h from the. three rela- 
tions (59) and (02), The focal surface is also the locus of tlui edges of regres- 
sion G of the surfaces 2. In fact, any point of the curve (J is a focal point 
for the curve of the congruence which is tangent to G at that point. It follows 
that every curve F of the congruence is tangent tom sheets of the focal surface 
at the m corresponding focal points, since at each of these points it is tangent 
to a curve C lying on the focal surface. All these properties are exactly analo- 
gous to the properties of congruences of straight lines. In general, if F and ^ 
are any polynomials, the m sheets of the focal surface are represented by a 
single equation, but it may also happen that this ecination breaks up into sev- 
eral distinct equations. In certain particular cases it may also happen that 
some of the sheets of the focal surface reduce to curves. In such a case the 
corresponding edge of regression C reduces to a point. 
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The conclusion which we can derive from these properties with respect to 
differential equations is as follows : The curves T are the integral curves of a 
system of differential equations which is obtained by eliiniiiating the constants 
a and b from the equations (50) and the equations obtained by differentiating 
them : 


(63) 

Let 


dx dy dz 


0 , 


y' + Z' = 0. 

dx dy dz 


((i4) 


^■(x, y, z, y', z') =0, 


(r, V, z, y', z') = 0 


be the system of differential equations thus obtained. The ecjuations (59) rep- 
resent the general integral of this system, since by hypothesis we can choose the 
constants a and b in such a way that the curve V passes tlirough any point 
Voi ^o) space. If through this point there pass n curves T, the ecjuations (50) 
determine n systems of values for a and b. The ecjuations (63) determine 
y' and z', and we see that for the point (j^^, z^^) the ecpiations (64) determine 

n systems of values for y' and z'. But the edges of regression C are also integral 
curves of the e(iuations (64), since in a point of C the values of x, ?/, z, y\ z' 

are the same for C and for the curve r tangent to C at that point. The ecjua- 

tions (64) have, therefore, besides the integrals represented by curves T, an 
infinite number of other integrals, not included in the ecpiations (50), which 
are obtained by integrating the e(|uation of the first order (61) ; these are the 
singular integrals of the system. 

On closer examination we see that the existence of the focal surfaces does 
not in reality reejuire that the curves F shall be algebraic. It is sufficient that, 
in the neighborhood of a system of .solutions (or^, Zy, of the three 

equations 

(65) F(x, y, z, (/, 5) = 0, 4* (x, y, z, a, b) - 0, ~ 

the implicit functions x, y, z of the parameters a ami 5, defined by the.se three 

ctpiations, which reduce to x^, y^, z^, for a — b = 5^, shall be continuous 
and have continuous derivatives in the neighborhood. In fact, let 


(66) X — fii^i V — ^ 


be these three functions. The sheet of the focal surface which pa.s.ses through 
the i)oint (x,„ y,,, Zq) is represented in the neighborhood of this point by the 
equations (66), where the values of the parameters a and b are near and 5 q. 
It is easy to derive from this the equation of the plane tangent to the focal .sur- 
face. In fact, when the point x, y, z describes any curve on this .surface, x, y, 
z, (i, b are functions of a single independent variable which satisfy the equa- 
tions (65) ; hence the differentials of these functions satisfy the two relations 


aF, , aF, , aF, , aF^ . aF,, . 

dx dy dz da db 

2? J* + a J, + «a + ?? J6 = 0. 

dx dy dz da db 


Making use of the last of the relations (66), we can eliminate 3a and Sb, and 
we find the new relation 


*) 

D(», b) 


3x + 


D{P, ») 

j>(y, ft) 




J>(fi *) 

l)(z,b) 


3z = 0. 


(67) 
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We have only to replace 5x, dz hj X — Y Z — respectively, in 
order to have the equation of the plane tangent to the focal surface. It is easy 
to show that this plane passes through the tangent to the curve r. The prop- 
erties of the focal surface suppose, therefore, only that we can apply the 
theory of implicit functions to the equations (65), and in particular that the 
functions i^, together with their partial derivatives, are continuous in 
the neighborhood of a system of solutions Zq, a^, This is certainly 

true when F and ^ are polynomials, hut it is clear that it is also true for 
many other functions. Let us also observe that if the curves T have singular 
points, the locus of these singular points forms a part of the focal surface. 
This is shown as in the case of the analogous proposition relative to plane 
curves (I, § 207, 2d ed. ; § 201, 1st ed.). 

Let us now examine the question from the opposite point of view. Given a 
system of two differential eciuations of the first order, such as the system (64), 
let us propose to determine whether this system has singular integrals. We 
shall suppose that and are polynomials. Let be any point (x^, z^) 

of space, If ar, y, z are replaced by respectively, in the ecpiations (64), 

these ecpiations have in general a certain number of systems of solutions. Let 
?/', Zq be one of these systems. Let us assume first that, for this system of solu- 
tions, the Jacobian I>(c>^, (^i)/1Hy', z ) is not zero. From the equations (64), y' 
aiul z' can be found as regular functions in the neighborhood of the point 
(•^0’ ^0’ ^0^’ 

V' = y'o + a(x - Xo) + • • •, Z' - < + cri(x - Xq) + • * ’» 
which reduce toj/Q and respectively, forx— ^ = 2 :y. The e(juations(64) 
have therefore an integral curve passing through the point tangent to the 

straight line whose equations are Y — y^=: //' (A' — x^), Z — [A' — Xy). 

Moreover, this curve forms part of a family of integral curves depending ui)on 
two arbitrary parameters (§ 26). This conclusion does not hohl if we have 
D(rj\ 2o) = 0; but this can occur only if the coordinates (x^, yQ, Zq) 

satisfy the relation 

(08) R(x, 2 /, 2 ) = 0, 

which is obtained by eliminating y' and z' from the three etjuations 


(69) 


^ = 0 , = 0 , 


«') 

The equation (08) represents a surface S, and, fioni what we have just seen, 
an integral curve which does not lie on the surface ,S cannot be a singular 
integral curve. 

If the point M^y is on tlie surface /S, the three equations (69) have for this point a 
system of common solutions, y' = y^<, z' — z^. If the straight line T) represented 
by the equations 

(70) 

1 l/o ^0 

is not tangent to S (which is the general case), there is an integral curve pass- 
ing through the point and tangent to the straight line T), It has been shown 
that the point is in general a cusp for that curve. What is essential for us 
is that this integral curve cannot be on the surface, since its tangent is not in 
the tangent plane. In order that singular integrals may exist, in each point of 
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S the corresponding straight line I) must therefore be situated in the plane 
tangent to the surface. This condition is sufficient, for then through each point 
of there i)asses a curve lying on the surface and tangent to the line IJ, These 
curves are determined by a differential equation of the first order, and they are 
indeed singular integral curves, for at each of their points the values of y' and 
of z' form a multiple system of solutions of the equations (64). 

Example 1. Consider the simultaneous system of equations 

(71) y — xy' = 0, = x^ + 

The two values of z' are ecpial for all the points of the cylinder + 7/2 — 1 = 0 
and the direction corresponding to that double root is the perpendicular dropped 
from the point (x, y) on the 2 :-axi 8 . Since this perpendicular is not in tlie tangent 
plane to the cylinder, there cannot be any singular integrals. In this example it 
is easy to verify that the cylinder is the locus of the cusps of the integral curves, 
for the general integral of the system (71) is represented by the equations 

y = CjX, z = Vx-* + ^2 _ 2 — arc tan Vx-* + y2 _ 2 + (7.,. 

Example 2. Every system of differential equations of the form 

(72) F {y - xy\ z - xz\ y\ z') = 0, 4> (y - x/, z - xz', y% z') = 0, 

wliich may be considered as a generalization of Clairaut’s equation, is easily 
integrated by observing that the preceding relations lead to the equations 



where w = y — x/, v = z — xz\ These last equations are satisfied by assuming 
tliJit y" = 0, z" = 0, or by supposing that we have 


(73) 


dv) \dz' ^ dv)\dy' ^ du) ~~ 


Under the first supposition, y' and z' are constants a and b ; whence we see 


that the curves which correspond to the general integral are the straiyht lines 
of the conyruence represented by the two equations 


F{y - ax, z - bx, a, b) = 0, ^(y-ax, z - bx, a, b) = 0. 

lliere are also singular integrals, since the straight lines of the congruence 
ai‘c tangent to the two sheets of a focal surface. These singular integrals are 
the edges of regression of the developables of the congruence, and are obtained 
by the inttigration of a differential equation of the first order. The equation of 
the focal surface is obtained by eliminating y' and z' from the relations (72) 
and (78). 


EXERCISES 


1 . 


Examine the following differential equations for singular 
xy^y'‘^ — = 0. 

2x Vyy'+ 4y Vy = 0 . 
(x/-y)2_2xy(l + y'2) = 0. 

2 xy (1 + y' 2 ) _ + y )2 - 0 . 


solutions : 

[Sp:rhet.] 

[ScilLOMILCn.] 

[Boolk.] 

[HoOel.] 

[Moigno.] 
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2*. The equation /f(x, y) = 0, obtained by eliminating y' between the two 
relations F(x, y, y') = 0, dF/dz + dF/dy y' = 0, represents the locus of the 
points of inflection of the integral curves. 

Deduce from this the theorem of § 72, in regard to the locus of the cusps of 
the integral curves, by means of a transformation of reciprocal polars. 

[Darboux, Bulletin des Sciences malMmatiquea, Vol. IV, 1873.] 

3. Determine the singular integrals of the system of differential equations 

y + y'^ + z', z = z'x + y'z'. [Skurkt.] 

4. Determine whether the differential equation of the second order, 

(1 + i/"^ — + X/ - y = 0, 

has singular integrals, and find any that exist. [La(;kan(;k.] 

[Replace this equation by a system of two equations of the first order.] 

5*. Given a differential equation of the second order, 

y, y\ y") - o, 

by eliminating y" between this equation and the relation dF/cy" = 0 we obtain 
a differential eiiuation of the first order P(x, y, y') = 0, whose integrals have; 
in yeneriil the following property : Through each point M of one of these inti*- 
gral curves C there passes an integral curve of the 0 (iuation F = 0, which has a 
cusp of the second kind at 3f, and whose cuspidal tangent is the tangent to the? 
curve C at this point. [American Journal of Malhematicsy Vol. XI, p. 304.] 

6. Establish the properties of by starting with the general integral of the 
differential equation dx/x + dy/y = 0, written in the algebraic form xy = (\ 

Consider the same question for the function tan x, finding first the general 
integral in algebraic form of the differential equation 

— + 0 

1 + x2 i + 

7*. Let y' = /i*(x, ?/), where 7?(x, y) is a rational function of y whose coefli- 
cients are analytic functions of x, be a differential equation of the first order 
having a general integral of the form 

(1) = F(X, 2/) = C. 

+ V'i(-c) 2/"” ^ + • • • + 

Prove that this eejuation can be reduced to a Riccati ciiuation by a substitution 
of the form u = R^{x, y), where is a rational function of y. [1’ainlkve.] 

Note, It will be noticed that the equation (1) can be written in the form 
2/"+ [-liW+ I^iWu]2/»-i+ •••+ [^„-i(x)+ F«-i(jr)M]?/ + u = 0 , 
where u = (</>„ — CV'«)/(0o— ^^o)» ^ satisfies a Riccati eciuation, while 

the functions .4,-, Ji, are known. 

8. If we seek to determine the function f(ct) so that the envelope of the 
straight lines x cos a + y sin a =f(cx) shall be a given curve C, we are led to 
a differential equation whose general integral is represented by the straight 
lines which pass through a fixed p|)int of C. The true solution is furnished by 
the singular integral. 



CHAPTER V 


PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 

This chapter is devoted to the theory of partial differential ec^ua- 
tions of the first order. We shall consider for the most part the 
reduction of the integration of an ecpiatioii of this tyj)e to that of a 
system of ordinary differential equations. Although this reduction is 
not, in many cases, of any practicnil utility, it nevertheless possesses 
great theoretical interest, for it enables us to determine just how 
difficult the problem is. Although not all the arguments reciuire 
that the integrals considered shall l>e analytic, we shall restrict our- 
selves to that case unless the contrary is particularly stated. 


I. LINEAR EQUATIONS OF THE FIRST ORDER 


75. General method. We have already seen that the integration 
of the homogeneous equation 

( 1 ) A-, I 7 + + • • • + A„ 15 = 0 . 


where X^, • • •, A„ are functions of .r^, 
tion of the system of differential e(piations 

/ON _<Ij‘ 


., cr„, and the integra- 


are ecpii valent problems (§ 31). If/,, /n-i (ti — 1) inde- 

pendent first integrals of the system (2), the general integral of the 
eejuation (1) is an arbitrary function. 


of these (n — 1) integrals. 

We can obtain the integral satisfying the Cauchy condition as 
follows ; Suppose that the coefficients Xi are analytic in the neighbor- 
hood of a particular system of values a-J, • • •, ^rJJ, and that the first 
coefficient (A",)^ does not vanish at that point. Solving eejuation (1) 
with respect to dfjdx^, we can apply to it the general theorem of 
§ 25. Hence there exists an analytie^ntegral in the neighborhood 
mentioned, which reduces, for Xi = a*?, to a given analytic function 

214 
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* * *> ^n) of — 1) variables a*.^, .r^, . . .r„. In order 

to obtain this integral, let us write the system (2) in the form 


(3) 


djr.2 

djc^ 


A, 


d^n 

djc. 


A' 


where the right-hand sides are analytie in the neighborhood of the 
point (.rj, a*5, . . a*®). There exists a system of analytic integrals 


reducing to given values (\ 


for 


provided tliat 


each of the absolute values \Ci — .r^| is less than a certain limit, and 
these integrals are analytic functions of and of the parameters ( 

• • •, C\^ (§ 26), which are represented by developments of the form 


(4) = r, +(./•, -- U,, Ue, . . r„). (i = 2, 11, . . ., ^0 


Solving these — 1) equations for the we obtain a system of 
(n — 1) lirst integrals of the etiuations (2), represented by the 
developments 

(/)) <". = »•,■ + (•'•i-a-?) (2. (-^ 1 ) S’.!, •••»»•»), (t = 2, 3, ...jM) 

where the are analytic. fun(*.tions. It is c.lt^ar that the fuiuition 
Cjj, • • •, U„) of these (?i — 1) lirst integrals is analytic in the 
neighborhood of the point (j-J, • • •, ii'J) and reduces ti)€f>(x,^y * • *? ^«) 

for a’l = »•{. 

Let us now consider any linear ecpiation 


(<■•) 


dr. 


CTi 


O + • • * + Z 7 ^ = 0 , 

1 dx^ ^ ox,^ dx,^ 

where ]\, • • •, /*„, It may depend l)oth upon the indej)endent 

variables x,^, • • •, x^ and upon the diq)endent variable z. \V(» 

shall reduce this equation to the form (1) by means of a device 
very often used in the study of ])artial differential equations. 
Instead of trying to find the unknown function directly, we shall 
try to define it by means of an ecpiation not solved for Zy 


( 7 ) 




V 




is 


where the function T of the (n + 1) variables x^y x,^y 
now the unknown fum'.tion. From this relation we derive, by 
differentiation. 


dx^ ^ dz dx^ ’ 


2 r Sr _ 
a? ~ ’ 


and, replacing dz/dx^, • • •, dz/dx„ by the values derived from the 
preceding relations, the equation (6) Incomes 

Sr . 


Sr , „sr 

I ?-» I 
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The new equation is of the form (1), and its integration is equiva- 
lent to that of the system 


( 9 ) 


dx^ 


_ d^ _ 




dz 

IV 


heiKie we may state the following proposition : 


If //j, //g, • • •, are n Imlepemdent first integrals of the system (9), 
every funrt am z of the n variables • • •, defined by a relation 

of the form 

(10) • • •, «„) = 0, 

vjhere ^ indicates an avbitrany function of • • •, is an 

integral of the. equation (6). 


We cannot (joncludo from this that we obtain all the integrals of 
the ecpiation (0) in this way. In fae.t, in order that the implicit 
function defined by the relation (7) be an integral, it is not neces- 
sary that we have identically F(r) = 0; it is sufficient that the 
equation ~ ^ ^ conse(iuence of the equation V = 0. If, for 

exaiu])le, we take for V an integral of an equation of the form 
F( y)z=:KVf where K indicnites a constant different from zero, the re- 
lation r = 0 still defines an integral of the equation (G). It is (piito 
in oi’der, therefore, to determine whether or not the relation (10) 
gives all the integrals of the given eciuation. In order to prove 
that this is rc^illy the case, with certain exce])tions which we shall 
state, l(*t us siq)i)ose that in the n fuiKitions ?q, u,^, • • •, we replace 
z by an integral of the ecjuation (G). The resulting expressions are 
71 fuiu^tions //j, f/j, • • •, of the 7i variables x^, x^, • • •, x^. If we 
prove that the *Iacobian of these n functions is identically zero, it 
will follow that we have a relation of the form 


and consequently that the integral considered satisfies a relation of 
the form (10) in which the function is replaced by ij/. This Jaco- 
bian is of the form 


du^ 

0/q diti 

0Mj 

‘ d.z 

... 






A = 
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Noting that certain determinants in the development of A have two 
columns identical and therefore vanish, we may write 


(11) 




^ ^ V p. ■0(»1, • • •, II.) 

^n) t^i • • •> *t-l> *» ^i + l) • • •> *») 


But, since • • •, are n first integrals of the system (9), we 

have 




dx,. 


du 


dni 




hence, by the theory of linear homogeneous ecjuations, we have 


^ />(«!, -)< a, • • •, w„ ) ~ Wa, • . xj ' 

y^(Xj, a’jj, • • •, a:,) * * "> ^i-i» ^i + i) ■ ■ ’> ^») 

(i = 1, 2, . . n) 

where 3/ is a function of ir.^, • • *, which we can always cal- 
culate when we know the first integrals ?/j, 7^^, • • •, Substituting 
in (11) the values of the determinants deduced from (12), we find 

(12') = n - - /V, 

If z is an integral of the equation (6), the right-hand side is zero ; 
hence this integral satisfies either the condition A = 0 or else M = 0. 
In the first case, as we have just shown, this integral is defined by 
a relation of the form (10). As for the relation M = 0, it can define 
only one or more (jompletely determined implicit fumttions. Hence, 
except for certain exceptional integrals which do not de])end upon 
any arbitrary constant, all the integrals of the equation (6) satisfy a 
relation of the form (10). We shall hereafter say that the relation (10) 
represents the general Integral of the equation (6). 


To see if an integral can satisfy the relation Jlf = 0, let us consider any point 
of that integral, (xj, xj, • • •, xj, 2 q), and let us suppose that all the coefficients 
Pi, Pg, •••, Pn, R are analytic in the neighborhood of this system of values 
without being all zero simultaneously for Xf = xj, z = Zq. Let us assume, for 
example, that is not zero for this system of values. We can then solve the 
equation (8) for SF/^Xj, and, by Cauchy’s theorems (§ 26), we can take for Mj, 
functions analytic in the neighborhood of this system of values. Now 
one of the equations (12) can be written in the form 

— P = ^ * * * ^ , 

* D(z,Xj, 

Since the determinant on the right is analytic, and since P^ is not zero for 
X, = x", z = Zq, it follows that this system of values cannot make M zero. Since 
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the point (xj, • • • , Zq) is any point of the integral, we see that there Ctannot 
exist integrals satisfying the relation M = 0 except in the two following cases ; 

1) There exists a function F(Xj, ojg, • • z) such that every system of 
values of the variables Xj, z that makes the function V vanish, also causes f\, 

, P„, and li to vanish. All these coefficients are therefore divisible by 
the same factor, and it is clear that by equating this factor to zero we obtain 
an integral. This trivial case is of slight interest. 

2) The reasoning would again be faulty if the integral defined by the rela- 
tion F = 0 were such that, in the neighborhood of every system of values 
satisfying that relation, some of the coefficients P,, li ceased to be analytic. 
This case can actually occur, as we shall show presently. 

76. Geometric interpretation. The preceding general method is 
siisee])tible of a simple geometric interpretation in the case of an 
ecpiation in three variables, which we shall write in the customary 
notation, 

(13) Pp+(l<l = Il, = 

where P, (2, P are functions of the three variables x, y, n. Let S be 
any Integral surface. Since the equation of the plane tangent to this 
surface is 

^ - ,i; ==p(X ^x) + q(Y— y), 

the relation (13) ex])resses the fact that this tangent plane passes 
through the straight line represented by the equations 

A' — a? Y — y Z — ^ 


Hence the problem of the integration of the ec^uation (13) may be 
stated in geometric language as follows : 

To each point M of space, v^hose coordinates are (x, y, there 
corresponds a straight line T> through that jtoint, represented hy the 
equations (14). A surface S is to he determined so that the tangent 
plane at each of its points passes through the straigh t line associated 
with that point. 

The surfaces possessing this property constitute the general inte- 
gral of the linear equation (13). The three functions P, Q, 11 deter- 
mine the law according to which the straight line P moves when the 
point M (changes its position. These three functions are usuaHy 
analytic functions of x, ?/, fi, but it is sufficient for the argument 
that they satisfy the conditions stated in our previous study of 
differential equations (§§ 27 ff.). 
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The preceding statement leads us to seek tlie curves T which are 
in each of their points tangent to the corresponding straight line D. 
We shall call these the characteristic curves » We shall first show 
that every integral surface is generated by characteristic curves. 
Consider, in fact, such a surface S. Iii each point M of that surface 
the corresponding straight line D lies in the tangent plane. We can 
therefore propose to determine the curves on that surface which are 
tangent at each of their points to the corresponding straight line D. 
These curves may be obtained by the integration of a differential 
equation of the first order (§ 17). Through etach point of S tliere 
passes in general one and only one curve, possessing this j)roperty, 
which lies entirely on the surface. It is clear that these curves are 
characteristic cairves, which ])roves the proposition. 

The converse is almost self-evident. If a surface is a locus of 
characteristic curves, the tangent plane at any one of its points con- 
tains the tangent to the chara(deristic curve lying upon the surface 
and passing tlirough that point — that is, the straight line 1). The 
given problem is therefore reduced to the determination of the 
charac-teristic curves. 

The differential equations of these curves, by their very definition, 
are of the form • 

dx _ dy ___ dz 


(16) 


Through each point of space there passes, therefore, in general one and 
only one characteristic ciirve tangent to the corresponding straight 
line D. Suppose that we have integrated these equations (15). 
Let u and v be two independent first integrals of this system. 
The general integral is represented by the equations 

(16) u {x, If, a) = a, v (x, y, z) — h, 

where a and h are two arbitrary constants. The characteristic curves, 
which depend upon two parameters, tlierefore form a congruence. In 
order to obtain a surface generated by the curves of this congruence, 
we must establish between the two parameters a and b an arbitrary 
relation, say b)= 0, and the corresponding integral surface will 
have for its equation = 0. This is exactly the result to which 

the general method of the preceding paragraph would lead us, for u 
and V are here two independent integrals of the equation 
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Example 1. Consider the equation px + 52/ = mz. The differential equations 
of the characteristic curves, 

dx _dy __ dz 
X y ^ mz^ 

have the two first integrals y/x = a, z/x”^ = 6, and the general equation of the 
integral surfaces is 2 = x”^f(y/x). If = 1, the characteristic curves are straight 
lines passing through the origin, and the integral surfaces are cones having their 
vertices at the origin. If m = 0, the characteristic curves are straight lines par- 
allel to the xy-plane and meeting the 2 -axis. The integral surfaces are conoids. 

Example 2. Consider the equation pi/ — gx + a = 0. The differential equa- 
tions of the characteristic curves, 

dy _ dz 

ir“ — x”"^’ 

give the two integrable combinations 

xdx + ydy = 0^ dz-- a — ^ ^ — = 0, 

and the characteristic curves are represented by the equations 


x2 + 2/2 = C\, 


2 — a arc tan - = 

X ^ 


These are helices with the pitch 2 va lying upon cylinders of revolution hav- 
ing 02 for axis, and the general integral is represented by helicoids (the axes of 
coordinates being supposed rectangular). In the particular case where a = 0, 
the characteristic curves are circles having thei!* centers on the 2 -axis and their 
planes parallel to the X 2 /-plane. The integral surfaces are surfaces of revolution 
about the 2 -axis. 

Example 3. Orthogonal trajectories. Let 
(17)' F(x,y,z)=:C 

be the equation of a family of surfaces which depend upon an arbitrary 
parameter C in such a way that through every point of space (or at least of a 
portion of space) there passes one and only one of these surfaces. Let ns con- 
sider the problem of finding another surface S, represented by the equation 

2 = 0 (x, y), 


which cuts orthogonally at each of its points the surface S through that point. 
Since the direction cosines of the normals to the two surfaces are respectively 
proportional to dF/dx, dF/dy, dF/dz for S, and to p, ry, — 1 for S, the condition 
of orthogonality leads to the linear equation 


(18) 


dF dF dF 

p — + « 

^ dx ^ dy dz 


The characteristic curves, whoso differential equations are 


(19) 


dx _dy __dz 
dx dy dz 


are the curves tangent at each of their points to the normal to the surface 2 
through that point. 
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Suppose, for example, that we have F(ac, y, z) = z/(x, y), where /(x, y) is a 
homogeneous function of the mth degree. The differential equations of the char- 
acteristic curves are here 

dx _dy _ zdz 

By Euler’s relation, we have the integrable combination 
xdx + ydy — mzdz = 0, 

from which we derive the first integral — mz^ = a. On the other hand, 

dy/dx is a homogeneous function of degree zero in the variables x, y. Hence 
we can obtain a new first integral by a quadrature (§ 3). 

Example 4. It is sometimes possible to determine the characteristic curves 
without any calculation, merely from their geometric definition. Let it be re* 
quired, for example, to determine the surfaces S such that the tangent plane at 
any point M of one of these surfaces meets a fixed straight line A in a point T, 
equally distant from the point M and from a fixed point 0 on the straight line A. 

Let M be a point in space ; there exists on the straight lino A one and only 
one point T such that TO = TM, and this point is the intersection of A with 
the plane perpendicular to the segment 03f at its middle point. Let D be the 
straight line through the two points M and T. The tangent plane to every sur- 
face satisfying the given condition and passing through the i)oint M therefore 
contains this straight line D. Consequently these surfaces are obtained by the 
integration of a linear equation. Since the tangents to the characteristic curves 
all meet the straight line A, these curves are plane curves, lying in planes pass- 
ing through A. The characteristic curves lying in one of these planes are the 
integral curves of a differential equation of the first order, and it is easy to see, 
from their definition, that they are circles tangent to the straight line A at O. 
The retpiired surfaces are therefore generated by the circles tangent at O to the 
straight line A. 

We can dispose of the arbitrary function ?;) in such a way 
that the integral surface passes through a given curve T ; we shall 
obtain that surface by taking the locus of the characteristic curves 
passing through the different points of the given curve. If T is 
represented by the system of two equations 

(20) ^(x, y, e) = 0, 4>j(a!, y, «) = 0, 

the whole question reduces to finding the relation which must hold 
between the parameters a and h in order that a characteristic curve 
shall meet the curve F. It is clear that that relation may be found 
by eliminating cr, ?/, z between the equations (20) and the equations 

= a, V = ft of the characteristic curve. The problem has only one 
solution, unless the curve F is itself a characteristic curve. In this 
singular case it suffices, in order to obtain an integral surface pass- 
ing through F, to consider the surface generated by a family of 
characteristic curves which depend upon an arbitrary parameter, and 
of which the curve F is a member. 
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77. Congruences of characteristic curves. To every linear equation 
of the form (13) there eorrespoiuls a congruence of characteristic curves 
formed by the characteristic curves of that equation. Conversely, 
every congruence of (iurves, that is, every family of curves depending 
upon two arbitrary parameters a and />, is the congruence of charac- 
teristic curves for an equation of the form (13).* Su})pose, in fa^^t, 
that the equations whi(;]i define that congruence are solved for the 
two parameters a and h : 

« (j-, y, «) = (t, V (a-, y, z) - h. 


Every surface S generated by the curves of this c.ongruence, associated 
ac^cording to an arbitrary law, is represented by an equation of the 
form v = 7r(u). Taking the partial derivatives with respect to x 
and to 2/, we find 


dv dv 
dx d. 


= ’T + ^py + f 


The elimination of 7r'(?Q leads to a linear equation 


!/) ' 

for which the given congruence is evidently the congruence of 
characteristic curves. 

Let us now (ionsider the general case of a congruence defined by 
two e(piati()ns of any form whatever, 

(21; U(x, y, z, a, h) = 0, V(x, ?/, s, a, h) = 0. 

If we set up an arbitrary relation h) = 0 between the two 

parameters a and h, we shall have the equation of a surface S gener- 
ated by the curves T of the congruence ])y eliminating a and h from 
the eciuations (21) and the relation ^ = 0, All these surfaces again 
satisfy, whatever may be the function the same partial differen- 
tial ecjuation of the first order. To obtain this ecpiation we may 
])roc-eed as follows : The three equations 


(22) I/ = 0, F=0, <l>{ayh)=^0 


define three implicit functions z, «, h of the independent variables 
sc and ?/, and tlie last contains only a and />. Hence we have 

h) _ Q 
l)(x,y) 


* We suppose, in addition, that tiiroiiKh any point of space (or of a portion of space) 
there passes one of these curves, which would not happen if they were all situated 
upon the same surface. 
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On the other hand, if we dilTerontiate the first two of the equa- 
tions ( 22 ) with respect to s and to //, we can derive from the result- 
ing relations exx)ressions for da/dx, dh/dx, terms of 

2 /> Pf by replacing these derivatives in the determi- 

nant (23) by their values, we obtain a new relation, 

< 1 , «> i) = o. 

We need only eliminate a and b from this relation and the two rela- 
tions ( 21 ) in order to obtain an equation containing only x, //, z, y>, 7 , 

(24) F{x,y,z,2>,q) = ^, 

which axqdies to all the surfaces genenited by the curves of the 
congruence. It is easy to show, from the very way in which this 
equation has been obtained, that it breaks ux) into a system of linear 
eexuations in^ and 7 . The same fact results from its meaning. Let 
us sux)])oso, for definiteness, that through a x^oint J/ of sx^ace there 
X)ass in curves of the congruence, and let 7J^, D^, • • •, 1)^ be the m 
tangents to these curves at the x^oint M, Every surface through the 
point M generated by the curves of the congruence must contain 
one of tlii 5 m curves of this congruence which x>iiss through 
hence the tangent x>lanc at the x>oint ^[ must x)ass through one of 
the straight lines 7)^, 7>^, • • •, Let 7\, ( 4 , 7»\. be x>i’ox)oi‘tional 
to the direction cosines of the straight line I)^, Every surface gen- 
erated by the curves of the (congruence must therefore satisfy one 
of the in equations, 


(25) a; = J\p -h (2/7 - = 0, (6 = 1,2,.. ., 7/0 

and the left-hand side of the eexuation (24) is identical, ex(;ex)t for a 
factor indeq^endent of p and of 7 , with the x^roduct of the in linear 
factors E^, • • -, 7i^. It should be noticed also that it would be 
impossible, in general, to sex^arate these ni factors analytically. 

Similarly, certain problems of geometry may lead to XJfirtial differ- 
ential equations of the first order which decomx)ose into a x>roduct of 
linear factors. Let us consider again, for exanqde, the x’l’oblem of 
the orthogonal trajectories to a family of surfaces whose e(xuation 
F(x, y, z, (7) = 0 is of degree m in the arbitrary x^arameter C. To 
obtain the partial differential equation of orthogonal surfaces, we 
must again eliminate C between the relation F = 0 and the condition 


0 . 


dF dF dF 

Through a point M of space there pass, by hypothesis, m surfaces 
of the given family. Let Dj, D^, • • •, D„ lx*, the normals to these m 
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surfaces. The tangent plane to an orthogonal siirfa(5e through M 
must contain one of these straight lines. Hence the partial differen- 
tial equation decomposes into a system of m equations which are 
linear in and q. 

Conversely, given any equation of this type, to each point of 
space there correspond m straight lines • • •, and the 

plane tangent to any integral surfacie contains one of these straight 
lines. If we give the name vharacterhitk curve to every curve whic.li, 
at eacih of its points, is tangent to one of the corresponding m straight 
lines, the reasoning employed above shows again that every integral 
surface is a locus of charac.teristici curves. To obtain the differential 
equations of these curves, we are not compelled to carry out the 
decomposition of the left-hand side of the e(iuation into linear 
factors. Indeed, expressing the fact that the left-hand side is divisi- 
ble by the factor Pq) + Qq — It, we obtain equations of condition 
homogeneous in P, Qj R, which furnish m systems of values for the 
ratios of these coefficients for each point (r, y, z). Replacing P, 

R in these conditions by the proportional quantities c/j*, dy^ dz, we 
obtain the differential eejuations of the characteristic curves, and 
the integration of the partial differential ecpiation is reduced to the 
integration of a system of ordinary differential equations. 


The preceding theory explains very simply how a linear eejuation may have 
integrals which are not included in the general integral. Consider a partial 
differential equation of the form 


(26) F(x, y, f/) = 0, 

whose left-hand side is the product of a certain number of linear factors in p 
and q that are not analytically distinct, and let 


(27) ♦(*, y, z, g, g) = 0, V, z, g, I) = 0 


be the differential equations of the characteristic curves of this system. The 
curves which represent the general integral of this system form a congruence, 
which is the congruence of the characteristic curves of the equation (26), and 
the general integral is represented by the surfaces generated by the curves of 
this congruence associated according to an arbitrary law. But it may happen 
that the equations (27) have singular integrals. This will happen if the con- 
gruence ^f the characteristic curves has a focal surface (S). Then through each 
point of this surface there passes a curve of the congruence of characteristics 
tangent to this surface. The plane tangent to (S) contains, therefore, one of 
the straight lines D,- relative to the point of contact, and consequently (S) is 
an integral surface of the equation (26). Moreover, it is not a member, at least 
in general, of the surfaces which represent the general integral ; that is, it is a 
singular integral surface. 



V,§ 78 ] TOTAL DIKKKRENTIAL EQUATIONS 225 

Consider, for example, the equation 

(28) p (X2 — zS) 4- gr {j-y z Vx* + — Z^) = 0, 

which in reality is equivalent to two linear equations. Wo can write the 
differential equations of the characteristic curves in the form 

i=«. (-«s)’=-h{i)‘]- 

The integration is immediate, and the congruence of characteristic curves is 
formed by the straight lines 

Z = C’, v = CjX±z vT+cj, 

which are parallel to the x/y-plane and tangent to the cone x* + j /2 ~ z^. The 
general integral is represented by the conoid surfaces generated by these straight 
lines, and there is a singular integral, the cone itself. 

The coefficient of q in the equation (28) is not analytic in the neighborhood 
of any point (Xq, 2 /q, z^j) of this cone, which confirms a previous remark (§ 75). 


ir. TOTAL DIFFERENTIAL EQUATIONS 


78. The equation dz=iAdx Bdy. The existence of integrals of a 
completely inteymhle system of total differential equations was estab- 
lished in § 24. The integration of sikjIi a system reduces to the 
integration of several systems of ordinary differential equations 
with a single independent variable. The method, which we shall 
develop only in the simplest case, is extensible to the general case. 

Let the equation be 


(29) A (x, y, z) dx -f B (x, y, z) dy, 

where z is an unknown function of the two independent variables x 
and y. This equation is equivalent to two distinct relations 


(30) 


dz Tj/ \ 


Every integral common to these two equations satisfies also the two 
new eciuations 



dx 


dxd}/ ~ dz 


dB dR , 

~ Q.. Q.. A, 


dydx 


dz 


and consequently the relation 
(31) 


dA dA „ dB dB ^ 

■q — ^ ^ IT 

cy oz ox oz 


If this relation does not reduce to an identity, there can be no in- 
tegrals of the given equation (29), except possibly one or more of the 
implicit functions defined by the equation (31). Hence in this case 



226 


PARTIAL DIFFERENTIAL EQUATIONS 


[V, § 78 


we can always determine by substitution whether the equations (30) 
have a common integral. On the other hand, in order that these 
equations may have an infinite number of integrals depending upon 
an arbitrary constant, the relation (31) must be satisfied identically. 
If it is, the equation (29) is said to be completely integrahle. 

In order to obtain all itii integrals, let us first disregard the second 
of the e(iuatioiis (30), and consider only the first. If we regard y 
as a parameter, this equation is a differential e(iuatioii of the first 
order between the independent variable a* and the dependent vari- 
able z ; hence it has an infinite number of integrals z = //, (/) 

that depend upon an arbitrary constant C. We may replace this 
constant C by any function u(y) of the variable //, since the expres- 
sion for dz/dx remains the same when we re])lace C by a function 
of y. The solution of the problem therefore de])ends upon the deter- 
mination of this function u (y) in such a way that the derivative of 
the function « = </)[5c, y, ^^(//)] with respect to y shall be equal to 
B(Xy y, </»). This leads to the equation 


or 


(32) 


O 1 

du 


We shall show that the right-hand side of this etpiation depends 
only upon the variables y and n. It is sufficient to show that the 
derivative with respect to x is identically zero, that is, that we have 


^ ^ du\cx c<l> cx 



B(x, y, 





du dx 


= 0 . 


From the very manner in which the function <^(x, y, u) has been 
obbiined, we have the relation 

(34) 


which *is satisfied for all values of ar, y, and u. It follows that we 
may write 

d^4i _dA d A d4> 
dx dy dy d<l> dy ^ 

_dAd4,^ 

dx du d<l> du 
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Replacing d^fdx, IP^/dudx by the preceding values, the 

relation to be verified reduces to the form 


^/SJl c>B dA 

du\dx d<ft dy 




0 . 


The second factor is identically zero by the condition of integra- 
bility (31). The equation (32) is therefore of the form 


(35) 




Let u = ij/Q/j (') be tlie general integral of this equation, where C is 
a constant independent both of x and of //. Then if we replace u by 
i/^(y, r) in tlie function <^(a;, y, //), we obtain the general integral of 
the conqdetely iiitegrable equation (29), and we see that the integra- 
tion of thU equation reduces to the successive integrations of two 
ordinary differential equations (34) and (35). 


Example. Consider the total differential equation 

ioa\ A 1 + 2/2 , x{z — x) , 

(S&\ dz = dx + • dy, 

1 + X 2 / 1 + xy 

which is equivalent to the system 

(360 02 _ 1 4- yz ^ 02 

0x 1 + xij dy 1 + xy ’ 

The condition of integrability is verified, and the first of the equations (360, 
which is linear in z and 0z/0x, has for its general integral 

*=-^ + «(y)(l + *!/). 

where u (y) is an arbitrary function of y. Substituting this value of z in the 
second of the equations (360, becomes du/dy + 1/y^ = 0, whence we derive 
u{y) — 1/y + C. Hence the general integral of the equation (36) is 

(37) 2 = x+ C(l + X2/), 

where C indicates an arbitrary constant. 


The preceding problem can also be interpreted geometrically. 
In order to simplify the statement, we shall again call an integral 
surface any surface represented by an equation z =/(a’, y), where 
the function /(x, y) is an integral of the equation (29). The two 
conditions (30), or 

p = A(x,y, z), q = B(x,, y, z), 
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express the fact that the tangent plane to the integral surface S at 
a point (x, y, z) of that surface coincides with the plane P whose 
equation is 

(38) Z - (X - x) 4 - J3(r - 

so that the problem of the integration of the equation (29) is 
equivalent to the following geometric problem : 


2\> each imint of space (x, y, z) there corresponds a plane P through 
that pointy which U vepreseMted hy the equation (38). It is required 
to find the surfaces S whose tangent qAane at each quaint (x, y, z) is the 
qAane P associated with that qwint. 


The proposition is analogous to that of § 76. But in the present 
case the problem does not always have a solution. If the condition 
of integrability (31) is satisfied, there exists, in general, one and 
only one integral of the equation (29) which takes on a given value 
z^ when x and y take on given values and y^. Through every 
point in space there passes, therefore, in general, one and only one 
integral surfac^e. 

Let us consider, for example, a family of skew curves T which 
de])end upon two arbitrary parameters a and by and wliich are rep- 
resented by a system of two equations 

(39) « (a-, y, «) = a, v (x, y, ,«) = b 

such that through every point of space (or of a region of space) 
there passes one and only one curve of this family. There does not 
always exist a family of surfaces S which has these curves P for 
orthogonal trajectories. In fact, the tangent plane to the surface S 
passing through a point would have to coincide with the normal 
plane to the curve F passing through the same point. We are there- 
fore led to a particular case of the preceding problem, which proves 
that the curves of an arbitrarily assigned congruence of curves are 
not, in general, the orthogonal trajectories of any family of surfaces. 
The plane tangent to the surface S through the point (x, y, z) must 
be perpendicular to the planes tangent to the two surfaces (39) 
whi(;h pass through the tangent to the curve F. Hence we have, in 
rectangular coordinates, the two conditions 


dn , du du « 


dx^ 


dv , dv 



From these equations the values of p and 7 are found to be 


p=A(x, y, «), q = B {x, y, a), 
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and the condition (31) must be satisfied identically in order that the 
problem have a solution. 

Let us take, for example, the family of curves 
X=aZ, r=bZ, 

where A is a function of x alone, and Y and Z are respectively functions of y 
alone and of z alone. The preceding method gives the following values for p 
and q, 

XV Y7J 

^ X'z' ^ Y'Z' 

and the total differential equation can be written in the form 

Zdz Xdx Ydy . 

u j t = 0 

Z' X' Y' 

It is clear that this equation is completely integrable, and the general integral 
is obtained by (juadratures 


79. Mayer’s method. The preceding method requires two successive integra- 
tions. We can replace these two integrations by a single integration, as follows : 
Let us suppose, for definiteness, that the coefficients A (x, y, z) and R(x, j/, z) 
are analytic in the neighborhood of the point (Xq, 2 :q). Then there exists one 
and only one integral surface through the point (Xy, y^, z^ if the condition (31) 
is satisfied. Mayer’s method for obtaining this surface reduces to determin- 
ing first the sections cut from that surface by the planes parallel to the 2 -axis 
through the point (Xq, yy, 2 y). Ldt r be the intersection of Sq with the plane 

( 40 ) = 

where m has any given value. Along this curve T wc have dy — mdx, and, replac- 
ing y and dy in the equation (29) by the preceding values, we obtain the relation 

(41) d2 = { A [x, yy -f- m (x — Xy), z] + mB [x, yy + m (x — Xy), z] ) dx, 

which is also satisfied along the whole length of the curve r. Now this is a 
relation containing only the two variables x and z ; that is, it is a differential 
ecpiation of the first order, the integration of which determines the curve F. Let 

(42) 2 = ^(x; m) 

be the integral of this equation which reduces to Zy for x = Xy. The curve T is 
represented by the two equations (40) and (42). Since the required surface Ny 
is the locus of the curves V as the parameter m varies, the equation of this sur- 
face is obtained by eliminating m from the equations (40) and (42). To accom- 
plish this it is sufficient to replace m in the equation (42) by (y — yy)/(x — Xy). 
This method presents an evident analogy with the one which has been indicated 
for the integration of the total differentials P(x, y)(ix + Q(x, y)dy (I, § 162). 
We might generalize it still further by replacing the planes parallel to the 
z-axis by cylinders passing through a given point (Xy, yy, Zy) and having their 
generators parallel to Oz. 
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For example, let us again take the etpiatiun (36), and let us suppose =; 0. 

Substituting y = 7nx, dy = mdc, that ecpiation becomes 

dz _ 2 rnxz ^ 1 — 
dx 1 + 1 + mx^ 

This is a linear equation which is readily integrated, and the integral which re- 
duces to Zq for X = 0 has the form 

2 = X -h 2^(1 + mx2). 

Hence the surface Sq has the equation z = -f xy), which is the result 

obtained by the first method. 

80. The equation Pdx -f Qdy -|- Rdz = 0. The problem of the inte- 
gration of a total differential ecpiation can be put in a more general 
and more symmetrical form. Let P(x, t/y z)y Q(a-, //, n)y R(Xy y, be 
three functions of the variables a-, ?/, rj. To integrate the equation 

(43) P (x, y, «) (lx + Q (x, y, z) dy + R (x, y, z) dz = 0 

is to find a relation F{xy ?/, z) = 0 between a*, ?/, z such that these 
three variables <and their differentials dxy dt/y dz satisfy the given rela- 
tion. If the function F contains the variable Zy we may regard cr and 
y in it as two independent variables and z as a function of these two 
variables, and we see that that function must satisfy the eciuatioii 

which is of the form (29). Replacing A by — P/R and R i)y — Q/R, 
andcarrying out the differentiations, the condition of iiitcgrability(31) 
becomes 



This condition remains the same when we permute Xy ?/, z and Q, R 
circularly. Ileiuje we sliould have obtained the same relation if, in- 
stejid of regarding z as the dependent variable, we had taken one of 
the variables x oj: y for the unknown dependent variable. The prol)- 
lem of the integration of the equation (43), therefore, does not differ 
essentially from the problem already treated; but when we write 
a total differential equation in this way, it is not necessary to 
specify which of the variables have been chosen as the independent 
variables. 

The condition (44) arises in a question which is closely connected 
with the preceding. Given an expression 

P(Xy y)dxA- y)dyy 
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we have seen (§§ 12, 26) that there always exist an infinite number 
of factors y) such that the product Qdy) is the total 

differential of a function of the two variables x and y. When we 
pass from two to three variables, this does not remain true in general 
Let us consider, in fact, three functions, (2, ii, of tlie variables 
£r, ?/, r:. In order that the product fi(Pdx + Qdy + Jtdz) be an exact 
differential, tlie factor fjL(xj ?/, n) must satisfy the three conditions 

djfxQ) dJjiR) d(fiP) ^ d(fiQ) 

dy ^ dx dz ^ dy dx 

If we add these three e(piations, after having multiplied them by 
P, Q, R respectively, and then divide by /i, we find again the con- 
dition of integrability (44). This condition is therefore necessary 
in order that the trinomial ]*dx Qdy Rdz have an integrating 
factor. It is also sufficient. For if it is satisfied, the ecpiation (43) 
is com])letely integrable. Let 

(45) F(x,y,z)=C 

be the general integral of tliis equation. The values of dz/dx and of 
i^z/dy derived from the equation (45) must be identical with the 
values -- PfR and — (l/R obtained from the eciuation (43), since we 
can choose the arbitrary constant C so that the integral surfacje 
passes through any point of space. For this we must have 



or 

dF = /i (Pdx -f Qdy -f- R dz). 

The factor /li, which is equal to tlie common value of the preceding 
ratios, is therefore an integrating facttor. Repeating the reasoning 
of § 12, we see, in a similar manner, that there are in this case an 
infinite number of integrating factors, which are of the form /X7r(F), 
where tt is an arbitrary function. 


The condition of integrability (44) is invariant with respect to every cliange 
of variables. Consider, in fact, a transformation defined by the equations 

(46) X = /(u, V, w), y = (w, V, w), 2 = ^ (u, v, w), 

where the Jacobian of the functions/, ^ with respect to m, v, w is not identi- 
cally zero. This transformation carries the trinomial Pdx + Qdy + Rdz into an 
expression of the same form, P^du + Q,dt? + Ridw, where P^, Qj, P, are func- 
tions of It, v, w. If now the relation (44) is satisfied, the analogous relation 
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is also satisfied identically. We might verify this by a direct calculation 
(I, Chap. Ill, Ex. 19, 2d ed. ; I, Chap. II, Ex. 19, 1st ed.), but it also results 
from the meaning of the condition. In fact, if the relation (44) is satisfied, 
there exist two functions /i(a;, z) and F(x, y, z) such that 


y. (Pdx + Qdy + Rtiz) = dF. 

If we carry out the change of variables defined by the equations (46), the 
functions u and F change into two functions >4i(w, v, w), Fi(w, v, w) of the new 
variables, and we have identically dF=dF^. Hence the preceding identity 
becomes 

(Pjdu + Qjdi) + R^dw) = dPj, 

and the trinomial P^du + Q^dv + R^dw has an integrating factor. This shows 
that Pj, Qi, Rj satisfy also the relation (47). 

This remark enables us to present the method of integration of § 78 under a 
more general form. For let us suppose that the trinomial Pdx -\-Qdy \- Rdz has 
been converted by a transformation into a binomial of the form d-Q^di?, 
containing now only two differentials du and du. 1.' the relation (47) we must 
suppose Rj = 0, and that relation reduces to 


p = O 
' dw dw ’ 


which shows that the ratio of the two coefficients P^ and Qj is independent of 
w. The integration of the given total differential equation is therefore reduced 
to the integration of an equation of the form du + 7r(u, v)du = 0, that is, to an 
ordinary differential equation. 

Every trinomial Pdx + Qdy + Rdz can be reduced to a binomial P^du-h Q^dv 
in an infinite number of ways. For example, we can proceed as follows : We 
determine first two functions, fi(x, y, z) and F(x, y, z), such that, whatever dx 
and dy may be, 

dF dF 

jj<ix + —dy = n[P(x,y,z)dz + Q(x, y, 


This amounts in reality to integrating the differential equation Pdx + Qdy = 0, 
regarding z as a parameter. Again, we may write the preceding equation in 
the form 


dP + 



dz = fi(Pdx + Qdy + Rdz), 


Then if we select a new system of independent variables, of which P(x, y, z) 
and z are two, we see that Pdx + Qdy + Rdz is actually replaced by an expres- 
.sion in which there appear only the two differentials dF and dz. This procedure 
can be varied in many ways. It is clear, for example, that we can begin by 
integraliing either of the two equations 


Qdy + Rdz = 0, Pdx + Rdz = 0 ; 

this last method is in reality identical with the method of § 78. 

We can also connect with the preceding remark an elegant method due to 
Joseph Bertrand. Assuming that the equation (43) is completely integrable, 
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let us begin by integrating the linear partial differential equation 


(sq 

dRS 

4- 

/dR 


l^+i 

f- 


i¥. 


SVJ 

fdx 

Ux 

dz) 

'ey 

xc'y 

dx) 

hz 


Let u and v be two independent integrals of this equation. If between the two 
relations 

A(u) = 0. A(v) = 0 

and the condition of integrability (44) we eliminate the three differences 


dz dy ’ 

we obtain the equality 




dy dz ’ 


S u du du 
dx dy dz 
dv dv dv = 0, 
dx dy dz 

p Q n 


There exist, therefore, two functions X and fi for which we have 

//inv » I I w X 

(«| = + + B.X.. 


7 ? 

/? = \ + /A — » 

dz dz 


and we can write the given equation in the form 

\du + fxdv = 0. 


Now we have seen that the ratio X//a can depend only upon the variables ti and 
V ; hence this eciuation is a differential equation in u and v. 

This method appears to be more complicated than the preceding, since the 
integration of the ecpiation (48) recjuires first the integration of a system of two 
differential e<iuations of the first order. But it is more symmetric, and it may 
be preferable if the given equation is itself symmetric in j;, y, and z. 

Consider, for example, the ecpiation 

{y‘^ + 2/2 + z^) (Zx + ( 2 ^ + ZJ! + x^)dy + (x^ + xy + y^)dz = 0. 

The condition (44) is satisfied, and the linear equation (48) is here 

The corresponding system of differential equations, 
dx _ dy _ dz 
z — y x — z 2/ — X 

gives easily the two integrable combinations 

d (x + y + z) = 0, xtZx + ydy + zdz = 0. 

Hence we may take 

u = X + y + 2, = x“ + 2/^ + 2*, 

and the values of the factors X and ft derived from the ecpiations (49) are 

X + y + 2 _ u 


-{■ V 

X = x® + y2 + z* + xy + yx + zx = — ~ — 
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Tlie transformed equation in u and v is therefore 

+ u) cZu — MtZv = 0, 



It follows that the general integral is u — v/u = O, or, returning to the vari- 


ables jr, #/, z, 


xij yz + zx 
x + y + z 


81. The parenthesis (t/, y) and the bracket [u, y]. Any total differ- 
ential cMiuation is really equivalent to two simultaneous equations 

j, = A (o',!/, s:), q = n (x, y, a). 

Let us now eonside-r any two ecpiatioiis, 

(50) r{x, y, «, p, q) = 0, ^(x, y, r., p, q) = 0, 

in the two independent variables ir and y, the unknown dependent 
funetion , 1 ;, and its two partial derivatives p and q. 

If we <*an solve these two eciuations for p and </, we obtain two 
equations, p //, q = y, of form whieh has already 

been studied, and it will be possible to determine whether these two 
relations are cjoinpatible. But we can determine whether the condi- 
tion of integrability is satisfied without first solving the equations 
(HO) for p and q. We have only to capply the rules for the calcula- 
tion of the derivatives of impludt functions. Ijet us consider, in fact, 
the relations (50) as defining two implicit functions, 7 ? = /(.r, ?/, 
q = <^(ir, //, s;), of the three independent variables a*, //, Differen- 
tiating with res])ec.t to ./*, we find 

dx dj) cx di dx ’ dx ~dp dx dq dx * 
and consequently 

D(F ,<t>)dq 

I){p,q)dx D{p,x) 

Similarly, we have 

^_P . ^ 0 ^ 4 _ = 0 

D(F,<b) dq />(/■’, <!») ._ 

' y)( 2 >, f/) dz i>{p,!i) 

Substituting the values of dpfdq, dp /dr., dq/dx, dqjdz in the con. 
dition of integrability 


dy dz ^ dx dz'^’ 
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that condition becomes, after development, 

dF/d^ , d^\ , dF/S^ , d^\ 

_ 8 $/aF ^\_£$ 

djt ^ 

In general, if and o are any functions of a*, we shall set 

oj a d r/ a , a 

_^dudo dvdu dii dv dndu^ 

dp dx dqj dx d(/ dij dq dy ^ 

and we shall (*all the expression [//, v~\ a hrftrL’rf. The preceding 
condition can then be written in an abridged form, 

(51) [F, <>] = 0. 

Tn order that the two eciuations (50) shall form a completely intc- 
grahle system, it must first be x)()ssible to solve them for p and 7 ; 
that is, it must not be x)ossible to derive from them a relation 
between x, y, z index)endent of p and of 7 ; and, further, the con- 
dition [F, ^] = 0 must be a consequence of the two relations (50). 
If the bracket [F, <i»] is identically zero, the two ecpiations F= 

$ = & form a comxdetely iiitegrable system for any values of tin', 
constants a and K If the relation [F, ^»] = 0 is a consequences of tlu^ 
single equation F = 0, independently of the second i'fpiation = 0, 
the two ecpiations F = 0, ^ = (5» form a completely iiitegrable system 
for any value of the constant h. 

If the two functions F and ^ do not e.ontain the expression for 
the bracket [F, <I>] is simplilied. The following expression, where u 
and V are any functions of x, //, 7 ?, 7 , 

d}t do d'V da dodo do dn 

(w, v) — > 

is called they>aren^/(c.sLs (?q v). The condition that the two cixuations 
■f (•'*•. i/. Ih '/) = 0) (■’■> Vy 2'> > 1 ) = 0 

be compatible is, by what precedes, that the equation 

{F, <1.) = 0 

shall be satisfied, either identically or as a consequence of the 
relations i'"' = 0 and ^ = 0 themselves. 
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III. EQUATIONS OF THE FIRST ORDER IN THREE 
VARIABLES 


82. Complete integrals. We shall now consider the integration of 
a partial differential equation of the first order, of any form what- 
ever but with only two independent variables, and we shall first 
present some very important results obtained by Lagrange. Let 

(62) = ^ 

be the given equation. The fundamental result obtained by Lagrange 
is the following : If we know a family of integrals which depend 
upon two arbitrary parameters, we can derive all the other integrals 
from them by differentiations and eliminations. Let 

(53) y, z, a, = 0 

be a relation which contains two arbitrary constants a and h, and 
which defines an integral of the equation (52) for any values of 
those constants. The values of the partial derivatives p and q of 
that integral are given by the equations 


.... dV . dV . 


dV , dF . 
dy dz 


By hypothesis, the function z always satisfies the equation (52) for 
any values of a and hence the elimination of the two parame- 
ters a and h from the three relations (53) and (54) will lead to the 
equation (52) and to that one only,^ 

We shall now show that this equation (52) expresses the neces- 
sary and sufficient condition that the three equations (53) and (54) 
be satisfied by a system of three functions a, h of the two varia- 
bles X and ?/, where p and q denote the partial derivatives of z with 
respect to x and y respectively. When this has been i)roved, it will 
be evident that the problem of integrating the single ecjuation (52) 
is equivalent to the following problem : To find three functlona z, 
h of the two independent variables x and y which satisfy the three 
equations (53) and (54). 

If z =/i(a;, 2/), a =f^{x, y), h =f{x, y) form a system of solutions 
of these three equations, the function f(x, y) also satisfies the 
equatioji (52), which is a consequence of these three relations. 


♦ In fact, if the elimination of a and 6 led to another relation ^ (a;, ?/, 9) = 0 

different from i^=0, the two simultaneous equations .F=0, $ = 0 would have a com- 
mon integral K=0 depending upon two arbitrary parameters a and 6, which is 
impossible (§ 78 ). The given integral would therefore depend in reality upon only a 
single parameter. 
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Conversely, if y) is an integral of the etiuation (52), the 
three equations (53) and (54) are consistent when we replace z 

/i(^> V)^ P and q by the partial derivatives of /^(a;, y). Hence 
we can derive from them as values for a and b two other functions 
y)> which form with A{x, y) a system of 
solutions of the equations (53) and (54). 

The new problem, although apparently more complicated than the 
original, is easily solved. In fact, if we differentiate the relation 
(53) with respect to x and to ?/, regarding now as unknown 

functions of x and ?/, the relations obtained reduce, by (54), to the 
two equations 

^ ^ da dx db dx ’ da dy db dy ’ 

and the system formed by the equations (53) and (55) is equivalent 
to the system formed by the equations (53) and (54). 

We see at once that this system is satisfied by taking for the un- 
known functions a and b any two constants. This gives as the value 
of z the integral already known, which Lagrange called the complete 
integral. In order to treat the problem in a general way, let us 
observe that the equations (55) are linear and homogeneous in 
dV /da, dV/db, Hence the three equations (53) and (55) are satisfied 
if we set 

(56) r=o, = |f=0. 


If these three equations are consistent, they define three functions 
Zy a, b of the two variables x and y. This gives an integral z = f/^x, y) 
of the equation (52) which does not depend upon any arbitrary 
parameter, and which is commonly called the singular integral. 

If dV /da and dV /db are not zero simultaneously, the equations 

(66) gi., 

H>, !/> ’ 


which proves that there exists between the functions a and b at least 
one relation independent of x and of ?/. If there exist two relations 
of that kind, a and b reduce to constants, which gives again the com- 
plete integral. If there exists only one relation between a and b, at 
least one of the functions a and b does not reduce to a constant. 
Assuming that a is not constant, we can write the relation between 
a and b in the form 


(57) 


b = <^(a). 
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and the two equations (65) hecoine 


Sarev 

dx da 



dj/ L da 




oh 


Since a is not a constant by liypothesis, these two relations reduce 
to a single relation, and tlie three equations 


(58) V(jc, 7/, is, a, 4)= 0, 


h = 



dj^ 

dh 


</>V)=o 


define a new system of solutions of the e(iuations (53) and (54). In 
partic-ular, the function rj = ?/) defined by (58) is an integral of 
the given equation (52). It is evident that this integral depends upon 
the arbitrary function <^(«). We shall call it the (jeneral Integral. 

In order to obtain the relation between cr, y, the arbitrary 
parameter a must be eliminated from the two eciuations 

(58-) l'[^, z, a, ,^(.0] = 0, ^ ./,'(«) = 0. 

This elimination can be made only after the function c^(^i) has been 
chosen, but the ec^uations (58') always enable us to express two of 
the coordinates of a point of an integral surfac.e as functions of a 
third coordinate and of a parameter a. 

Tlie preceding method is related in a very simple way to the 
theory of the surface envelopes. Consider, in fact, the family of sur- 
faces whi(;h represent the (toniplete integral (53) and whhdi depend 
upon two constants a and b. If we choose an arbitrary relation of 
the form b = <t> (a) between the two 2)arameters a and />, we obbiin a 
family of surfaces which depend upon only one parameter rr, and the 
envelope of this family of surfaces is obtained precisely by eliminat- 
ing a from the two equations (58'). The process by which we deduce 
the general integral from the complete integral consists, therefore, in 
taking the envelope of a one-parameter family of complete integrals 
obtained by choosing an arbitrary relation between the two param- 
eters a and b. Similarly, the singular integral is obtained by taking 
the envelope of all the complete integrals, as the two parameters a 
and b vary independently * (I, § 212, 2ded.; § 220, Isted.). 


* We have seen above (§ 71) that all considerations founded on the theory of 
envelopes in the study of differential equations are quite troublesome. All the diffi- 
culties pointed out in the study of the sinj^ular solutions of an ordinary differential 
equation of the first order arise again for partial differential equations of the first 
order. The final conclusion is just as before: a partial differential equation of the 
first order, given a priori, does not normally have any singular integrals. This 
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It would seem from what preeedes that we ought to distinguish 
three categories of integrals : the complete integral, the general inte- 
gral, and the singular intc^gral. Dut Lagrange’s theory itself shows 
that there exist an infinite numlxu* of (jomplete integrals. IndecMl, 
if we establish between the two parameters a and h a relation of a 
definite form h ~ 7r(rt, a\ b'), containing two constants a' and /»', the 
(jorresponding general integral will depend upon these two c.onstants 
a', />', and may be considered as a new (iomplete integral. The 
original c.omplete integral will now be included in the general inte- 
gral, and will (iorrespond to the relation h = 7r(</, a', b') establisluMl 
betweim tlu^ two j)arameters a' and //. There is, therefore, no essential 
distinction between the general integral and tlu', complete integral. On 
the contrary, the singular integral, as (*an be seen from its geometri(; 
meaning, does not depend upon the (;hoi(ie of the complete integral. 
Examiile, 1. Consider the generalized Clairaut’s equation 

z-=i,x^ <]!/ +/ 0 >, <i). 

It is easily seen that it has a complete integral of the form 
- = ax. -f- by +/0', 

This complete integral is represented by a family of planes which de- 
pend upon two arbitrary i)aramcters a and />. Tlu'sc plan(»,s envelop 
a noii-dt^velopable surface 2, which is the singular integral surface of 
the given e(iuati()n. In order to obtain the gcmcral integral, we must 
choose an arbitrary relation Ind-ween a and />, say b = 
must find the envelope of the ])lancs thus obtained. This envelope, 
which is represented by the two ecpiations 

« = + y<t> (a) +/[«, <t> («)]> ^ + If + 

is a develoi)able surface tangent to the surface % all along a curve F. 
It is evident that we can choose the arbitrary function in such 
a way that the curve of contact F shall be any preassigned curve on S. 
Examjde 2. Consider the equation 

7 =/(/')> 

of which a complete integral is 

« = ax +/(«).'/ + 


conclusion does not contradict the reasoning of the text, for wc have assumed that 
we can apply the theory of implicit functions to the system of three equations (58), 
and the conclusions are correct only when that comlition is satisfied. (See the pai)er 
by Darboux, Stir Ips solutions sinfjulieres des pquafions aur, derivees partielles dii 
premier ordre {Memoires des Savants etrangers^ Vol. XXVII).) 
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This equation represents a plane, and the general integral, which is 
given by the system of two equations 


(59) z = ax + yf(a) + ^ (a), 0 = a: + yf{a) -f 

is represented by developable surfaces, which can be defined geomet- 
rically in a very simple way. Draw through a fixed point of space 
(for example, the origin) the planes parallel to the planes which form 
the complete integral ; these planes depend only upon the parameter 
tt, and consequently envelop a cone {T) whose vertex is at the origin. 
It follows that the edge of regression of the developable surface (59) 
has its osculating plane constantly parallel to a tangent plane of the 
cone (r). Hence the generators of this surface are parallel to the gen- 
erators of the cone just mentioned (I, § 227, 2d ed.; § 224, 1st ed.). 

The equations (56), which determine the singular integral, are in 
this case inconsistent, for the last reduces to 1 = 0. There is there- 
fore no singular integral. 

Example 3. Consider a family of spheres with a given radius 72, 

whose centers remain in a fixed plane. These spheres de])end uj)on 

two arbitrary parameters, and if we take a system of rectangular 

axes with the fixed plane for the iry-plane, they are represented by 

the equation , ^ 

(x — ay + (y — hf -f 5?* — = 0. 


The corresponding partial differential equation is obtained by elimi- 
nating a and b from this equation and the following two. 


03 — a -f- = 0, y — h qz Oy 

which gives the equation 

(l+p^ + q^)z^ - 72 ^ = 0 . 

Geometrically this equation expresses the fact that the portion of 
the normal included between any point of the surface and the xy- 
plane is constant and equal to 72. The general integral is a tubular 
surface, the envelope of a sphere of radius 72 whose center describes 
an arbitrary curve in the o^’y-plane. There is a singular integral 
surface formed by the two planes = ± 72. It is evident that these 
two planes are tangent to all the other integral surfaces. 


83. Lagrange and Charpit’s method. To sum up the preceding, in 
order to determine all the integrals of an equation of the first order, 

(60) Fix, y, z, p, q) = 0, 

it is sufficient to know a complete integral, that is, an integral depend- 
ing upon two arbitrary constants. In order to determine a complete 
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integral, let us suppose that, hy any means whatever, we have 
obtained another function y, q) sucdi that the two equations 
(61) $ = a 


can he solved for p and y, and form a coin])letely integrahle system, 
for any value of the constant a,. If this is the case, tlien hy solving 
the two preceding equations for p and q, and substituting these 
values of ^ and q in the ecpiation dz =^pdx + y^/y, we obtain a com- 
pletely iiitegrable total differential equation 

(62) , dz =/(*, y, z, a)dx + (a-, y, z, a)dy. 

The integration of this ecjuation introduces a new arbitrary (;onstant 
b, and in this way we obtain an integral of the given eciuation which 
depends upon the two arbitrary constants a and k 

Lagrange and Clliarpit^s method of integration consists precisely 
in adjoining to the equation F=0 another efpiation 4> = tf. sucL that 
tlie system (61) formed by these two equations is completely inte- 
grable. For this it is necessary and sufficient (§ 81) that [F, = 0, 

that is, that 

^ ^ ^ If = 0’ 

where, for brevity, we have set 


“dx ^ 


% 




'•-f' 

dp 




The auxiliary function y, jh '/) must therefore satisfy a linear 
partial differential equation in live independent variables. Tlie inte- 
gration of this linear equation reduces in turn to that of the system 
of ordinary differential equations 


/' 64 ^ ^ ~ 

^ ^ P Q Pq + Qq X+2>^ Y+qZ‘ 

But, for the purpose which we have in view, it is not necessary to 
find the general integral of this system (64) ; it is sufficient to know 
one first integral ^ = a o^ this system, such that we can solve the 
two equations F = 0, ^ = a for p and q. 

We can therefore state the following general rule : 

To obtain a complete integral of the equation (60), we Ji rat find one 
frst integral ^ ^ a of the auxiliary system (64) for which the Jaco~ 
bum />(F, ^)lD(^py q') is not zero ; then we solve the two equations 
F= 0, $ = a forp and y. Substituting the exqivessions obtained for 
p and q in the equation dz =^pdx -h gdy^ we obtain a completely 
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integrahJe total differential equation. The general integral of thin 
equation contaim a second arbitrary constant b, and is a eowjdete inte- 
gral of the equation (60). 


We know in advance one integral of the equation (63); that is, ihe 
function F itself. This integral cannot be used directly, but the 
knowledge of it reduces the integration of the system (64) to the inte- 
gration of a system of three differential equations of the first order. 
Tlie precise nature of the problem to be solved is thus made clear. 

When the function F does not depend upon the unknown function 
z, we may also suppose that the function ^ does not depend upon r.*, 
and the condition that the system (61) be completely integrable 
is then 

(F, ^) = 0, 

or 

Hence the auxiliary system (64) takes the form 

dx __ d q ^ — dp — dq 
_ _ _ ~Y~’ ~Y~" 

If we know a first integral = a of this system for which 


(64') 


fill’ll 

^*{P> '/) 

is not zero, we are led to a total differential equation of the form 
dz =/(.r, //, a)dx -f <^(.r, ?/, a)di/, 

which is integrable by a quadrature. The difficulty of the second 
part of the i)robleni is therefore diminished in this case. This is also 
true of the first part, for we know a first integral F = C of the sys- 
tem (61') ; we can therefore replace this system by a system of tivo 
differential equations of the first order. 


Example 1. Let us consider an ecjuation containing only one of the three 
variables x, y, z (for example, the variable y ) : 

P'iv, P, Q) = 0. 

In this case A' = Z = 0, and the C()uatinn 8 (04) give the integrahlo combination 
dp = 0. Hence the two equations F{y, p, 7 ) = 0, p = a form a completely inte- 
grable system, as is easily verified. For if we solve the given equation for 
the total differential equation to be integrated takes the form 

dz=z adx +/( 2 /, a)di/. 

Hence we obtain a complete integral by a quadrature ; 

z = ax + f /{y, a)dy + 6. 
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Example 2 . An equation of the form F( 2 , p, q) = 0 can be reduced to the 
precedin#^ form by taking y and z for the independent variables, but we can dis- 
pense with this change of variables. For in this case we have X = F = 0, and 
the equations (64) give 

dp dq 
p q ' 

whence a first integral is g = ap. From the two eciuations 
q = np, F(z, p, 7 ) = 0 

we then derive 

p=f(z, a), q = af(z, a), 
and the total differential equation 

dz —f{z, a) (dx -h ady) 
can be integrated by a quadrature : 

f = i + (tv + />■ 

J f(z, «) 

Consider, for example, the e(iuation pq — z~ 0 . Adjoining to it the equation 
q =z op, we derive from them 

hence a complete integral is given by the equation 
4 az — (x + ay -{■ h)% 


which represents a family of parabolic cylinders tangent to the arp-plane along 
the entire length of a generator. The -cy-plane represents a singular integral. 

The ecjuations (64), in the case where F = pq — z, have also the first integral 
p — 2 / = a. Starting with this integral, we are led to the total differential 


e(iuation 


(I« = (V + «)(iK + ^^-. 


which can also be writtGii in the form 


dx 




This furnishes a new comidete integral z = (.7 -f a) {x -f h), which represents a 
family of hyperbolic paraboloids tangent to the x?/-plane. 

Example 3. Let the equation be of the form/(jr, p) — /^(f/, q) = 0. The dif- 
ferential equations (64') 

dx _ dy _ — dp _ dq 
dp dq dx dy 


have the first integral /(x, p) = a. If we adjoin this equation to the given equa- 
tion, we derive from the two relations 


f(x,p) = a, /,(v, 7) = «, 


the values for p and q, p = a), q = ^,(Vi <()t total differential 

equation 

dz = 0 (x, a)dx - 1 - 01 (y, a)dy 
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can be integrated by two quadratures as follows : 


a = J' 4>(x, a)dx + J a)dy + 6. 


When an eciuation of the first order is of the preceding form, we say that 
the mriMes are separated. For example, let us consider the equation 

p(I-xy = 0, 

which can be written in the form 

X q * 

E(piating these two (luolients to a constant a, we obtain the total differential 
equation 


whence a complete integral is 


V 

dz = axdx + '-dy. 


2 2a 


Example 4 . Let us propose to find the functions F(j 5, y, p, q) for which the 
ecpiations ((J 4 ) have tlie first int(‘gral py — qx = a. Fcir tliis it is necessary and 
sufficient that the relation pdy + ydp ^ qdx — xdq — 0 shall be a consequence 
of the relations (( 14 ') ; that is, that the function F shall itself be an integral of 
the linear eipiation 


c F aF . 
P ^ -.v— 
d(i 


^F f)F ^ 

q. - = 0. 

('y dp 


The corresponding system of differential equations 

dx _ dy _ dp __dq 
- y X -q p 

has the three first integrals 

^2 4. y2 = a, p2 + qi = C", py-qx= C", 

and the function F is therefore of the form F(py — qx, x'^ + 2/®, P^ + 7®). The 
investigation of the eijuation F = 0 for a complete integral is therefore reduced 
to the integration of two simultaneous eijuations of the form 
p2 4. q2 = /(x2 4 2/2^ py _ py - qx = a. 

Making use of the identity 

(p2 4 y2) (^2 4 2^2) _ (py _ ^J.)2 4 (pj. 4 yy)2^ 
we derive from the two preceding eijuations 


px 4 f/y = V + y^) (i) - 0 (x2 4 y\ a). 

Solving for p and q, we obtain the values 

^ - ax + 2/0 (x 2 4 2/^ o ) 
9= > 

whence we obtain a complete integral by a quadrature. 


x-^4‘2/- 


z—-^ a arc tan (~\ + f — du + b, 
\x/ J 2 14 


where u = x’-* + y^» 
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It is sometimes possible to find a priori, by geometric considerations, certain 
integrable combinations of the differential etpiations (04). Suppose, for exam- 
ple, that we wish to find the surfaces S wliose tangent plane at any point M 
meets at a constant angle V the plane passing through M and Oz. It is clear 
that if a surface satisfies this condition, all the surfaces obtained from it by 
a helicoidal movement around the z-axis, for which the pitch of the helix is 
equal to h, will also satisfy the condition. Hence the surface envelope S will 
also be an integral of the same etiuation. This envelope 2) is evidently a 
helicoidal surface of pitch h. Since we may translate it any distance what- 
ever parallel to the z-axis, it follows that the partial differential etjuatinn of 
the problem and the partial differential Cipiation of the helicoidal surfaces 
py — Q'X = a (§ 72) have, for any value of u, an infinite numl)(*r of common 
integrals which depend upon an arbitrary constant. Conseciuently the differ- 
ential equations (64) corresponding to the partial differential equation of the 
surfaces S have a first integral py-^qx = a, and tht5 complete integral can be 
obtained by a quadrature. 

Note. It should be noticed that it is not necessary that the relation (63) 
shall be identically satisfied in order that the system (61) be completely inte- 
grable ; it is sufficient that it be satisfied by virtue of the relation F = 0 itself. 
We can sometimes make use of this fact in the search for the function 4>. In 
fact, the problem of finding an integrable combination of the eciuations (64) 
reduces essentially to that of finding five functions Xj, X,/, X«, X^^, X, of the 
variables a?, y, z, p, q such that 

Xrdx 4- \Ay + X.dz 4 \fAp 4 X,/l 7 
shall be an exact differential d4f and such that wo have also 

PX. 4 + {PP + \> “ (^ + = 0. 

If this last equation is not satisfied except by virtue of the eciuation F = 0, the 
function ^ is not, properly speaking, a first integral of the system (64). How- 
ever, since the multipliers X,., X,,, • • • are equal to the partial derivatives of 4>, 
the two equations F= 0, ^ =: a still form a conqfietely integrable system, for 
the equation (63) is then a consequence of F = 0.* A similar remark applies to 
the sytem (64'). 


* When the equation F=0 can be solved for one of the variables x, i/, z, p, q, we 
may suppose that the function does not <*<)ntain that variable, and it will als(j not 
appear in any of the coefficients X, Y, Z, F, Q. For definiteness, let us take an equa- 


tion of the form 


P +/(•**. 2:, q) = 0. 


To find a complete integral, we need only adjoin another equation 0 (.t, ?/, z, q)^(i, 
which forms with the first a completely integrable system. In this case the condition 
[p +/i 0] = takes the form 


dz 




in which the letter p does not appear. 

More generally, let us suppose that we can satisfy the relation 0 by putting 
p«/(j;, p, z, X), 7 = 0(*»‘. 2 !, X), 
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84. Cauchy’s problem. (liven an equation 

(65) p =f(je, y, «, q) 

in which the right-hand side is analytic in the neighborhood of a 
system of values (oJq, z^, and a function <#>(//) analytic in 
the neighborhood of the point such that we have <l>Qj^=z^y 
<!>'(}/ q) = q^y we proved in § 25 that this equation has an analytic 
integral in the neighborhood of the point (pc^y which reduces to 
the given function <^(^) for x = x^. Let C be the plane curve rej)- 
resented by the two equations x = x^y z = <^(/y). Geometrically this 
result may be stated as follows : There exinta one und only one ana- 
lytm integral surface of the equation (65) imssing through the curve C. 

This proposition is caijable of generalization. Let us first consider 
an e(piatiou of any form, 

(66) h\jr, y, «, 2h q) — 0, 

and let us propose to determine an integral surface passing through 
a plane curve, such as C, which lies in a x)lane x = x^ parallel to the 
2/.:;-plane. Let z = (y) be the equation of the cylinder which pro- 

jec.ts C upon the yr>plane. Since the function is analytic in the 
neighborhood of the point the equation 

(67) y^, p, q^) = 0, 

where = </>(yo), q^ = <#>^(//o) where we regard y? as the unknown, 
has a certain number of roots. Let be one of them. If the func- 
tion F is analytic in the neighborhood of the system of values (.r^, 
y^y z^y p^y q^)y and if also the i)artial derivative (fF/dp')^ is not zero 
for this system of values, the equation (66) has a root p = f{x.y y, Zy y) 
which is analytic in the neighborhood of the system of values (x^y y^y 
z^y q^ (I, § 193, 2d ed. ; § 187, 1st ed.). Hemie we are led back to 
an equation of the form (65), which shows that the equation (66) 
possesses an integral surface through C. As a matter of fact, the 
reasoning proves that this equation has vh integral surfaces which 
satisfy the conditions if the eejuation (67) is of degree ni with 
resi)e(;t to p. There is no possible exception unless one of the roots 


where X denotes an auxiliary parameter. We need only replace X by a function of 
a, ?/, z such that the equation dz=fdx-\-<pdy is completely integrablo, which again 
leads to a linear equation for X {x, ?/, z ) : 


dy dz 


d\\dy 




d<f> d<i> . d<t> jd\ d\ 
dx dz'^ 0X \5a; dz 


')■ 


(Antomari, Bulletin de la Soci4t4 Mathematiqne, Vol. XIX, p. 154.) 
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of the equation (07) satisfies also the relation dFjdp — 0 at all the 
points of L\ since are the coordinates of any point of 

this curve. 

Let us consider finally any curve F, represented hy a system of 
two e(iuations 


(68) *=A.(y), r. = ii(!/), 

and let it be required to determine an integral surface of the 0 (pia- 
tion (GO) whi(ih i)asses through F. This problem, in turn, can he 
redu(;ed to the preceding by means of a (diange of variables ; for if 

a: = A' + A.(r), y = y, 
dx 4“ dy beciomes 


we put 

the relation dn 


iU = pdX -h V(r) dY -f q dY, 
and from this we derive 


p = 


dr. 

dx' 


p\XY) + q 


dr^ 

dY^ 


The equation (00) is then replaced by the equation 


( 00 ') 



+ x(r), 




dr: dr. 
dx ' d Y 



= 0 , 


and it remains to find an integral of this new ecpiation which 
reduces to /i(F) for X = 0. lleiKic we see that in g(*neral an 
gral s^trfaee of an equation of the Jiest order Is determined If ire 
assign ii eurve lying on that surf are. Tluu’e may be several integral 
surfaces satisfying this condition if the equation similai’ to (07) has 
several distiiujt roots, just as an ordinary differential equation of the 
first order and of degree m in if has in general m. integral curves 
passing through a given point. We shall return later to the excep- 
tional case in which this reasoning fails. ' 

The problem of determining an integral surface of a partial differ- 
ential ecpiation of the first order through a given curve has been 
called Cauchfs problem. This name is used to remind us of the 
close relation just explained existing between this problem and 
Cau(;hy’s general theory. We shall now show how Cauchy’s xjroblem 
can be solved by an elimination if we know a (jomplete integral, and 
this will furnish also a verification of the |)receding results. 

V{x,y,z,a,h) = (i 


l)e a complete integral, and let T be a given curve not situated upon 
the singular integral surface nor iix)on one of the integral surfaces 
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obtained by giving to a and to h constant values. Cauchy’s problem 
reduces to determining the function 4>(a) in such a way that the given 
curve r shall lie upon the surface S defined by the two equations 

dV BV 

(69) V [a-, y, a, <f> (a)] = 0, -^ + <!>' («) = 0. 

Let us suppose that the (;o()rdinates x, « of a point of T are 
expressed as functions of an auxiliary parameter X, 

(70) *=/.(X), y=f,(X), a:=/.(\), 

and let I/(X, a, b) be the result obtained by replacing a-, ?/, is: in 
V (x, y, Zy a, h) by the preceding expressions. The two simultaneous 
e(iuations 

(71) ,7[X.«,+(.)]-0, + = 0 

determine the values of X and a which correspond to the points of 
intersection of the curve T with the surface S, If the surface S 
passes through the cAirve T, these two ecpiations form an indetcu*- 
minate system. Hence, eliminating X from these two eciuations, we 
obtain an identity. This elimination leads to a relation between a, 

<#>(«)) <#*'(«)> 

(72) = 

that is, to a differential equation of the first order for the determh a- 
tion of It would seem, therefore, that the problem has an 

infinite number of solutions, contrary to (kiichy’s result. But it is 
easy to deduce from the ecpiations (71) another relation not contain- 
ing In fact, let us sui)pose that the curve P lies entirely on 

the surface S. Wlieii a point moves on F, a is a function of X which 
satisfies the two equations (71) simultaneously. Hence, if we differ- 
entiate the first of these two equations with respect to X, it follows 
from this result and the second that 


This equation contains only X, a, Eliminating X from the two 

e(iuations U = 0, dUfdk = 0 , we obtain an equation which determines 
the finfctiou The method to which we are led has an evident 

geometric meaning. In fact, the equation U (X, a, &) = 0 determines 
the values of X which corresx)ond to the points of intersection of the 
curve r with the complete integral. If we also have dflfdX = 0, this 
equation has a double root, and the complete integral is tangent to T. 
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Eliminating X from the two equations U(\, a, h)=: 0, dU/d\ = 0, 
the condition obtained, ^(a,i)== 0, therefore expresses the fact that 
the complete integral is tangent to r, and the desired integral surface 
through T mag he defined as the envelope of the complete integral 
surfaces tangent to the curve T. This result is geometrically almost 
intuitive.* 

85. Characteristic curves. Cauchy’s method. Cauchy’s method is 
independent of the theory of the complete integral. We shall now 
present it in a geometric form. For this purpose, let us first consider 
the meaning of a non-linear partial differential equation 

(74) F(a-, y, y)= 0. 

This equation may be regarded as a relation between the direc- 
tion cosines of the tangent plane to an integral surface S through a 
given point (rr, g, z) of space. Hence this tangent i)lane cannot be 
any plane passing through the x)oint (./•, y, z). Siniu^ the possible 
tangent planes form only a one-})arameter family, they envelop in 
general a (jone (7’) whose vertex is the point (.r, //, z). It follows 
that the tangent plane at ang point M of spare to each integral surface 
S through this imint is also tangent to a certain cone (7’) 

whose vertex is at M. 

The cone (7") depends, of course, upon the function F, and also 
ui)on the position of its vertex. In order to obtain the ecpiation of 
the cone (7’) whose vertex is (x, //, z), we must, by its definition, 
find the envelope of the planes 

(75) = p (X - O') + y ( 1^ - 7/), 

where the parameters p and g are connected by the relation (74). We 
must therefore eliminate p and g from these two ecpiations and the 
new relation (I, note, § 208, 2d ed. ; § 202, 1st ed.) 

(7») (r-i,)*';-(.v-x)|^ = o. 


* It is easy to obtain the jjeneral integral of the differential equation (72). In fact, 
if we replace X by an arbitrary constant X,,, the function 0 {a) defined by the equation 
(e) U[\o, Uf 0(«)] = O, 


also satisfies the equation 
(e') 


au, du 

da d<t> (a) 


0' («)=0. 


Hence 0(a) satisfies also the equation obtained by eliminating Xo from (c) and (e'), 
but the resulting equation is exactly the equation (72). The relation (e) therefore 
represents the general integral of the equation (72) . There is also a singular inte- 
gral, which is indeed precisely the desired solution of the given problem. 
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The two equations (75) and (76) represent the characteristic direc- 
tion, that is, the generator of the cone (T) which is the line of con- 
tact of the tangent plane. If we suppose that the axes of coordinates 
are rectangular, we can obtain immediately the equation of the 
normal cone (iV), which is generated by the normals to the different 
integral surfaces passing through the point M, For, since the equa- 
tions of the normals are 


A - a: + p(Z - ^) = 0, Y^2j + q(Z^z) = 0, 


the elimination of jj and q gives the equation of the cone (A) in 
th(^ form 


(77) 


F 



X — X 
Z - i 



If the given equation (74) is linear in p and q^ the cone (iV) is a 
plane and the cone (T) reduces to a straight line A. We have seen 
(§ 76) that the integration reduces in this case to the searcjh for the 
curves which are tangent in each of their points to the correspond- 
ing straight line A. We are led to Cauchy’s method by extending 
this process to non-linear equations. 

Let be an integral surface represented by the equation 

«=/(=«. 2 /)- 

At each point M of this surface the tangent plane is also tangent 
to the cone (7’) along a generator (6’). We shall give the name char- 
arterbitic ciirrc to every curve C of the surface S which is tangent 
in each of its points to the corresponding generator G. Through 
each ]K)int of S (excepting the singular points, if there are any) 
there ])asses one and only one cAirve of this kind. The name charac- 
ferlstlr curves will be justified later (§ 86). 

The key to (Cauchy’s method is that we can determine these curves 
by a system of ordinary differential equations without knowing the 
function /(j*, y). In the first place, the tangent to the curve C coin- 
cides with the straight line G represented by the two equations (75) 
and (76), which may be written in the form 

X-x Y-y _ 

P Q Pp + Qq 

in th^ notation of § 83. Along a characteristic curve x, y, z, p, q 
are functions of a single independent variable, and we may write the 
relations between the differentials dx, dy^ dz in the form 

dx dy ^ j 

Pp+Qq"^ 


( 78 ) 
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where u is a conventional auxiliary variable which is introduced 
merely for symmetry. Along this curve C we have also 

dp z= rdx 4- sdy, dq = sdx -h tdy^ 

where r, .s, t are the usual second derivatives of the function /(,/•, ?/). 
On the other liand, since ii=f(x,y) is an integral of the giviMi 
equation (74), the partial derivatives r, s, t also satisfy the two 
relations 


X -f jiZ + Pr + Qn = 0, r + + Ps -\-Qf =:0, 

which are obtained by differentiating (74) with respt'ct to .r and 
with respect to y. Replacing the differentials t/x and dy by Pd it and 
Qdit respectively, the expressions for dp and dq b(M*,ome 

dp = (Pr 4- dq == (Ps 4- Qt)dUy 

or, using thi*. preceding relations, 

dji = — (A -\-pZ)di(, dq = — (Y qZ)dii, 

Adjoining these equations to the equations (78), we arrive at a 
system of ordinary differential equations 


(79) 


dx (^y _ dz _ —dp —dq 
Pp+~^ - A 4- pz "" Y+qZ 


which is identical with the system (64) to which we are led by 
Lagrange’s method. 

This system of differential equations is absolutely independent of 
the integral considered. We derive from it the following conclusions : 
Let (.Tq, z^) be the coordinates of a point of S, and let and 

be the values of p and q for the tangent ])lane at this point. If 
the function F is analytic in the neighborhood of this system of 
values, and if not all the denominators of the quotients (79) vanish 
simultaneously for x^, p^, q^, the equations (79) have one and 

only one system of integrals which take on the viilues z^^ 

for u = 0. It follows that if two infeyrnl surfucra are tangent at a 
point (Xq, t/q, z^, they are tangent along the entire length of a common 
characieristie CAvrve through that point. 

For convenience we shall call every system of values assigned to 
the five variables cr, y, /9, q an element. Thus, an element may be 
thought of as consisting of the set of a point whose coordinates are 
(or, y, z) and a plane through that point whose position is defined 
by the values of jo, q. Along an entire characteristic curve, »•, y, z, p, 
and q are functions of an independent variable u. To each point of 
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a characteristic curve there corresponds, therefore, an element com- 
posed of this point together with the plane through this point defined 
by the values of ^ and But from the equations (79) we have 

dz dx . dy 

du ^ du ^ du^ 

so that this plane contains the tangent to the curve at the point 
(iP, y, «). When the point (.t, y, z^ describes the characteristic curve, 
the corresponding plane envelops a developable surface imssing 
through this curve, which is called the characteristic derelopahle 
surface. Thus, to each characteristic curve there corresponds a char- 
acteristic developable surface through that curve. We shall hereafter 
use the words characteristic strip to denote the combination of the 
curve and the developable surface, and we shall refer to the curve 
as the characteristic cuiwe, to avoid any possibility of ambiguity. 
With this understanding, a characteristic strip is composed of an 
infinite number of elements which depend upon an independent 
variable, and the infinitesimal variations of ir, /y, z^ p^ q are con- 
nected by the relations (79). A characteristic strip is therefore 
completely defined if we are given one of its elements, and the 
theorem stated a moment ago can again be expressed in the follow- 
ing exactly equivalent form : 

If two Integral siufaces have a common element, they hare in com- 
mon all the elements of the characteristic strip to which the given 
common element belongs. 

The totality of all characteristic strips depends upon three arbi- 
trary parameters. In fact, a characiteristic strij) is determined if one 
of its elements (ar^, y^, z^, p^, is given. One of the co()rdinates, 
o-Q for example, may be assigned a given numerical value, and, more- 
over, by definition the relation y^, z^, jj^, q^ = 0 is satisfied. 

Hence only three parameters remain arbitrary. 

In order to determine the characteristic strips, let us observe first 
that F = const, is a first integral of the e(iuations (79). Hence, if 
F{xy y, z, p, q) vanishes for the initial element (x^, y^, z^, p^, q^, F 
vanishes throughout the entire length of the characteristic strip 
through that element, as we see also from the derivation of the 
equations (79). In order to find the characteristic strips of the given 
equation, we can therefore adjoin to the system (79) the relation 
F = 0 itself, which reduces that system to one of three differential 
equations of the first order. 
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Let us suppose that we have obtained the equations of the charac- 
teristic strip ill finite terms ; and, for definiteness, let 

(80) I ^ ?'o)> ^ /^o» 5'o)> 

\P =A(^y y^y P^y %)y Vo, Poy %) 

be the equations of the characteristic strip through the element 

(^oy ^oyPoy '/o)- 

The two first equations of (80) rcxn-eseiit the characteristic*, curve 
itself, and every integral surface, being a locus of the characteristic 
curves, will be obtained by supposing that o*^, are func- 

tions of an auxiliary parameter v. We are therefore led to investi- 
gate how tliese five functions of v may be chosen in order that the 
surface generated by these characteristic curves shall be an integral 
surface. We shall introduce with Darboux an auxiliary variable ?/, 
and write the equations in a symmetric form. Let 



(X = <^,( m , 



^oy P^y 

7o)> 

(81) 



?/o> 

P^y 



\a = <^,(«, 



^oy 2^oy 

!7o)> 

(82) 

p = <!>,('», 


I/oy 

^-oy Poy 

?o)» 

1'/ = 

^ 0 > 

ihy 

^-oy Poy 

7o) 


be the equations which rexiresent the integral of the system (79) 
which takes on the values y^, p^y q^ respectively for v = 0. 
If we replace y^y z^, p^y q^ in these exju'essions by functions of a 
second auxiliary variable v, the equations (81) rex)resent in general 
a surface and v being regarded as two indexiendent variables. 
In order that the surface S be an integral surface, and that the 
curves v = const, be the characteristic curves, tlie eixuations (82) 
must give x)reinsely the values of and q which determine the 
tangent plane to that surface ; and, moreover, tlie relation F = 0 
must be satisfied at every point of S. Hence the five fuin^tions 


2/, P^ <l 
conditions 

of the two variables n and v must satisfy the three 

(83) 

P{x,y,^,p,q)=o, 

(84) 

ds dx dj/ 

dn d„ d,( 

(86) 

dz dx dy 

dv ~ ^ dv ~ 
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Since the five functions <fti are integrals of the system (79), we have,' 
as remarked above, F(x, y, »,p, q)=F(x^, q^. Hence the 

relation (83) will be satisfied if 

( 86 ) F(x^, y^, 2\, q^ = 0 . 

The relation (84) is identically satisfied, for it is a consequence of 
the differential ecjuations (79). Cauchy transforms the condition (85) 
as follows : Indicating by // the left-hand side of (85), and differen- 
tiating with respect to u, we find 

dll _ d^x d^ff dx dp d y dq 

da dado dudo ditdo do dii do da 

On the other hand, differentiating the relation (84) with respect to v, 
we have also 

dado dado ^ dado do da do da'^ 
whence, subtracting, 

da do da do da do da do da^ 


or, replacing the derivatives with respect to 21 by their values 
obtained from the relations (79), 


da 


,.dx . ^^dq . ^dp . dq 
CO Co CO Co 


( dx dy\ 

VYo’^'^Tor 


Finally, observing that the five functions x, y, z, jj, q oi v satisfy 

the relation . 

^ W y, P, <l) = 0, 

and that we therefore have also 


, dx 
do 


rht 

do 


, dz 
do 


.Y ^ + F 4- ^ + P ^ + Q 7. = 0, 


► 

dv 


' do 


we may write the preceding value of dJI/du in the form 


(87) 


dH 

du 



dx 

do 




— ZII. 


We derive from this relation the following value for P, 

( 88 ) , = 

where denotes the value of H for 21 = 0, that is, when x, y, jt?, q 
reduce respectively to x^, z^, p^, q^. Since the function F, and 

consequently also the partial derivative Z, is supposed analytic 
in the neighborhood of the system of values x^, y^, z^, p^, q^, the 
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necessary and sufficient condition that H I)e zero is that lx.- zero, 
that is, that (dz/doX=p^(d3-/dv\ + qj,dy/de\. 

Bumming up, to obtain an integral surface * it Is sufficient to replace 
a-Q, ?/(), - 0 , <7o in thej equations (80) or (81) by functions of an 

auxiliary variable v which satisfy the two conditions 

(89) F(a-„, y„, ry„) = 0, . 

This method leads very easily to the solution of Cauchy’s probhuu. 
In fa(it, if we wish to determine an integral surface through a given 
curve r, we may take for the coordinates of any i)oint of 

that curve expressed as functions of a variable parameter and the 
equations (89) then determine and The solution may also be 
stated in geometric language as follows : The first of the equations 
(89) expresses the fact that the jdane through the point y^, 


* The argument presumes, however, that the denominators P, Q, .Y+pZ, Y^^q'A 
are not all zero for the initial values ro» Po» rase they are, the equa- 

tions (HI) and (82) reduce to a* = a*o, 1/ * ?/o» z=ZQyP = Po» <7 = <?o* whereas if we suppress 
the auxiliary variable ?/, the equations (79) may have integrals which take on the 
given initial values (§31, Note). Hence the integrals of the given equation which 
satisfy also the four equations 

p = 0, Q = 0, X+pZ = 0, Y-^qZ = 0 

are not given by the general method. Such integrals, if there are any, are sinyntar 
integrals. There exist normally no such integrals for an equation given a priori and 
not formed by eliminating constants. 

The reasoning can be arranged so as to put in evidence the hypotlieses necessary 
for the validity of the conclusions. I-.et us suppose first of all that the function 
P(r, ?/, z, p, q) is an analytic function of j*, ?/, z, p, q. In order to show that every 
integral z=/(x, y) represents a locus of characteristic curves, it is not necessary to 
suppose that that integral is analytic; it is sufficient to assume that it has continuous 
partial derivatives of the second order r, f, since only these derivatives appear in 
the proof. The characteristic curves, being defined by a system of analytic differen- 
tial equations, are necessarily analytic curves, and, consequently, on every integral 
surface, whether it is analytic or not, there exists a family of analytic curves, namely, 
the characteristic curves. The functions 0i, 02. • • •. 05. which represent the general 
integral of the equations (79), are analytic functions of u and of the initial values 
«o. 2/0, 2?o, Po, <7o (§ 26). In order that the calculations which follow, and their con- 
clusion, be rigorous, it is sufficient that these initial values be continuous functions 
of a parameter u, and that they have continuous derivatives, but it is not necessary 
that they shall he analytic; functions of v. 

This is quite in accord with the method of the variation of constants. If the com- 
plete integral V{x, ?/, z, a, h) is an analytic function of its arguments, the same 
will be true of F{x, y, z, p, q), but nothing in the argument requires that the arbi- 
trary function 6 = 0(o) shall be an analytic function of a. A similar remark applies 
to the general integral of a linear equation. For more details on this subject see 
E. R. Hedrick, IJeher den analytischen Character der LUsungen von DifferentiaU 
gkichungen {InauguraUDisaertationt Gdttingeny 1901). 



256 


PARTIAL DIFFERENTIAL EQUATIONS 


[V,§86 


determined by the values and is tangent to the cone (T) whose 
vertex is that point ; and the second of the equations (89) expresses 
the fa(it that this plane passes through the tangent to the curve T. 
Hence the whole process may be formulated as follows : Through 
the tangent at the point M to the curve V pass a plane tangent to the 
cone (7’) whose vertex is M ; let C be the character istw curve through 
the element thus determined ; the surface generated by this charac- 
teristic curvcy as the point M deserves the curve T, is an integral 
surface through the curve T. 

There will be as many surhices fulfilling these (jonditions as there 
are tangent planes to the cone (T) through a tangent to the curve P. 
It is also clear that we should associate tangent planes which form 
a continuous sequence. 

Let us consider first the general case where the tangent to the 
curve r is not a generator of the cone (7’). Since and fix the 
position of the tangent plane to the cone (7’), the direction cosines 
of the clement of contact of (7’) with that plane are proportional to 
I\p^ -f- Q^q^, by the formulae (75) and (76). Since the differ- 
ence values of and of q^ 

derived from the equations (89) are analytic functions of v in the 
neighborhood of the given point of P. On the other hand, we can 
solve the first two equations of (81) for u and for the functional 
determinant dx/dudg/dv — dg/dudx/do reduces for u = 0 to 

(8 A (djA _ (djA (dx\ 

\du/o\dv/ \du/o\dvr 

that is, to P^{dyjdv') — Q^ldxjdv), Substituting these values of u and 
V in the third of the equations (81), we see that z is an analytic 
function of x and y in the neighborhood of the given point (see § 84). 

If the tangent at a particular point of the curve r coincides with the element 
of contact of (T) with the plane determined by the values at that point, 
this point is in general a singular point for the corresponding integral. If the 
same thing happens at every point of F, we must distinguish two cases, according 
as the curve P is a characteristic curve or not. 

If the curve P is a characteristic curve, it is tangent at each of its points to an 
element G of the cone (T) whose vertex is at that point, and the characteristic 
developable surface is the envelope of the tangent plane to the cone ( T) along 
the generator G when the vertex M describes the curve P. The characteristic 
curve through each of the elements thus determined coincides with the curve 
P itself, and the equations (81) do not define a surface. But it is clear that in 
this case the problem is indeterminate. For let M be a point of P, let P be the 
plane tangent to the cone ( T) whose vertex is M along the tangent G to P, and 
let P' be another curve through M whose tangent at JIf is a straight line of the 
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plane P different from G. From what we have just proved, the integral surface 
through r' contains the curve F. 

If the given equation (74) is not linear in p and 7 , as we shall suppose, the 
curve r can be tangent at each of its points to a generator G of the correspond- 
ing cone (T) without being a characteristic curve. The family of curves 
having this property depends, in fact, upon an arbitrary function. Let 


>(x. 


2/, 2; 


r-y z-A 

X-x’ X-x/ 


0 


be the equation of the cone (T) whose vertex is (x, y, z). In order that a curve 
r be tangent at each of its points to an element of (T), the coordinates x, y, z 
of a point of that curve must be functions of a variable u satisfying the condition 


If we take x, for example, as the independent variable, we may choose arbi- 
trarily y z:zf{x), and then, substituting /(x) for y in the preceding relation, we 
have a differential equation of tlie first order for the determination of 2 as a 
function of x. Every curve not a characteristic satisfying the condition (90) 
will be called an integral curve. 

Now let us suppose that the curve F, for which we wish to solve Cauchy’s 
problem, is an integral curve. From each point M of F there issues a character- 
istic curve tangent to F, and it follows from the preceding arguments that the 
surface S generated by these characteristic curves is an integral surface. Indeed, 
it is sufficient to take for Xq, the coordinates of a point of F, and for p^, 

the coefficients p and q of the plane tangent to ( T) along the tangent to F. 
But this curve F is a singular line on the surface 8 ; for if it were not, the 
derivatives r, s, t would have finite values in a point of F, and, since we have 
QodxQ = PQdy^^ the arguments of page 261 to establish the equations (79) would 
apply without modification, and we should conclude that the curve F is a 
characteristic curve, which is contrary to the hypothesis. This ci’rve F, which 
is the envelope of the characteristic curves of the surface S, is the analogue of 
the edge of regression of a developable surface. 


Note. Cauchy’s method also leads readily to a complete integral 5 
for we can satisfy the conditions (89) by putting = a, = 6, 
= c, where a, e are any three constants and where and 
satisfy the relation F{a^ ft, 7 o)~ integral surface thus 

obtained is the locus of the characteristic curves starting from the 
point (a, ft, c), which is evidently a conical point for that surface. 
If we regard one of the coordinates a, ft, c as a numerical constant, 
we have a complete integral. 


Example 1. Let us consider the equation treated by Cauchy, pq — xy ^ 0. 
Making use of the equation itself, we see that the differential equations of the 
characteristic curves can be written in the form 


pdx = qdy = — = ^dp = ydq. 
A 
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We derive from thQin successively the integrable combinations 


dp _dx 

p X ’ 


q ~ y' 


dz = -2xdx = -2ydy^ 
X y 


and the characteristic strip through the element (jJq, Pq, Qq) is represented 
by the equations 


p _ X 
Pq ^0 


7 _y 
7o 2^0 



Vo 


where Xq, Py, cJq are connected by the relation order to 

obtain the integral which, for x = x^, reduces to 0 (//), we shall put, as in the 
general method, y^ = v, Zq = 0(v). In this case the equations (89) give 


The required integral is therefore represented by the simultaneous system of 
two equations 

2 - « (0) = (X« - Xl) = (J/* - 1)2), 

0 (u) V 

which define v and z as functions of x and y. These two equations may be 
replaced by the equations 

[ 2-0 (t ))]2 = (x^ - xl) {y^ - v% [z - 0 (»)] 0 '(e) = » (x^ - ij), 

of which the second may be obtained from the first by differentiating with 
respect to the parameter v. The desired integral can be obtained by eliminating 
u, and it follows that this result is quite in accord with Lagrange’s theory. 
Example 2. Let us consider again the equation of page 240, 

(i + P« + ,»)2*-ns = o, 

which states that the length of the segment of the normal cut off by the 
xi/-plane is equal to U. Hence, in order to obtain the normal cone (N) at the 
point M of space, we need only describe about the point M as center a sphere 
of radius R, and then take the cone of revolution whose vertex is M through 
the circle in which the xy-plane cuts this sphere. The corresponding tangent 
cone (T) is the cone of revolution whose vertex is M.- We know here a com- 
plete integral, the spheres of radius R having their centers in the xi/-plane. 
The characteristic curves, which are the limiting positions of the intersections 
of two spheres that are an infinitesimal distance apart (see § 86), are there- 
fore circles of radius R, whose planes are parallel to the 2 -axis and whose 
centers are in the xy-plane. Every integral curve, as we have seen, may be 
regarded as the envelope of the characteristic curves on an integral surface. 
These curve® are therefore represented by the system of three equations, 

(X - rt)2 4- [y - 0(a)]2 4- - R2 = 0, 

X - a+[y- 0 (a)] 0 '(tt) = 0 , 

1 4- 0'^(a) 4- 0(a)0"(a) - y<P"(a) = 0, 

where 0 (a) is an arbitrary function. 
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86. The characteristic curves derived from a complete integral. The concept of 
characteristic curves can be derived in a very natural manner from Lagrange's 
theory. We have seen^ in fact, that if F -- 0 is a complete integral of a given 
equation of the first order, we obtain an integral surface by eliminating a from 
the two equations 

(81) V [X, y, z, a, ^ (a)] = 0, - - + 0'(a) = 0, 

da 00 (a) ' ' 

where 0(a) is an arbitrary function. If we give to the parameter a a constant 
value, these two equations represent a curve whose locus is the integral surface. 
The equations of this curve are of the form 


(92) 


V (X, y, z, a, 6) = 0, 


dV . dV 

1 c 

da db 


= 0 , 


where a, 6, c are arbitrary parameters. These curves form a complex^ and we 
see that the integral surfaces are generated by the curves of this complex 
associated according to a suitable law. The name characttriHiic curves is self- 
explanatory, since they are the curves of contact of the complete integral with 
its envelope. 

The characteristic developable surfaces also appear in a natural manner. 
Let us consider a characteristic curve corresponding to the values c^y of 

the parameters a, 6, c. All the integral surfaces obtained by means of func- 
tions 0, such that we have = 0(a^,), = 0'(a()), pass through this curve and 

are tangent to each other along this entire curve, for the values of p and r/, which 
for any point of an integral surface are given by the relations 


(93) 


0F 0F ^ dV dV ^ 

— + p — =0, - q-gf-rzO, 

dx dz dy dz 


are the same for all these surfaces. It is therefore natural to associate with 
each characteristic curve a characteristic developable surface passing through 
tliis curve. The four equations (92) and (03) enable us to express four of the 
variables y, y, z, p, q in terms of one of them and of the three arbitrary con- 
stants a, ft, c. In order to prove the identity of the forms thus defined with 
those of the characteristic strips deduced from Cauchy’s method, let us suppose 
that the complete integral is represented by an equation of the form 


z =^»(x, y, a, ft). 

The equations (92) and (93) then become 


(94) 

z = *{x,v,a,b), 

0^ ^ 0^ 
0a 0ft 

(96) 

e* 

0^ 

11 

” dy' 


The relations (94) and (96) enable us to express the five variables (ac, y, z, p, 7) 
in terms of one of them (x, for example) and of the three arbitrary constants 
a, ft, c. The proof reduces to showing that the.se functions satisfy the differen- 
tial equations (04). Since the function ^(x, y, «, ft) is a complete integral of 
the equation F = 0, we have already between these functions the two relations 

(96) F(x, y, z, p, 7) = 0, dz ~ pdx + qdy. 



260 


PARTIAL DIFFERENTIAL EQUATIONS 


[V,§86 


On the other hand, we deduce from the second equation of (94) 


(97) 


( he ida + l- - + c ) du = 0. 

\8adx SbSx/ \8adv tibdy) 


Now if we differentiate with respect to tlie constants a and b the identity 

„/ ^ a* 0*\ . 


we find 


QA s2a 

z£I+pJ^ + Q-^ = o, 

da da dx da dy 

dA h^A giA 

Z ^ + P + Q = 0 ; 

06 060X ^8b8y 


and consequently, by eliminating Z, we have 


(98) 


\dadx ^ ^ dbdx/ 


+ Q(i!£. + ci!i\=o. 

' \8a8y 8bdyJ 


A comparison of the two relations (97) and (98) shows that we have dx/P=dy/Q. 
The remaining equations of (64) are established as in § 85, by comparing the 
relations 8**. , ^ . , S"* , 

dx^ dxdy ^ dxdy dy^ 

which are deduced from the equations (95), with the relations 

r+z?? + p:^ + Q?!±=o, 

by 8xSy ^ 0y* 

which in turn are obtained by differentiating the identity 


'■(*1 y,*. 


dx dy/ 


with respect to the variables x and y. 


Note. The theory of the complete integral applies to linear equations as well 
as to the non-linear equations. It seems at first sight, on the contrary, that 
Cauchy’s method is altogether different for linear equations and for non-linear 
equations. In fact, the characteristic curves of a linear equation, or of an 
equation which separates into several linear equations, form a congruence and 
not a complex. But if we associate with each characteristic curve a charac- 
teristic developable surface, the paradox disappears. Each characteristic curve 
belongs, in fact, to an infinite number of characteristic developable surfaces 
which depend upon an arbitrary constant, so that this family of characteristic 
strips does depend upon three arbitrary constants. Let us consider, for example, 
the equation of the cones p* + gy — z = 0. The equation « = ax + 5y represents 
a complete integral formed by all planes P through the origin. The character- 
istic curves are the straight lines passing through the origin, and the character- 
istic developable surfaces are the planes P themselves. We shall therefore 
obtain a characteristic strip by associating with a straight line through the 
origin a plane through that straight line ; this set actually depends upon three 
arbitrary constants. 
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87. Extension of Cauchy’s method. Cauchy’s method can Iw extended 
without difiSculty to an equation in any number of independent 
variables, 

(99) p ^, . . . , p,) = 0. [p, = 

Let « = a? 2 , • . be any integral of the equation (99); we 

shall designate tis an element of this integral the set which consists 
of a system of particular values a*}, of the independent 

variables, together with the corresponding values />J, • • •, of 
the function and its partial derivatives. Let us suppose that an 
element of the integral, starting with certain initial values x^, pj, 
varies so as always to satisfy the differential equations 


( 100 ) 

where, as in § 83, 


f/a*i 


dF 




Z 




It is clear that these equations determine completely a family of 
curves (or one-dimensional manifolds) on each integral. For if is 
known as a function of • • •, the same thing is true of the 

partial derivatives^,, and consequently of the functions /\.. These 
relations (100) form, therefore, a system of (n — 1 ) differential equa- 
tions of the first order between the n variables *«)• % 

the theory of differential equations, through each point of the inte- 
gral surface there passes in general one and only one of these mani- 
folds. If to each point (a^j, x,^, • • •, x^, z) of one of these manifolds 
we associate the corresponding values of • • •, we have a 

simply infinite sequence of elements, which we may again call a char- 
acteristic strip. We shall show that, without knowing the expression 
for the function z, we can adjoin to the relations (100) other differ- 
ential equations enabling us to define comj)letely the variation of 
the variables a*,., z, pj^ along a characteristic (jurve. 

Let us start from an element of the integral (xj, />J), and let us 
consider the characteristic strip through tliis element. Along this 
characteristic strip the variables aj,-, z, pj^ are functions of a single 
independent variable satisfying the relation F = 0, whose differen- 
tials satisfy the equations (100) and also the relations 


dz =p^dx^ H +Pndx^ 


Pik ^ 


dPi=^Px\dx^’^' 

d^z 


dx.dxf^ 


(i=l, 2, ..., n) 
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whi(;h result from the definition. Differentiating the relation F = 0 
with respect to the variable x,, we find 


+^1-^ + J\2\i -f * • • -f PnPin = 


Indicating by du the common value of the quotients (100), and 
replacing 1\ in the preceding relation by dxjdu, we find 


that is, 


(A\. -f H \-p^ndXr, = 0 , 

+ PiZ)du -f dpi = 0. 


This shows us that the elements of an integral satisfy, along the 
entii-e length of a characteristic strijD, the system of differential 
equations. 


(101) 


dXi 

“^7 


fU 

* b PnPn 


— dPk 
A, -h Zp^ 


= du. 


ih ^ — 1> 




These equations do not depend upon the function <I>; hence we 
can determine the successive elements of a characteristic strip, pro- 
vided that we know a single element (j*?, yyj). We conclude from 
this, just as before (§ 85), that if two integrals have a cowman ele- 
ment^ they have in common alt the elements of the character bit ic 
strip through that elemevt. 

If, as we shall assume, the denominators of the equations (101) 
remain finite and are not all zero for the initial values, we derive 
from these equations 

[Xi=f(vy »•?, -Ap2), 

(102) j 2>k = <#>* (", i:”, 2)1), 

[ z = ^(v, j-J, kiO,2)i), 


where (rj, p\ denote the initial values corresponding to the initial 
value ?« = 0 of the auxiliary variable and where the functions/,, 
^ are continuous differentiable functions of u and of the initial 
values, at least within certain limits. 

Since each integral is a locus of characteristic curves, it is clear 
that every integral will be represented by the equations (102), where 
Pk be functions oi n — 1 independent variables, so that 
these equations represent, in fact, a manifold of n dimensions. But 
in addition these 2 n -|- 1 functions a?,-, «, of n independent vari- 
ables must satisfy the relations 

(103) -T ~ * * *> ^ ) Pii • * *) Fn) ~ 

^ \ dz --p^dx^^p^dx^ p^ dx^ = 0 . 
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Since the differential equations (101) have the integrable combina- 
tion (IF = 0, the first of the relations of (103) will surely be satisfied 
if /•’(*?, 2^V) = 0. On the other hand, we also have from the equa- 

tions (101) 

dz dx, , . dx. 

Since the initial values pi are functions of n — 1 independ- 
ent variables ‘ ^n-i> we must also have 

U = p^Sx^ = 0, 

where the letter 8 denotes the differentials corresponding to arbitrary 
increments • • •, of these variables. By proceeding as in 

the case for n = 2, we have necessarily 

dU = dhz — . . . — 

dz =2)^dx^-\ -bp.f/x,, 

Zdz H -h hp^dx^ H h 

and, since we may interchange the order of the operations d and 8, 
dU = '^ \Sp,dXi — dp,Sx,} 

t = 1 

» = 1 

Since z, sc,, p^^ satisfy the equation F = 0, we have 
]^(P.8/..-|-A-.&r.) = -;if8« 

l 

and, consequently, 

dU = — ZUdu. 

From this we find the following expression for U : 

U= 

In order that U shall be zero, it is necessary and sufficient that be 
zero, that is, that we have 

— joj 8ic{ — plSxl = 0. 

To sum up, in order that the equations (102) represent an integral^ 
it is necessary and sufficient that the initial values (a;J, ^J) he 
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functions of n — 1 independent variables satisfying identically the 
conditions 


(104) F(<4,z\pX)=Q, 

(106) 8*“-iJ?8!B?-j9SSar§ = 0. 

Every system of 2n + l functions (a;?, pX) of n — 1 variables 
satisfying these conditions defines an (n — l)-diinensional manifold 
of elements. Again, we may say that every integral of the equation 
F — 0 is generated by the characteristic curves through the different 
elements of a manifold of this kind. 

In particular, to obtain Cauchy’s integral, which for = a?5 reduces 
to a given function ^{x^^ • . a;„), if we take x%y ajJ, • • •, xl for inde- 
pendent variables (x\ being supposed constant), the relation (105) 
gives the values of 


ajJ), 


0 






The value of pi can be obtained from the relation (104). If is 

zero (as we must assume in order to apply the general existence 

theorem of I, § 194, 2d ed. ; § 188, 1st ed.), pi will be an analytic 

function of xl, • • •, a;J in a certain region, and the equations (102) 

will give, for z, oc^ypi^, analytic functions of ^4, • • *, a’J. Moreover, 

the Jacobian ^ . 

D(x^,x^,---,Xn) 

D(u, xl , . . ., xl) 

is not zero, for it reduces to PJ for u = 0. Hence we can solve the 
first n equations (102) for u, xj, • • •, xl, and, putting these expres- 
sions in the last of the equations (102), we obtain for z an analytic 
function of the variables x^, x^, • • •, x„. 


Note, It may happen that the application of the preceding general rule does 
not lead to an integral. For example, it might turn out that the manifold of 
elements defined by the equations (102) does not really depend upon n arbitrary 
parameters. This is what would happen if the manifold formed by the elements 
(x®, p£) were composed of characteristic strips ; in this case, in fact, the 

manifold defined by the equations (102) would coincide with the manifold of 
the elements (aej, 

Disregarding this case, it may also happen that the elimination of the param- 
eters 14, • • •, from the equations (102) leads to several distinct relations 

between the vailables Xi, • • •, Xnj z. In order not to reject such solutions, we 
agree with Sophus Lie to enlarge the definition of the integral and to designate 
as an integral of the equation F = 0 every system of oo»» elements (ac,-, «, pt) sat- 
isfying the relations 

(106) F{Xi, z,pk)^0, d2 = Pidajj -I- . . . + . 
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88. Linear homogeneous systems. Let us consider a system of 
q linear homogeneous equations in one unknown, /, 


(107) 


= “la ^ + “iB g). H = 0> 


df 


2 

df 


^ff) "i« + "a, + 


dj-n 




where the eoefficiients a,^. are functions of tlie 7i indepeiulent variables 
Xj, 0 * 2 , • • •, and do not contain the unknown function /. The y 
equations (107) are said to be independent if there does not exist 
any identical relation of the form 


where Xj, Xj? * * *> K fuiKitions of It is 

clear that every system of q equations that are not independent can 
be replaced by a system of q' independent equations (q'<q) equiva- 
lent to the first, and that no system can contain more than n inde- 
pendent equations. 

We can therefore always suppose the q equations (107) inde- 
pendent and q ^ n. 

It q = n, and if the equations (107) are independent, the deter- 
minant of the coefficients r/,^. is not zero, and these ecj nations have 
no other common integral than the trivial solution /= C', which we 
shall hereafter discard. If q is less than n, we can always find the 
integrals common to the equations (107) by successive integrations. 
In fact, let us suppose that we have integrated one of these equa- 
tions (the first, for example), and let y,, y^, • • •, y„_i be a system of 
n — 1 independent integrals. Again, let y„ be another function such 
that the Jacobian y.^, • • •, y„)/7>(a:j, x,^j • • •, x„) is not zero. 

Then we may take y^, y.^, • • •, y„ for new independent variables, and 
the equation X^(f) = 0 l)ecomes = 0 by this change of vari- 

ables, while the equation A, (/) = 0 (i > 1) is replaced by an equation 


♦ We shall limit ourselves to an indication of the principal methods in their essen- 
tial features. For further details the reader is referred to E. Goursat, Sur V inte- 
gration des Equations aux d^riv^es partielles du premier ordre (Paris, Hermann 
et fils, 1892). 
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of the same form, in which the term in rnay he suppressed. 

This new equation may lie written in the form 




where the coefficients are functions of ?/j, If we sup- 

pose the coefficients arranged aciciording to powers of this 

equation can be written in the form 



where the coefficients . • . are independent of y„. Since the 

unknown function / must ])e independent of y„, this function must 
satisfy all the linear equations which are obtained by eipiating t() 
zero all the coeffi(dents of the different ])owers of y„. 8np|)ose tliat 
we proceed in this way with all the equations XX f) = 0 ( / > 1). Tf 
the system formed by all the independent equations wliic^li we thus 
obtain contains n — 1 equations, the only solution is f= (.\ If not, 
the system will be conqiosed of r linear independent equations 
(r <n — 1), We may operate in tlie same way on an equation of tlie 
new system, and so on in the same manner. Since at each ojieration 
the number of independent variables is diminisln‘d by unity, it is 
easy to see that the given system has no otlier integral tlian /= r, 
or else it reduces to a system composed of a single linear equation. 

This method, whi(!h may be easily ap])lied in (*erta,in cases, is 
evidently very imperfe(;t from a theoretical point of view, since it 
does not enable us to determine a jiriori whether tin*, equations 
(107) have common integrals otlier tlian/= C. We sliall now show 
that this question can be settled without any integrations. 

Let /be an integral common to the* equations (107). Tliis func- 
tion satisfies the two relations XXf) = 0, Xj,(f) = 0, where I and k 
are any two of the iiidi(;es 1, 2, • . q. We also have 


A\[A\(/)] = A,(0) = 0, 


-^^[A'.(/)] = A'/O) = 0, A',[A'//)] = 

and, consequently, 

^Y,CA\(/)]-A't[A'.(/)]=0. 


We have already observed that this new equation contains only deriva- 
tives of the first order (§ 36), and that it may be written in the form 
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Suppose that we form all the equations, similar to the preceding, 
obtained by combining any two of the given equations. These ecjua- 
tions have all the integrals of the system (107). Let us indicate by 

~ + * * *> + ~ ^ 
all those of these new equations which are independent of each 
other and which form with the equations (107) a system 


(108) 


rA\(/) = 0, 

U,+i(/) = 0, 


A^.(/) = 0, 
^Y, + .(/) = 0 


of independent equations. If <7 -f- .s = ti, the system (108), and con- 
sequently the system (107), has only the solution /= U. If q+s < 71 , 
we repeat on the system (108) the operations performed on the first 
system, and so on in the same manner. Continuing in this fashion, 
we finally obtain either a system of n independent equations, in 
which case the system (107) will have only the solution /= (\ or 
else a system of r independent equations (r < n) such that all the 
combinations A',[A;.(/)] — A';fc[A\(/)] are linear combinations of 
A'l (/),•••, A',, (/). Such a system has been called by Clebsch a 
complete system. 

It follows, then, that the search for the integrals of a system of 
the form (107) leads to the integration of a complete system. 

Since it is clear that every system of n linear indei>endent equa- 
tions is a complete system, we may say that every linear system 
reduces to a complete system. 


89. Complete systems. The theory of complete systems rests upon 
the following properties : 


1 ) liJvery complete system is transformed into a complete system 
hy any change of variables. 


Let 


»•< = y-v • • •> ?/») 2 , . . n) 


be the formulae that define a change of variables such that we can 
express also the variables ?/^, • • •, //„ in terms of the variables 

iTj, 0 * 2 , • • •, x^. By means of suedi a transformation every symbol of 

U. 

‘ dx^ 


tile type 


df 


‘a*. 


’ + «» 


where a^, , a„ are functions of x^, *,,•••, x„, changes into an 

expression of the same form, Y {f) = J\of/dtf^ + ■ • - + h^df/dy^, 
where are functions of • • •, y„. VVe have identically 

X(f)= Y(/), where the letter /on the left-hand side denotes any 
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function of x^, a!j, • • and on the right-hand side the same func- 
tion expressed in terms of the variables y^, • • •, y„. 

Now let 

(109) AV/)=0, A;(/)=0 

be a complete system. By means of such a transformation this 
system goes over into the system 

(110) i^.(/)=o, r,(/)=o, 

where X^(f)= YXf) identically, with the liiiderstanding just men- 
tioned concerning the interpretation of / on the two sides, Th w new 
system is also a comjilete system. For, since we have identically 

A',(/)=r,(/), A'*(/)=r*(/) 

for any function /, we also have 

A.[A,(/)] = r.[A'»(/)] = r.[r,(/)], 

A*CA.(/)] = n[A'.(/)] = )'.[)'(/)], 
and, consequently, 

A'.[-Vt(/)] - a'*[a.(/)] = r.[n(/)] - >',[)'.(/)]. 

Since by hypothesis the system (109) is complete, we have for any 
two indices i and k 

A'.[A'*(/)] - A\[A'.(/)] = A.A\(/) -h . . . -h X.A', (/). 

Hence, after tlie transformation, we have 

y.i (/)] - y^L »'.(/)] = k i^i (/)+•••+ x; >;(/), 

where k\, • • •,X' indiciate the results obtained by rejilacing .r^, . . ., 

in X^, • • •, X,. by their expressions in terms of • • •, //„. The new 
system is therefore a complete system. 

2) Every system equivalent to a complete system is also a complete 
system. 

A system of r linear homogeneous equations in df/dx^, 

(109') W)=0, •••, -^r(/)=0, 

is said to be equivalent to the system (109) if we have r identities 
of the form 

Zk{f) = ^i*a/(/) -h +■■■ + ^rtA,(/), (k = l,2,.. r) 

where the coefficients are functions of u*,, whose deter- 

minant is not zero. In that case we can express Aj(/), . • •, Xj.( f) 
linearly in terms of Z^{f)y and the name equivalent 
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systems is self-explanatory. The difference Z,\_Xi.{f)] — Z*[ir,(/)] 
can now be written in the form 


hence it is equal to a sum of terms of the form 


^ "h /Jt) ^^ /(/ ) /A*'^ z(‘Uf) A (,/*)• 

If the system (109) is complete, this difference will therefore be a 
linear function of -V^(/), . • AV(/), since all the differences 

arc, by hypothesis, linear functions of A',(/), • • A%(/). Since the 

two systems (109) and (109') are equivalent, all the differences 


^*C^x(/)]~^*[^.(/)] 


(^aii l)e expressed linearly in terms of * ‘ *> ^r(f)- 

It is clear that every complete system can be replaced by an 
equivalent system in an infinite number of ways. We say that the 
complete system (109) is a Jacohinn system if all the expressions 
A",[A\.(/)] — A\.[A',(/)] are identically zero. We shall now show 
that eeenj complete system is erpt lenient to a Jacobian system. 

Since the r equations (109) are inde]:x3ndent by hypothesis, we 
can solve them for r of the derivatives of /, for example, for the 
derivatives df/dx^, • • df/d.r^. Since the system thus obtained, 


( 111 ) 




z(n=-£- + b I 


• + Ih. 

• 4" ^>2, 





> 



is equivalent to the system (109), it also is a complete system. Now 
if we form the expressions .^,.[Z^(/)] — clear that 

only the derivatives appear, and conse- 

quently the new equations Z^\_Zj^{f)'] — Zj^\_Z,{f)^ = 0 can be 
linear combinations of the equations (111) only if the left-hand sides 
of these new equations are identically zero. The system (111) is 
therefore a Jacobian system. 

The reasoning proves that every complete system of the sj)ecial 
form (111) is a Jacobian system, but it is clear that a Jacobian sys- 
tem is not necessarily of that form. 
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3) Every complete system of r equations in n independent variables 
can he reduced by the integration of one of the equations of the system 
to a complete system of r — 1 equations inn — 1 independent variables. 


Suppose that we have integrated one of the equations of the sys- 
tem, for example, the equation A'^(/)= 0, and that we choose a new 
system of independent variables • • *, y„), as in the preceding 

paragraph, in such a way that y^, y^^ . . //„ are n — 1 integrals of 
A’j(/) = 0. The system (109) is replaced by a new complete system 
in which the first equation reduces to ^fjdy^ — 0. Solving the /• — 1 
remaining equations for the r — 1 derivatives dfldy^^ . . ., dffdyj.^ for 
example, we obtain a complete system. 


( 112 ) 


^ 2 if) ” ^ ^21 f“ • • • “h ^*2, 






which is of the special form (111) and which is therefore a Jacobian 
system. Now we have 




+ 




hi^yr+i 

and since this expression must be identically zero, we see that the 
coefficients c,j^ of the new system are independent of the variable y^. 
Moreover, for t > 1, /c > 1 we have identically 


i^iCn(/)]-n[i;(/)] = 0i 


consequently the r — 1 equations 


(113) r,(/)=o, r 3 (/) = o, r,(/)=o 

form a J acobian system of r — 1 equations in w — 1 independent 
variables y^^ y^, • • •, ?/„, which establishes the proposition. 

The system (113) can in turn be reduced to a complete system of 
r — 2 equations in ti — 2 independent variables, and so on in this 
way. Continuing in this manner, we finally reduce the given com- 
plete system to* one linear equation in n — r -|- 1 independent vari- 
ables. We conclude from this that every complete system of r equations 
in n independent variables has n — r independent integrals.^ and the 
general integral of the system is an arbitrary function of these n — r 
particular integrals. 
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The preceding reasoning shows also what are the integrations to 
be carried out in order to obtain these integrals. Moreover, it is clear 
that this method can be applied in a variety of ways. We may, in fact, 
replace the given complete system by any other equivalent system, 
and begin by integrating any one of the equations of this now sys- 
tem. For example, if we replace the complete system by a Jacobian 
system of the form (111), we know at once »• — 1 particular integrals 
a-j,, • . a-,, of the equation ^,(/)= 0, and it is sufficient to integrate 
a system of n — r ordinary differential equations in order to have 
the general integral. For complete details of other methods of inte- 
gration of complete systems, the reader is referred to sjxicial treatises. 


Example. Let it be required to integrate the system 


(114) 


= I7 + (®2 + *4 - 3*,) If -I- (*s + *1*2 + XyZt) 1=^ = 0, 

<7X0 


dx^ 

5/ 


s/ 


0X4 


^ 2 ^^) + (®8®4 ■” *2) ^1^2) 

0X2 dXg 0X4 

Forming tlie combination A’j[A'2(/)] - X2[X,(/)], we are led to add to tlie 
given ecpiations a new equation if/c>x^ + x, Sf/i)x^ = 0, and tlie system of tliree 
equations tlius obtained is equivalent to the system 


(116) 


2/ 

axj 


+ (■*3 + 3*?)!/ = 0, 




0 , 


5/3 C>X4 


= 0 , 


which is a Jacobian system. The system (114) has therefore only one independ- 
ent integral. The general integral of the last equation of tliis system is an arbi- 
trary function of and —x^x^. If we take for independent variables 

Xj, X.J, X3, and a = X4 — XjXg, every function /(Xj, Xg, Xg, X4) changes into a 
corresponding function 0(x^, x.^, Xg, u), and the system (116) is replaced by the 
system 


(110) 


-|.3xf-/ = 0, 

0 Xj 0(t 


+ = ^ = 0. 
dx^ du 5Xg 


The first two equations of (116) form a new .Jacobian system of two equations in 
three independent variables Xj, x.^, u. The general integral of the second is an 
arbitrary function of Xi and of u — x|^2. 

Let us now take for independent variables Xj, Xg, and u — x|/2 = v. Every 
function 0(xi, Xg, u) changes into a corresponding function ^(x^, Xg, v), and 
the first two equations of (116) become 


0Xj 


+ 3xf 




= 0, 


dx^ 


0. 


The general integral of the first is an arbitrary function of v — xj, and, conse- 
quently, returning to the original variables, we see that the general integral of 
the sy.stem (114) is an arbitrary function of 


X 4 —• Xj Xg — 


X 


2 

2 


2 


X 


8 

1* 
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90. Generalization of the theory of the complete integrals. Let us 

consider an equation 


(117) V(x^y * * *> ^ 5 * 9 ^^n — r + l) — ^ 

defining a function z of the n independent variables x^, x^y • • 
which depends also upon (n — r -f 1) arbitrary parameters «j, 

• • •, rtn-r+i* If we suppose that definite values have been assigned 
to these parameters, and if we eliminate them from the relation 
(117) and the relations obtained by successive differentiations, 


(118) 


dv , dr - 

g- = o, 


dz 


(i = 1, 2, • • •, m ) 


we obtain in general only r independent relations between ZyX^y*-*y 
^n9 Pv - -9 Pn9 

(119) Fj(a-j, . • a;,, «, = 0, • • •, F, = 0. 

Limiting ourselves to this case, which is the general case, we shall 
say, as above (§ 82), that the function z defined by the relation (117) 
is a complete Integral of tlie system of partial differential equations 
(119). We shall show that, in this case also, the knowledge of a 
complete integral of the system (119) enables us to find all other 
integrals. In fact, since the equations (119) arise from the elimina- 
tion of a^y • • •, + l between the equations (117) and (118), 

finding an integral common to these r equations (119) reduces to 
finding a system of functions «„_r + i variables x^y 

a* 2 , • • •, satisfying the equations (117) and (118). It is obvious 
that we can replace the system of equations (117) and (118) by the 
system consisting of the equation (117) and the equation 


(' 2 '» 

which is obtained by differentiating the equation (117) and making 
use of the equations (118). We can satisfy the equations (117) and 
(120) ill a variety of ways : 

1) By supposing that «„_r + i constants, which gives 

precisely the complete integral. 

2) By putting 

dV ^ dV 


F=0, 


da. 


= 0 , 


da, 


• = 0. 


'n-r + l 


The elimination of • • •, »„_r+i from these equations, if it is 

possible, furnishes an integral which does not contain any arbitrary 
constant, and which we shall call, as before, a singular Integral. 
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3) If all the coefficients dV/da^ are not zero simultaneously, there 
exists at least one relation Ijetween the unknown functions a^, 

of the variables Xi (I, § 55, 2d ed. ; § 28, 1st ed.). 
Suppose that there exist k and only k independent relations between 
these functions, 


(121) • • *> + * ■ *> ^^n-r + l)= 

Since the relation (120) must be a consequence of the relations 
df^ = 0(/: = 1, 2, • • •, k), there exist k coeffiidents X.^, • • •, X^ such 
that we have identically 


da. 


da^ + • • • 4 “ ■ 


dv 


dffn-r-ht — \d,f^ 4 - . . . 


This relation is c(iui valent to n — -f- 1 distinct relations. 


( 122 ) 


da^ » da^ 


+ K 


da. 


dr 


da. 


= K 




n — t f 1 


d(r. 






da„ 


The elimination of a^, • • •, Xj, X.^, • • X^ from tlio equations 

(117), (121), and (122) will lead, in general, to a single relation 
between x^, • • •, x,„ and that is, to an integral common to the 
equations (119), which depends upon the arbitrary functions chosen. 
The set of integrals thus obtained, by making the number k vary 
from 1 to 71 — Vj and by taking the fuiic.tions • • •, fk arbitra- 

rily, constitutes the general integral of the system (119). It will 
be observed that the complete integral will be obtained by sui)posing 
/r = n — r -f 1. 

If r = 1, the system (119) reduces to a single equation. Con- 
versely, given any equation of the first order F{x^^ z ; — 0, it 

follows from the general existence theorems that it always has an 
infinite number of integrals whicli depend upon as many arbitrary 
parameters as we wish, and consequently an infinite number of com- 
plete integrals. The preceding method, which is a direct generaliza- 
tion of that of § 82, enables us to find all the other integrals of the 
equation F = 0 when we know one complete integral. 

If 7* > 1, the system (119) is not the most general of its kind, for 
a system of r equations of the first order with a single dependent 
variable does not necessarily have any integrals. We shall show in 
the following paragraphs how to determine whether such a system 
is consistent, and how to find the integrals when they exist. 
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91. Involutory systems. Let 

( 123 ) p^,p^,---,2>n)=0, F^ = 0, F, = 0 

be a system of r independent partial differential equations of the 
first order, not containing the dependent variable The general 
case can always be reduced to this particular case by the devi(*.e 
used in § 75. The problem of finding an integral common to the r 
equations (123) is equivalent to the following problem : 7b Jind n 
functions Pi=^ •'^n) satisfying the relations (123) and the 

conditions dpi/dxj^ = 

If we know a system of n functions <^*(.rj, • . •, a;„) satisfying tliese 
conditions, we can derive from them, by quadratures, an integral of 
the equations (123) which depends upon an arbitrary constant. 

Let F and II be any two functions of the 2 n variables a;,, pj^. 
Using the notation (see § 81) 




V 


} 


we shall call the expression (F, 11) a Poisson parenthesis. We now 
have the following theorem : If the two equations F = 0, // = 0 hare 
a common integral^ that integral also satisfies the equation (F, //) = 0. 

For let us suppose that p^^ • • •> Vn functions of the n vari- 

ables ajj, • • •, satisfying the two equations F = 0, // = 0 and the 
conditions dpfdx^^ = ^Pkl^^v Uifferentiating the relation F = 0 with 
respect to a:,-, we find 

!£4.v^^ = o 
hk 


Multiplying this equation by dll/dp^ and adding all the similar 
residting equations, we find 


a ^pi s h 


dpf dp>„ dx( 


Permuting the letters F and H and observing that we may permute 
the indices i and k in the double sum, we have also 


V — ^ = 0 

hu h h hi 


Subtracting the two results term by term, it follows that 


(F./O + J % 


^Pk ^Pi 


( 124 ) 
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Pv ‘ • -9 Pn are the partial derivatives of the same funetion, we 
have, for any two indices l and k, dpjdxf, = dpjdx, and, conseciuently. 

This tlieorem contains as a particular case the OIK*, wliich was 
proved above (§ 88) for linear homogeneous e(piations in 
and its logical conse<iuen(;es are also analogous to those of § 88. For 
every integral of the equations (123) is also an integral of all tlie 
erpiations (7^^, = 0 which can be formed from ])airs of tlie ecpia* 

tions (123). Hence we can adjoin to the given system all of these new 
equations which form with the original equations a system of inde- 
p(iiideiit equations. Continuing in this way, we must finally obtain 
eitlKU' a system of independent equations whose number ex(*-(*e(ls //, 
in which ease the system has no integral in general, or else a system 
of m ecpiations {in ^ w) such that all the equations (F^, 0 arc* 

satisfied identically or are algebraic consequences of the preceding. 

Su(;h systems are similar to complete systems. It is always ])ossi- 
ble either to show that the given equations are iiKionsistent or to 
reduce them to a system for which all the parentheses (F„, are 
identically zero. In fac;t, let us suppose that we have solved the /• 
equations (123) for r of tlie variables yq, • • •, which must always 
be possible, for otherwise the elimination of yq, • • •, from these r 
eciuations would lead to a relation lietweeii the variabh^s .r^, . . ., 
and the given system would evidently be inconsistent. Let 

(125) -/i(/'r+i, • • •, lu ; a-i, • • •, «•») =0, . • i), 0 

be the equivalent system thus obtained. The parenthesis 

{Va -fa. Pa -fa) 

does not contain any of the variables /?!,•••, J^rj hence the eciuations 
obtained by equating these parentheses to zero cannot be conse- 
quences of the first, and they furnish new equations if the paren- 
theses are not identically zero. Solving these new equations for 
certain of the quantities * * ' 9 Pn 9 continuing in the same 

way, we finally either demonstrate the impossibility of the problem 
or else obtain a system of m equations of the first order {m ^ ti), 

(126) F, = 0, F^ = 0, 

such that all the parentheses (F^, F^) are identically zero. 

Such systems, which are similar to the linear Jacobian systems, 
are called involutory systems. It follows from what precedes that 
the search for the common integrals of a system of equations of the 
first order reduces to the integration of an involutory system. 
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This integration is immediate if m = n, as the following proposi- 
tion shows: Let Fj, he functions of the 2n variables a?,, 

Pi^y such that all the parentheses (F^, Ff) are identically zeroy and 
such that the Jacobian A = F„)/Z>(y;j, • • Fn) zero. 

If ire solve the n equations 


(127) = h\ = a^, • . h\ = o,, 

inhere a^y cr^, • • •, a^ are any constantSy for p^y p,^y • • • , Fm) expres- 
sion Fi + • * • “1“ F» ^ differential for the resulting 

values of the p^s, 

Por we have n / \ a 

(7'a - 7-3 - a^) = (/„, i-3) = 0, 

and, by what precedes, these n functions p,, p^, •••,;>„ of the n varia- 
bles aij, a’jj, • • • , 3*„ defined by the n equations (127) must satisfy all the 

,§ W. " a?;) = »■ ^ 2. ■ • ■ . ”) 


Let us take all the n relations of this kind in which the index j8 
retains the same value. These relations can be written in the form 


^ __ = 0 

h\ *4i h‘k 

If we take for unknowns the n expressions 


'V 

h hhW 


(i = 1, 2, . . . , n) 


the determinant of the coefficients of these unknowns is precisely 
the determinant A, which, by hypothesis, does not vanish identically. 
It follows that we have, for any two indices i and 

Similarly, taking the n equations of this kind in which the index i 
has a definite value, we evidently have ^Pi/^Xj^ = ^pj^/^x-iy which 
proves the proposition. 

The function 

f« = 4'(*i. •••,*»; «,. •••>«»+!) 

(p^dx^-^ hp,dx„) + a„+i, 

where is a new arbitrary constant, represents the complete 
integral of the involutory system (127). If we regard the r con- 
stants a^y • • • , as having definite values, while the constants 
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«r+i> •••, a,+i remain arbitrary, the formula (128) represents a 
complete integral of the involutory system formed from the first r 
equations of (127). This is a true complete integral, for, from the 
way in which we have obtained the function the equations 

form ca system equivalent to the system (127), and the only inde- 
pendent relations not containing + which can be deduced 

from them are evidently the first r equations of this system. 

92. Jacobi’s method. Let us consider an involutory system of r 
equations (/• < w), 

(129) • • *, 2^v * * 'i P>d ~ 

Avhere the constants • • •, have definite values. To obtain a 
complete integral of this system, it is sufh(;ient to adjoin to it w — 
new functions • * ., such that the Jacobian 

^Kpv • • *1 P^) 

is not zero, and such that the new system 

(1 JO) 7q = a^y • • •, z= a^y I'V + i = • • •> 

is itself involutory. Indeed, the complete integiul of this system (1 JO) 
will furnish, as we have just seen, a complete integral of the system 
(129). If r = 1, this method is merely the extension of the method 
of Lagrange and Charpit to an equation in n variables. 

Jacobi’s method for solving this problem depends upon a noted 
identity due to Poisson. Let /, i/r be any three functions of tlie 
2n variables then we hare identiealJ y the relation 

(131) ((/, ^), f), /) + ((^, /), 4,) = 0. 

In fact, each term on the left-hand side is the product of a partial 
derivative of the second order and two partial derivatives of the 
first order. Hence, to show that it vanishes, it is sufficient to show 
that it does not contain any derivative of the second order of the 
function /, for example, since the three functions /, <^, xf/ appear in 
it symmetrically. The terms containing the second derivatives off 
can arise only from ((/, <^), 4 ,) + ((^, /), <^) = ( 4 ,, ( 4 >, /)) - ( 4 >, ( 4 ,, /)). 
Observing that (<^, /) and (^, /) are two linear homogeneous expres- 
sions in the derivatives of /, and setting 

(4,,f)=x(f), (4>,f)=Y(f), 
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the 2 )receding expression can be written in the form 
i"C^Y(/)]-A[r(/)]. 

Now we saw in § 88 that this expression does not contain any second 
derivatives of /. It follows that all the terms of the left-hand side 
of the equation (131) cancel each other in pairs. 

Finally, in order to integrate the involutory system (129), let us 
first try to find a function $ independent of F^. satisfying 

r linear homogeneous partial differential equations of the first order, 

(132) (F,, = 0, (F,, <!>) = 0, . . ., (F,,'<I») = 0. 

These r equations fonn a Jacobian system. For if we set 

A'..(<I.) = (F„ 4.), 

Poisson’s identity, 

+ 4.), F’«) + ((«^, Fa), 0, 

becomes 

A'.CA>(*)]-A>[A'.(4.)] = 0, 

sin(*e {Fay F^) = 0. 

Let F,,^.i be an integral of this Jacobian system which forms with 
Fj, • • •, F^ a system of independent functions of • • •, We 
next proceed to form the new Jacobian system of ?• -f- 1 equations, 

(Fj,<I.)=0, (F,+„4.)=0, 

and to find an integral of this system which is independent of 
F^y • • •, as functions of the we continue in the same 

way. Finally, when we have found an integral of the last Jacobian 
system, 

(F^,^)=0, ..., (F„_i,^)=0, 

we can obtain a complete integral of the given system by a quadra- 
ture, as we have seen above. 

V. (^tENERALITIES on the equations of higher order 

93. Elimination of arbitrary functions. Tlie study of ])artial differ- 
ential ecpiations of the first order in a single dependent variable has 
led us to the following (uJnclusions : 1) The integration of an equa- 
tion of this form reduces to the integration of a system of ordi- 
nary differential equations. 2) All the integrals of this ecpiation are 
represented by one or more systems of equations in which appear 
ex})licitly one or more arbitrary functions and their derivatives. 

These ])roperties are not extensible to the most general partial 
differential equations of order higher than the first. The problem 
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of tlie integration of sutih an equation cannot, in general, be reduced 
to tlie integration of a system of ordinary differential equations. 

We can easily generalize, however, the method of tlie elimination 
of arbitrary functions which leads to a partial differential equation 
of the ffrst order (§§ 77 and 82), but the equations of liigher order 
which we obtain in this way form only a very special class. 

Thus we have seen that the general integral of a linear equation 
in two independent variables Pp -f Qq == R is obtained by associating 
the curves of a congruence according to an arbitrary law. Let us 
now (jonsider a family of curves V that depends upon w 4- 1 arbitrary 
parameters >1), 


(183) F(.ry //, 5?, - • ., </„ + ,) = 0, $(.r, y, rj, rq, . . ., <q,^,) = 0. 

If we establish n relations of arhitrarij form between these w -}- 1 
parameters, we obtain a family of curves F that depends upon only 
one ])arameter. These (iurves generate a surface Sy and all tliese 
surfaces satisfy, whatever may l)e the n relations established 
between the 7i + \ parameters, a partial differential equation of the 
nth order, which is called the partial differential equation of tlie 
family of surfaces S, To prove tliis, let us observe that instead of 
establishing n relations between the n + 1 ])aramcters c,, it amounts 
to the same thing to take for these ])arameters arbitrai’y functions 
((,(k) of an auxiliary variable A. The two ecpiations (188) then define 
two implicit functions z=f(xy //), A = <^(.r, //), and we liave to 
])rovo that the function //) satisfies a partial differential 

ecpiation of the nth order, inde])endeiit of the form of tin* aibitrary 
fumdaons afX). Differentiating the first of the equations (188) with 
respect to x and then with respect to y, we obtain the two ridations 


dF dF 


dx 

df 

~di/ ' dr. 


.L. 


€U^ ^ 

dF 


dF 

d 

■ da 


K 

K 


= 0 , 

- 0 , 


from which we derive 


K 


dF dF 
dij dz 

dx dz 




P 


From the second of the equation.s (133) we derive, similarly, an 
expression for the quotient A'/A', which is deduced from the pre- 
ceding by replacing in it F by <&. Equating these two expressions. 
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we adjoin to the equations (133) a new equation containing x, y, 

(134) y, «, p, q, «„ • • •, a„+i) = 0. 

Operating on this new equation as on the equation F = 0, we derive 
from it an expression for which depends upon x, //, z, p. 7 , r, 

5, ^ Equating this new expression to one of the expres- 

sions already obtained for this same (luotient, we obtain a new 
relation containing the second derivatives of z, 

(135) ^^{x, y, z,2h q, r, s, t, = 6 . 

^fter n similar operations we adjoin to the system (133) a system 
of n relations containing * • *> ^n + u ?/> the derivatives 

of z up to those of the nth order. The elimination of • • *, 

from these n-\-2 equations will lead, in general, to one and only one 
equation between .r, y, z^ and the partial derivatives of z up to those 
of the nt\i order. This is the partial differential equation of the 
surfaces generated by the curves P. 

Example 1. If the curves T are the straight lines parallel to the xy-plane, 
the equations (133) are 

« = «!» yrragX + ag. 

Applying the general method, let us suppose that are functions of a 

parameter X. From the two preceding equations we derive for the quotient 
X^/X' the two values p/q and — which leads to the relation p/q -f- a., = 0. 

Differentiating this last relation with respect to x and then with respect to 
y, and dividing the corresponding sides of the resulting equations, we find 

K _ pt -qK 
X' ps~qr' 

Equating this value of the quotient to the expression q/p already obtained, we 
find again the partial differential equation of the ruled surfaces which have the 
xy-plane for the directing plane (I, Ex. § 39, 2d ed. ; § 24, 1st ed.), 

q^r — 2pqs + p^t — 0. 

Example 2. If the curves r are all possible straight lines, the equations (133) 
can be written in the form 

x = a^z-\-a^, y = a^z + a^. 

Applying the general method, we derive from them successively 

q cig q *“ 1 a^^ 


or 


OiP + ajQf - 1 = 0. 
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From this new equation we then derive 

^ _ a, s - f a^ t _ _ ^ 

K + a#* 

or 


(A) ttfr 4- 2rtjagS 4- 0. 

This last equation gives in turn 


^ _ “lJ> 2 i + 2 n, «,P ,2 + a|^ _ _ «1 _ S' + * 2 

“' 1 P 30 + 2(iirt;,Pj, + « 8 Pi 2 «a’ ~ CJt'dy'' 

or, clearing of fractions, 

( 1 ^) ^iPaO ^ ^ 8^03 “ 


Eliminating the quotient (X^/a^ from the relations (A) and (B), we obtain the 
partial differential equation of all ruled surfaces. We see that this eciuation 
contains only derivatives of the second and third orders. By its derivation 
we see that it states that at each point of the surface one of the asymptotic 
tangents has contact of the third order with the surface (I, § 223, 2d ed. ; 
§238, 1st ed.). 

Example 3. Let us consider the plane curves r represented by the two 

equations . 

^ 2 =/(A 2/, •••, a«), 2/ = a„ + i. 

Instead of applying the general method, let us suppose that Uj, a.^, •• ., are 
1 unctions of the last parameter (tn f 1 . The surface /S generated by these curves 

r has for its equation . 1 \ , / 

‘ Z =/[x, y, 0,(p), •••, Mp)], 


where 0» arc arbitrary functions of y. Tlie elimination of these n func- 

tions from the preceding relation and the relations which give dz/dx^ d'^z/bx^j 
• • • , d>^z/bx^^ leads to a partial differential equation of the nth order. 


(130) 


dx^ 


f(x. 


y. 


dz 

ax’ 


ax"- v’ 


in which only derivatives with respect to x appear. 

('Jonver.sely, every partial differential equation of this type can be integrated 
as an ordinary differential equation containing a parameter. If z — f(x, y, C’j, 
is the general integral of .such a differential equation, it will suflice 
to replace Uj, U.^, • • ., in it by arbitrary functions of y in order to have the 
general integral of the same equation, considered as a partial differential equa- 
tion in two independent variables x and y. 


The general integral of a partial differential equation of the first 
order, of any form, in two independent variables, is obtained by tak- 
ing the envelope of a two-paraineter family of surfaces when we 
establish an arbitrary relation between these two parameters (§ 82). 
To generalize this result, let us consider a family of surfaces 5 
which depends upon n 1 parameters, 

(137) F(x, y, «„•••, a„ + ,) = 0. 


(n > 1) 
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If we establish n arbitrary relations between these n-\-l parame- 
ters, oi, what amounts to the same thing, if we replace • • •, 

+ i arbitrary functions of an auxiliary variable X, we have a 
family of surfaces 2 whi(ih depends upon a single parameter. The 
envelope of this family of surfaces is a surface S which satisfies a 
partial differential equation of the nth order, independent of the 
form of the arbitrary functions a,(X). For we should obtain the 
equation of this surface by eliminating X from the two equations 

(137) and (138) 

( 138 ) + = 


But these two equations may be considered as defining two func- 
tions z y) and X = <^ (a*, y) of the two variables x and y. Tlie 

partial derivatives and (j are given by the two e(iuations (I, § 41, 
2d ed. ; § 25, 1st ed.) 


( 139 ) 


dF dF 

_ + _^ = 0 , 


dF dF 


Ap])lying to this system (139) the method applied to the system 
(133), we can adjoin to it, step by step, — 1 new relations between 
a.^, • • •, «„ + !> Vi partial derivatives of z of orders 

2, 3, • • •, 71. The elimination of • • •, from these 7i — 1 

equations and the ecpiations (137) and (139) will lead, in general, to 
a single relation independent of * * ’? whicli will 

ap])ear //, z, and the partial derivatives of z up to those of the 
Tith order. 


Example. If the surface S is a plane, we find again the equation of the 
developable surfaces — ri = 0. If the surface S is a sphere with the constant 
radius R, the ecpiations (137) and (139) become 

(1401 I 

^ ' \x-ai-^{z-aQ)p = 0, + (z-a^)q-0. 

Suppose that Uj, a^ are functions of a parameter X. Eipiating the values 
of the quotient X'/X^ derived from the last two equations (140), we obtain the 
relation 

(141) (rf- »2) {z — + [(1 + p2) e + (1 q. g2) r - 2 pqs] (e - tig) + 1 + p 2 + qr2 = o. 

We shall obtaiif the desired e(iuation by elimin ating a i, a 2 , as from (140) and 
(141). From the first we derive 2 — Ug = J?/Vi + + 7^, and, replacing 2 — rq 

by this value in (141), we obtain the partial differential equation of the tubular 
surfaces. 


(142) (r(-42)K»+[(l+i)“)«+(l+«*)r-2i)9s]7lVl+pS+V*+(l+p“+7'^)®=0. 
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The geometric meaning of this equation is easily verified. It states that 
one of the principal radii of curvature of the surface is equal to It (I, § 242, 
2d ed ; § 241, 1st ed.). 

N^ote. Given a function of several variables which depends upon 
one or more arbitrary functions, it is not always possible, as in the 
two cases which have just been examined, to deduce from them 
one and only one relation, independent of the form of the arbitrary 
functions, between the independent variables, the function « and 
its partial derivatives up to a given order. Let us consider, for 
example, a function = F(jr, ?/, A’', T), where F is a given func- 
tion of the four arguments which appear in it, and where A' and 
y are arbitrary functions of the variables x and y respecjtively. The, 
live derivatives p, //, e, s, t of the first and second orders de])end 
ui)()n A', A', A", \\ y', y", and it is in general impossible to elimi- 
nate these six quantities from the six equations. But if we continue 
up to derivatives of the third order, we have, in all, ten relations 
containing eight arbitrary quantities, A, A', A", A’''', y, y'", 

and the elimination will lead to a system of two equations of the 
third order.* 

94. General existence theorem. The proof given for a system of 
partial differential equations of the first order (§ 25) can be extended 
readily to the most general systems of the normal form, studied by 
Mtidame Kovalevsky, I 



ra-.,., 





(143) - 

d'^'i z^ 
dj'{i 

= a-j, • 


*> • 



.dx[p 




• 7 


in which the right-hand sides contain the independent variables x^, 
0 * 2 , • • •, x„y the dependent functions the partial derivatives 

of up to and including those of order r^y the partial derivatives of 
z^ of orders up to and including those of order r^y • • •, and so on, 

* See Hermtte, Cours (T Analyse^ pp. 215-229. 

t Journal de Crelle, Vol. LXXX. In her proof, Madame Kovalevsky reduces the 
general ease to the case of a linear system of the first order, but for ns it will be 
sufficient to reduce the general case to the case of a system of the first order of any 
form whatever. 
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but none of the derivatives c'pzJZx'yP. We 

may then state the general theorem as follows : 

Regarding the quantities x^, . • x„, z.^, ■ ■ z^, 

I ^.rjs • - . ’ 

whwh appear in the fum^t ions ]\ as irulepemJent variables, Jet 

«1, • • •, K 

he any syetem of values of these uariuMes in whose neighborhood the 
fanctians h\ are analytie. On the other hand, let 


(144) 


‘ 

• •> Vi' \ 

^2* 4*1} * 

■ •) 

4>p} 4*]n 4*1} * 

• • * } 

} 'Vp 


he functions of the n 1 variables x.^, x^, . . x„, regular in the 

neighborhood of the point a^, and such that we have 




dx^t . . . 


for = a,^. Then the equations (14;^) have one and 

only one system of integrals, analytie in the neighborhood of the jwint 
{a^, • • - j <^^nd such that tee have, for x^ = a^. 






dx. 




arpi ~ 


(i = l,2,...,p) 


To i)rove tliis we observe first that the equations (143), and those 
which we obtain from tliein by successive differentiations, enable us 
to express all the jjartial derivatives of the dependent variables in 
terms of the independent variables, the dependent variables, and the 
partial derivatives + ’ . . . dx^^-, where < 7 \ for i = 1, 

'b ^ '*2 ^ ^ = P- This follows, step by step, 

by a process of reasoning exactly like that of § 25. Now the ini- 
tial conditions determine immediately for x^=: a^, • • •, x^ = the 
numerical values of the derivatives in terms of which all the 
others are expressible. Hence the coefficients of the developments 
in power series of the integrals whose existence we wish to prove 
can be cahmlated by the operations of addition and multiplication 
alone, in terms of the coefficients of the developments of the func- 
tions and of the functions of the array (144). 
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To finish the 2 )roof, it remains to establish the convergence of the 
power series thus obtained when the absulute values of the differ- 
ences Xi — are sufficiently small. We have already proved this 
convergence when all the numbers • • •, are equal to unity. 
We shall now show how to reduce the general case to this 2 )articular 
case by considering as dei>endent variables the functions 
and their iDartial derivatives up to those of order r,- — 1, inclusive, 
for = 1, 

Let us i)ut 


OJCp 


^0, 0, 


, 0 — ^i) 


The right-hand sides of the equations (143) contain the variables 
^ny dependent variables the new dependent 

variables, and certain derivatives of the first order of these new 
dependent variables. Ihit, by hyjmthesis, the derivatives of the varia- 
ble of order i\ whi(;h (^aii ap 2 )ear are different from the derivative 
'Vpo.o, 0 * Hencie at least one of the numbers • • •, is differ- 
ent from zero. If, for examine, > 0, we can rejdaco by 


when -b + • * • + = '^\y similarly for the others. We can 

therefore write the given eciuations (143) in the ecjuivalent form 


( 145 ) 


dz' 


r,-l, 0 . 0, . 




.), (/ = 1 , 2 ,..., 7 >) 


the right-hand sides containing only the independent variables and 
the dependent variables with some of the partial derivatives of the 
first order taken with resjject to one of the variables • • •, To 
these equations must be adjoined those which give the derivatives 
with resi)ect to of the new dependent variables, other tlian those 
which we have already written. If we have ctj-f- aj-f- • • • + ^ — 2, 

we can write immediately 


( 146 ) 




dx. 


+ OTj, ....O',? 


and we have -f- 1 -j- 4- • • • 4- ^ “ 1> right-hand 

side is one of the dependent variables. If we have 


a, + a, H +«» = »•( — 1> 
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we must suppose < i\ — 1, and, consequently, one at least of the 
numbers • • •, is different from zero. If, for example, we have 
^2 > 0, we shall write 


(147) 


dj\ 





and the right-hand side is the derivative with respect to of one of 
the auxiliaiy de])cMident variables. The equations (145), (146), and 
(147) form a noriiuil system of equations of tlie first order. Tlie 
initial (‘.onditions whicli must be satisfied by the integrals of this 
new syst(*m result iiiuiu'diately from the initial conditions imposed 
upon tlie integrals of the original system, and it is clear tliat the 
power series obtained for the integrals • • •, of the new sys- 

tem will be identi(;al with tlui power series obtained for the integrals 
of the given system. These series are therefore convergent (see § 25) 
in the neighborhood of the point (</j, * * *> <'«)• 


For oxaniplo, the equation of the second order r - /(ur, //, p, r/, .<», /) can be 
ret)hiccd by a system of three equations of the first order in the normal form, 


dz 

dx. 






dp __ 
dx 




^J\ '"''A 

<*//’ ey/ 


dq _ dp 
(X dy 


If it is rp(|uired that z = 0(y), dz/dx = ^(y), for jr = x^^, the integrals of the 
auxiliary system must reduce respectively, for x - to the functions ^(y), 


This general theorem does not furnish a reply to all the questions 
wliieh can be ])ro})osed on the existence of integrals of any system 
whatt^ver of partial ditfermitial eipiations, for it applies only to sys- 
tems in the normal form considered. The most general systems have 
been the subjtu't of a great number of studies, the most re(;ent of 
which, due to Tresst*, Kiquier, and Delassus, have led to the gen- 
eral solution of the following ])roblem ; Given a system of m j)artial 
differential eiiuations of any order in any number of independent 
and any numlHU* of de])endent variables, to determine whether this 
system has any int(‘grals and, if it has, to define the arbitrary quan- 
tities (eonsbints or functions) upon wdiich the integrals depend.* 

To sum U]), every partial differential oiiuation of any order in 
wliicdi lw>th sides are analytii*. functions of their arguments has an 
infinite numlier of analytii* integrals, but we cannot say, in general, 
as ill the case of ordinary differential eipiations (§ 2f)), that all the 


* The iiivestis^^iitimis of Riqiiicr have been col levied by him in his work Sur les 
syntemes d*tfquutionit aux dirlvies part idles (1910). 
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integrals are analytic functions of the independent variables. Wo 
have seen above (p. 25/), ftn.) that it is not true for an eijuation 
of the first order. It is, moreover, easy to see this by elementiiry 
examples such as the e(]uation p = 0, whose* general integral is any 
function of y. 

The methods of the calculus of limits do not apply to the non- 
analytic equations. Let us (*onsider, for example, the e<iuation 

(148) p -f //) = 0, 

where /(j*, y) is a continuous non-analytic- function satisfying the 
Lipschitz condition with re.spe(?t to y. We. liave proved in §§ 27~30 
that the differential equation 


has an infinite number of integrals which depend upon an arbitrary 
constant (\ In order to conclude from this, as in § .‘^1, tin* t'xistenci* 
of an integral of tin* (‘(piation (1 IS), it would be lu'cessary to ])rove 
that all these integrals are defined by an (*(pia.tion of the form 
y) = r, wluu-e tlie function ])()ssess(*s (continuous derivatives 
of the first order. We shall return to this question in the next 
volume. 


EXERCISES 

1 . Integrate the partial differential (‘(piatinns 

+ {£^z -t — 2ax'^j/z — 



(j — flj!/)p + (IflJ* - .v)7 ■- - 4/2 — IJO///. 


2. Find the genend equation of the suiiace.s wliich cut at right angloH tho 
spheres represented by the (Mjuation 

/’•^ + //^ + Z“ 0 , 

where a is a variable parameter. 

Deduce from the result obtained some .systems of three families of ortliogonal 
surfaces. 

3. It is recpiired to find the partial differential ec|uation (if tin* surfaces 
described by a straight line wiiich moves so that it always m(‘(*t« a fixed straight 
line at a given angle. Int(*grate tliis partial differential eciuation. 

[Lirenre, Paris, July, 1H78.] 

4 . Given a plane P and a poiiw O in the })lane, find the g(*neral equation of 
all the surfaces such that, if we draw tlie normal mn at any point m of om; of 
them meeting the plane P at n, and then the perpendicular mp to this jilane, 
the area of the triangle Onp will be equal to a given constant. 

[Licence, Paris, November, 1871. *| 
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6. The same question as in Ex. 4, supposing, however, tliat the angle nOp is 
constant. 

[Licence, Rennes, 1883.] 

6. Determine all the surfaces which satisfy the condition 

Op X mn = XOni^, 

where X denotes a given constant, O the origin of coordinates, m any point of 
one of the surfaces, p the foot of the perpendicular dropped from O upon the 
tangent plane at m, and n the trace of the normal on the plane xOy. 

[/licence, Paris, 1876.] 

7. Find the general equation of the surfaces such that if we draw the 
normal mn from any point m of one of them terminating in the jy-plane, the 
length mn will be ecpial to the distance On. 

[Licence, Poitiers, 1883.] 

8. Find the integral surfaces of the ecpiation 

xj/^p + x^yq = z (j;2 + ^2)^ 

Determine the arbitrary function in such a way that the characteristic curves 
form a family of asymptotic lines of the integral surfaces, and find the 
orthogonal trajectories of the surfaces thus obtained. 

[Lice^ice, Paris, July, 1904.] 

9. Consider a family of skew curves P represented by the two equations 

+ 2 i/2 = az^ x2 + i/2 + 22 = iz, 

where a and h are two variable parameters. 

1) Prove that these curves are the orthogonal trajectories of a one-parameter 
family of surfaces S ; 

2) Find the lines of curvature of these surfaces S ; 

3) Show that these surfaces form part of a triply orthogonal system, and find 
the other two families of this system. 

[Licence, Paris, July, 1001.] 

10. Form the partial differential equation which has the complete integral 
2/2 (j :2 a) = (2 4- by\ and integrate this c^iuation. 

11. Determine the surfaces such that the segment ?nr? of the normal included 
hetween the surface and the point of intersection n witli a fixed plane P pro- 
jects upon this pliino into a segment of constant length. 

12. Let n be the point where the normal at m to a surface meets the xy- 
plane. Find the surfaces such that the straight line On will be parallel to the 
tangent plane at m. 

[Licence, Poitiers, July, 1884.] 

13. It is required to detonnine the surfaces which cut at a given angle V all 
the planes passing through a fixed straight line. Show that the characteristic 
curves are the lines of curvature of the integral surfaces. 

14. The integral curves of the partial differential equation for which a com- 

ploto integral is ^ ^ = 0, 

where a and b are two arbitrary constants, satisfy the relation 

(tr* 4- dy^ = k^dz^. 
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15*. Every integral curve of a partial differential equation E(jr, j/, z, p, q) = 0, 
tangent at a point M to a generator G of the cone T with its vertex at 3/, 
has contact of the second order with every iiitegr.vl surface tangent at 3/ to the 
plane tangent along the generator G to the cone T. 

[Soi’iius Lik.] 

16. From a point M of a surface S a perpendicular MP is dropped upon the 
fixed axis 00', then from the point P a perpendicular PN upon the normal to 
the surface at 3f, It is recjuired to determine the surfaces N such that the 
length MN will be a given constant a. 

Study in particular the surfaces N which are helicoids having ()(/ for axis. 

[Licence, l*aris, October, 1908.] 


17. It is required to find the general form of the functions F(x, y, z, p, (/) 
such that the differential equations of the characteristic curves of the equation 
F = 0 will have the integrable combination d {q/p) = 0. 


Application. Determine the surfaces N such that the distance of any point 
M of one of them to the xy-plane is ecjual to the distance from the point O to 
the tangent plane to the surface at the point 3f. 


18. Given the partial differential eciuation 

(1) Pp + Qq - + i^z + T, 

where P, Q, P, S, T depend only upon the variables / and y, show that the 
anharmonic ratio u of any four particular integrals of the eejuation (1) satislies 
the equation 

+ <"->■ 

dx dy 


Knowing four particular integrals Zj, z.,, z.^, of the equation (I), can wo 
derive from them the general integral ? 


19. Parallel surfaces. Let 0 (jr, y, z) be an integral of the eciuation 

Prove that the equation ^(x, y, z) = C represents, in rectangular cofirdinatef^ 
a family of parallel surfaces. 

Note. We observe that the eejuation (E) has the complete integral 
^ = V(x — a)'^ 'V {y — + (2: — 

and the general integral is obtained by finding the envelope of the sphere of 
radius 9 whose center describes a surface or a curve. It is clear that by 
making the radius 9 vary we obtain a family of parallel surfaces. 

Conversely, in order that the equation u(x, y, z) = C shall represent a family 
of parallel surfaces, it is necessary and sufficient (Ex. 9, p. 42) that u(x, y, z) 
satisfy an equation of the form 

(S)’-(gy 

which we may reduce to the form (E) by putting 9 = 
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20. In order tlnat the expression dz Adx + Bdy sliall have an integrating 
factor independent of z, it is necessary and suDicient that it be of the form 

dz + zd<p e-4^d\f/, 

where 0 and 0 are functions of x and y. 

21. Apply the method of J. Bertrand (p. 232) to the equation 

Pdx + Qdy + if = 0, 

where P, Q, li are linear functions of x, y, z satisfying the condition of 
integrability. 

22*. (liven a comjdetely integratde systerii of the form 
dz -- pdx + //dy, 

dp (Uip + + (i.iZ)dx + (c^p + + c^z)dy, 

dq = {c^p + 4- c^z) dx + {h^p + b,^q + b^z)dy, 

where 6,*, r^ are functions of x and y, the general integral is of the form 
z = (j\z^ + f' 2‘^2 + where z.,, z., are three linearly independent inte- 
grals, and where C.^ are arbitrary constants.* 

23. Find the necessary and sufficient conditions in order that the equations 

be consistent. 

AppUaition. Find what condition the functions A (z, y), /i(z, y), C{x, y) 
must satisfy in order that the integral curves of the dilferential eipiation 
J d/*^ 4- 2 Pd/d// + Pdy**^ = 0 be the projections on the jy-plane of the two 
families of asymptotic lines of a surface. 


* Appki.l, ffoiirnal de IAouvUIp, .‘W series, Vol. VllI, p. 11)2. 



INDEX 


[Titles in itsilio are proper names ; nninbers in italic are papo numbers ; and num- 
bers in roman type are parsi^jraph numbers.] 


Abel ; 15 

Abelian integral : i.v, II 
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42 ; 110, 42 
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106, 02 
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00 ; 133, 07 
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Bertrand ; 41, ftn. ; 232, 80 ; 200, ex. 21 
Bertrand's method ; 333, 80 ; 200, 

21 

Bessel : 126, 40 ; 142, 52 ; 160, ex. 8 
Be.ssers equation : 126, 40 ; 142, 62 ; 

160, ex. 8 
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of similitude, 8^ 8 

Characteristic curves ; 76 ; 224^ 

77; 240, 85; 280, 86; 260, 86; 
201, 87 ; (’aucliy’s method : 240, 85 ; 
267, Note; 260, 86; 200, Note; 
201, 87 ; congruence of : 210, 76 ; 
220, 76 ; 222, 77 ; derivation from 
complete integral ; 260, 86 ; differen- 
tial ecpiations of ; 210, 76 ; 222, 77 ; 
224, 77; 261, 86; .see aUio Char- 
acteristic strip 

Characteristic developable surface : 

262, 86 ; 260, 86 ; 200, Note 
Characteristic direction; 26o, 86 
Characteristic e<iuation; 130,41 ; 130, 
60; 140, rA ; 143, 5S; 147. lA; 106, 
61; 100, 170, 66; elementary 

divisors: 132, ftn.; roots of: ISO, 
47 ; 131, 48 ; 130, 60 ; 140, Note 2 
Characteristic exponents: 147, 54; 
160, ISIS 

Characteristic numbers: 147, 64 
Characteristic strip : 162, 86 ; 260, 86 ; 
200, Note; 201, 87; differential 
ecpiation of : 202, 87 
Circles, differential e(iuation of ; .5, 1 ; 
of double contact with a conic: 
200, ex. 4 
Cissoid : 200, ex. 6 
Clairaut ; 17, 10 ; 41, ftn. ; 44, ex, 20 ; 

206, T2 ; 212, 74 ; 230, ex. 1 
Clairaut’s eijuation : 17, 10 ; 41, ftn. ; 
44, ex. 20; 206,72; generalized: 
212, 74 ; 230, ex. 1 
Clcbsrh : 207, 88 

Complete* int<*gral ; 236, 82 ; 239, 82 ; 
241, 8.8 ; 247, 84 ; 200, Note ; 277, 
1)1 ; 278, 02; generalization of the- 
ory: 00; geometric interpreta- 

tion: 238, 82; of i 11 volutory systems; 
277, 01 ; sec also Cauchy’s method 
arui Lagrange’s theory 
Complete systems: 207, 88 and 80; 
equivalent: 208, 80; Jacobian sys- 
tems; 200, 80; 270, 80; 271, ex.; 
276, 01 ; 278, 02; method of inte- 
gratitui; 270, 80; change of varia- 
bles; 207, 80 


Completely integrablc total differen- 
tial equations : 62, 24 ; 226, 78 ; 
system of equations ; 63, 24 ; sec 
aUio Condition for integrability 
(Complex of curves ; 260, 86 
Condition for incompressibility of a 
fluid ; 86, 33 

Condition for integrability of total 
differential equations: 62,24; 226, 
78 ; 230, 80 ; the bracket [?/, v] ; 
234, 81; 241, 83; invariance of; 
231, 80; involutory sy.stems, Pois- 
son’s parenthesis : 274, 01 ; the 
Iiarenthesis {u, r) ; 234, 81 
Conformal representation: 22, 13 
(k)ngruence of curves ; 200, 74 ; 210, 
76 ; 222, 77 ; focal points of, focal 
surface : 200, 74 ; 224, 77 ; see also 
Characteristic curves and Edge of 
regression 

Conical point: 267, 86 
Conics, differential equation of \ 6, \ ; 
having circles of double contact; 
200, ex. 4 

Conoids : 220, ex. 1 
Constant coefticients in differential 
equations: 117,43; (system of equa- 
tions) ; 167, .58; 100, 68; D’Alem- 
bert’s method ; 122, 44 ; 101, 68 
Constants of integration ; 74, 31 ; see 
also Elimination of constants 
Continuous one-parameter groups : 

87, .34 ; see also Croups 
Corresponding liomogeneous linear 
equation : 107, 30 
Cotton: 04, ftn. 

Covariant ; 80, Note 2 
(’remona transformation : 108, ftn. 
Critical points, algebraic ; 173, 63 ; 
183. 67; 109, 71 ; 201, 71; infinite 
number of; A’?, 7, ftn.; linear equa- 
tions : 129, 47 ; non-linear equa- 
tions; 173, 63; permutation of 
integrals about ; 129, 47 ; 133 , 49 ; 
transcendental : 197, 70 
Curves, asymptotic lines: 43, ex. 18; 
01, 85 ; 206, ex. 6 ; circles : see Cir- 
cles; cissoid: 206, ex. 6; complex 
of : 259, 86 ; congruence of : see 
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Congruence of curves; conics: see 
Conics; cycloid: 41, 20; edge of 
regression : ^09, 74 ; 74 ; MO, 

ex. 2; ji^.57, 85; elastic space curve: 
99, ex. 7; ellipse; AS’, 10; enve- 
lope : see Envelope; family of : 1 ; 

helices: 2^0, ex. 2; isothermal : 43, 
ex. 12; orthogonal ; 14,1 \ 33, 17 ; 
220, ex. 3 ; 223, 78; parabola: 0, 
1; parallel; 42, ex. 0; similar: 3, 
3; straight lines: 4, 1; trajectories: 
14, 7; 34, 17; 93, 30; nnicursal 
(juartic: ex. 2; 203, 72; see also 

Cusps Integral curves, Lines of 
Curvature, Locus 

Cusps of integral curves: 41, 20; 
201, 71 ; 202, 71 ; 203, 73; 212, 74; 
213, ex. 2 ; see also Locus of cusps 

Ikirhouxx 29, 10; 41, fin.; 43, 21; 
79, ftn.; 110 ftn. ; 203, ftn.; 213, 
ex. 2 ; 239, ftn. ; 233, 85 
Darboux’s theorems : 29, 10 
]rAlcnijl>erti 122, 44; 101, 58 
D’Alembert’s method : 122, 44 ; 101, 58 
Definite integrals as solutions, of Bes- 
sel’s ecpiation : 126, 40 ; 169, ex. 8; 
r)f Laplace’s equation : 124, 40 
DeUissus : 236, 94 

Depression of order; 36, 19; 109, 40 
Derivative in non-linear equations, 
infinite; 172, 03; indeterminate: 
173, 04 ; 177, 05 ; see also Briot and 
BoiKpiet’s equation and Briot and 
Boiuiuet’s theorem 
Developable surfaces; 240, 82; 237, 
85 ; 232, ex. ; see also Character- 
istic developable surfaces 
Differential equations: 3, 1; admit- 
ting a group of transformations: 
39, 35 ; 91, 35 ; 93, 30 ; 96, 30 ; 97, 
30 ; 93, ex. 4 ; algebraic ; 130, Oti ; 
132, 67 ; algebraic, of deficiency 
zero or one: 13,11; Bernoulli’s : 11, 
6 ; Bessel’B: 126, 46 ; 142, 52 ; 169, 
ex. 8; Briot and Bouquet’s: 173,04; 
Cauchy’s; 257, ex. 1; of character- 
istic curves; 219, 76; 222, 77 ; 224, 
77 ; 251, 85; of characteristic strip: 


262, 87; of circles; 5, 1; Clairaut’s; 
see Clairaut’s etj nation ; of conics 
(llalpi'cn’s method) : 3, 1 ; Dar- 
boux’s theorems: 29, 10; depression 
of order of: 36, 19; 109, 40; differ- 
ential notation: 7,2; elastic space 
curve: 99, ox, 7; eiiuations V{x,f/') 
= 0, = 0: 13, 11 ; Euler's: 

sec Euler's etpiation; Euler's liiu'ar: 
123, 45; (‘xistence theorems; see 
Existence theorems; of first order; 
6, 2; /.sv>, ()0; (liauss's: 140, 51; 
geometric representation of : 14, H; 
of higher order; 33, 18; 196, 70; 
homogeneous : .s’, 3 ; 16, ftn.; el3, 19 ; 
90, 35; of incompressible fluid : 34, 
33; integrals of: sec Integral curves. 
Integral surfaces, and Integrals; of 
isothermal curves; 43, ex. 12; Jaco- 
bi’s ; see Jacobi’s eijuation ; La- 
grange's: 16, 9; 204, 72; 2(f3, 72; 
Lamp’s: 146, Laplac(‘’s linear : 
124,46; Legendre’s: 1 12, ex,; lin- 
ear; 9, 4; 90, 35; Liouville’s ; 79, 
ex. 3; of the nth order: 4, 1 ; 6, 
2 ; 49, 22 ; 100, 37 ; order of ; 4, 
1; of orthogonal trajectories: 14, 
7 ; 33, 1 7 ; 223, 78 ; Painlev6's : 
196, 70 ; 197, 70 ; of parabolas : 6, 
1 ; with periodic coefficients : see 
Periodic coefficients; Picard’s: 143, 
53; r.aising order of; 41, Note; 
regular: 734,50; Uiccati's: .see Bic- 
cati's eijuation; of similar curves: 
3, 3; singular yioints of : .sec Singu- 
lar p(»int8; of straight lines: 4, 1; 
of trajectories: see Trajectories; see 
also special classes of differential 
equations and systems of equations 

Differential notation : 7,2 

Differential operators: 97, 36; 102, 
.38 ; 113, 41 ; bracket [u, v] : 234, 
81 ; 241, 83 ; the parenthesis {u, v) : 
234, SI; Poisstm’s parenthesis: 274, 
91; 97,36; 

266, 88 ; 273, 92 

Dixon : 44, ex. 21 

Dominant functions; 45,21 ;47, *12 ; 51, 
23 ; 52 , 24 ; 55, 26 ; 133, 60 ; 174, 64 
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Doubly periodic functions of the sec- 
ond kind : 145^ 53 

Edge of regression : 209^ 74 ; 212^ 74 ; 

240, ex. 2 ; 257, 85 
pjlastic space curve ; 99, ex. 7 
Element : 251, 85 ; 261, 87 
Eleinentaiy divisors ; 132, ftn. 
Elimination, of arbitrary functions: 
222, 77 ; 238, 82 ; 259, 80 ; 273, 1)0 ; 
278, 93 ; of constants : 3, 1 ; 208, 
74 ; 236, 82 ; 255, ftn. ; 272, 90 
Ellipsoid, lines of curvature of : 41, 
Note 

Elliptic functions: 23, 14; as coeffi- 
cients of a linear equation: 144, 
53 ; 146, 54 ; existence proof from 
Euler’s e(juation : 23, 14 ; 194, 69 ; 
as integrals: 19, ex. 3 ; 39, 20 ; 144, 
53 ; 192, 08 ; Picard’s eciuation : 
144, 53 

Envelope, of asymptotic lines: 206, 
ex. 0; of integral curves: 17, 10; 
203, 71 ; 204, ftn. ; 205, 72 ; 209, 74; 
213, ex. 8 ; of integral surfaces: 238, 
82 ; 281, 93 ; of straight lines : 18 , 10 
Equations of first order, higher order: 
see Differential equations and special 
classes of equations 
Equivalent complete systems: 268, 89 
Essentially singular points : 131, 47 ; 

134, 49; movable: 196, 70 
Euler: 19, 12; 23, 14; 27, 14; 28, 
15; 29, 16; 41, ftn. ; 43, ex. 17; 
117, 43 ; 123, 45 ; 194, 69 ; 205, 72 ; 
221, ex. 3 

Euler’s equation : 23 , 14 ; 28, 15 ; 41, 
ftn. ; 194, 69 ; 205, 72; Abel’s the- 
orem : 28, 15; existence of elliptic 
functions : 23, 14 ; 194, 09 ; La- 
grange’s integral of: 43, ex. 17; 
Stieltjes’s general integral : 27, 14 
Euler’s linear equation : 123, 45 
Euler’s relation foriiomogeneity : 221, 
ex. 3 

Exceptional initial values: 172, 63; 
173, 64 ; 177, 65 

Existence theorems : 45, 22 ; ^9^, ex. 
1 ; analytic integrals : see Analytic 


integrals and Briot and Bouquet’s 
method; calculus of limits: see 
Calculus of limits; for elliptic func- 
tions: 23, 14; 194, 69; for inte- 
grating factors: 57, 26; successive 
approximations: see Successive ap- 
proximations ; for systems of partial 
differential equations in normal 
form : 283, 94 ; see also Exceptional 
initial values 
Extended group : 94, 30 

First integrals: 74, 31; 76, 31 ; 81, 
32 ; 83, 32 , 157, 57 ; 216, 75 
Fixed singular points : 181, 00 ; 182, 67 
Floquet: 151, ftn. 

Focal point : 209, 74 

Focal surface: 209, 74, 224, 77 

Focus : 180, 65 

Fmlis: 134, 50 ; 139, ftn. ; 150, ftn. ; 
194, ftn. 

Fuchs’ theorem : 134, 50 
Functions defined by differential 
equations : 182, 67 

Fundamental characteristic ecpiation : 
139, 50 ; see also Characteristic 
equation 

Fundamental system of integrals: 
103, 38; 105, 38; 129, 47; 130, 47; 
147, 54; for a system of linear 
ecpiations : 153, 56 

Gauss: 140, 51 
Gauss's equation : 140, 51 
General integral : 1 ; 12, 7 ; 59, 26 ; 

74, 31 ; of homogeneous linear 
equations : 103, 38 ; 105, 38 ; of 
partial differential ecpiations: 217, 
75 ; 238, 82 ; 273, 90 ; of a system 
of equations : 57, 20 ; 152, 56 
Goursat: 5*J, ftn.; 170, exs. 14, 15; 

208, ftn.; 265, ftn. 

Group, differential eejuations admit- 
ting a : 89, 35 ; 91, 35 ; 95, 36 ; 96, 
36 ; 97, 30 ; 98, ex. 4 ; differential 
equations of a : 88, 34 
Grouiis, one-parameter continuous : 
86, 34; 91, 30; application to differ- 
ential equations : 89, 35 ; 96, 36 ; 
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57,36; functions admitting: 93, SQ; 
of infinitesimal transformations ; 
91, 36; 93, 36; invariants: 98, 36; 
similar: S3, 34; of translations: 
SO, 34 ; see also Transformations 

Ilalpheri : 5, 1 ; 115, 42 
Hedrick : i255, ftn. 

Helices : 3‘JO, ex. 2 ; 245, 83 
Helicoid: 220, ex. 2 ; 245, 83; line.s 
of curvature of : 91, 35 
llmnite: 09, ex. 7; 140, 53; 169, ex. 

8; 193, ftn.; 2S3, ftn. 

Homogeneity of functions, Euler’s re- 
lation : 221, ex. 3 

Homogeneous e<iuations: S, 3; 16, 
ftn. ; 3S, 19 ; 90, 35 
Homogeneous linear equations: 102, 
38; 107, adjoint equation, poly- 
nomial: 116, 42; analogies with 
algebraic equations: 113, 41; anal- 
ogies with the (lalois theory, with 
symmetric functions of roots : 115, 
41 ; auxiliary ecjuation, polynomial : 
117, 43 ; Hessel’s eijuation : 126, 46 ; 
142, 52; 169, ex. 8; common inte- 
grals of two etjuations; 114, 41; 
constant coefficients: 117, 43; 
(D’Alembert’s method): 122, 44; 
corresponding : 107, 39 ; critical 

points: 129, 47 ; depression of order: 
109, 40; elliptic coefficients: 144, 
53; 54; Euler’s linear equation: 

1 13, 45 ; Euchs* theorem : 134, 60 ; 
fundamental system of integrals: 
103, 38 ; 105, 38 ; 129, 47 ; Gauss’s 
eiiuatioii : 140, 51 ; general integral : 
103, 38 ; 105, 38 ; greatest common 
divisor : 113, 41 ; group of substitu- 
tions : 132, 48 ; 134, 48 ; invariants : 
115, 41 ; Lamp’s equation : 146, 53 ; 
Laplace’s equation : 124, 46 ; Legen- 
dre’s equation : 112, ex. ; linearly 
independent integrals : 103^ 38 ; 105, 
38 ; periodic coefficients : 128, 47 ; 
146, 54; 150, ex.; 151, ftn.; per- 
mutations of integrals around a 
critical point : 129, 47 ; Picard’s 
equation : 143, 63 ; ratio of two 


integrals: 169, ex. 10; regular: 134, 
50 ; regular integrals : 12S, 47 ; 131, 
47 ; 134, 49 ; relation to Uiccati’s 
equation: 111, 40; 112, ftn.; roots 
of integrals, Sturm’s theorem i 111, 
ftn.; solution as a definite inte- 
gral : see Definite integrals; system 
of : see System of homogeneous lin- 
ear equations; Wronskian: 129,41 \ 
see also Characteristic equation, 
(’liaracteristic numbers, and Char- 
acteristic exponents 
Uoiiel: 212, ex. 1 
ilyperclliptic functions: 193, 68 
Hypergeometric series : 140, 61 ; de- 
generate cases : 142, 62 

Identical transformation: tS’r9, 34; 91, 
36 

Incompressible fluid, condition for: 

S6, 33; invariant integrals: S4, 33 
Independent eciuations : 265, 88 
Indei)endent integrals: SI, 31; line- 
arly : 103, 38 ; 105, 38 
Infinitesimal transformations: S6, 34 ; 

5/, 36; 93, 36; 9S, 36 
Initial conditions: 45, 22 ; 4S, 22; 49, 
22; 50, 23; 52, 24; 53, 24; 61, 20; 
defining an integral : 100, 37 ; partial 
differential equations : 54, 25 ; 57, 
25 ; 214, 74 ; 221, 76 ; 246, 84 ; 2S4, 
94; see also Cauchy’s i)roblem. De- 
rivatives in non-linear etjuations, 
and Exceptional initial values 
Integrable combination : 77, 31 ; 7S, 
exs. 1,2; 220, 76 ; 245, 83 
Integrsil curves: 4, 1 ; 60, 26 and ftn.; 
61, 26 ; 79, Note 1 ; 173, ftn. ; 179, 
65 ; 199, 71 ; center : ISO, 65 ; cusps: 
«ce Cusps; envelope of: 17, 10; 203, 
71 ; 204, ftn, ; 205, T2 ; 209, 74 ; 213, 
ex. 8; focus: ISO, 65; in para- 
metric form : 16, 9 ; of a i)artial dif- 
ferential ecjuation : 257, 85 ; 258, 
ex. 2; 2S9, ex. 15; saddleback: 
179, 06 ; see also Integrals 
Integral equation : 61, 27 
Integral surfaces : 2 IS, 76 ; 219, 76 ; 
227, 78 ; 246, 84 ; 250, 86 ; 255, 85 ; 
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envelope of : ^38, 82 ; ^81^ 98 ; see 
also Cauchy’s problem and Integrals 
Integrals: Abelian: 11; analytic: 

see Analytic extension and Analytic 
integrals ; anharmonic ratio of : 

7 ; Cauchy’s problem : 246, 84 ; 264, 
87 ; complete : see Complete inte- 
gral; common to two linear equa- 
tions : 114, 41 ; defined by initial 
conditions : 100, 37 ; in form of 
definite integrals: see Definite in- 
tegrals; elements of: 251, 85; 261, 
87 ; elliptic functions : 19, ex. 3 ; 39, 
20; 144, 63; 192, 68; of equations 
of higher order: 196, 70; existence 
of : see Existence theorems ; first : 
see First integrals; fundamental 
system of ; see Fundamental system 
of integrals ; general : see General 
integral ; general properties of : 
100^ 37 ; hypergeometric series : 140, 
61 ; 142, 62 ; independent : 81, 31 ; 
initial conditions : see Initial condi- 
tions ; invariant : see Invariant inte- 
grals; Legendre’s polynomials: 112, 
ex. ; Lie’s enlarged definition : 264, 
Note; linearly independent: 103, 
38; 105, 38; non-analytic : seeNon- 
analytic integrals; particular i 3, \\ 
12, 7; 14,1) 20, V2) 107, 39 ; 109, 
40; periodic: 192, 68; permutation 
of integrals around a critical point: 
129, 47 ; 133, 49; rational functions: 
144, 6S; 192, 68; rational functions 
of constants: 10, 4 ; 12, 7 ; 186, 67; 
regular: 128, 47; 131, 47; 134, 49; 
roots of, Sturm’s theorem: 111, 
ftn.; singular: see Singular inte- 
grals; singular points: see Singular 
points; Wronskian: 129, 47; see 
also Integrable combination, Inte- 
gral curves, Integral surfaces, and 
special types of equations 
Integrating factors: 19, 12 ; 81, 32 ; 83, 
32 ; 96, 36 ; 98, exs. 3, 4 ; 115, 42 ; 231, 
80 ; 290, ex. 20 ; existence of : 57, 26 
Integration by raising order : 41, Note 
Invariance of conditionof integrability : 
231, 80 


Invariant functions : 93, 86 
Invariant integral : 8$, 33 ; of homoge- 
neous linear equations : 115, 41 ; of 
incompressible fluid: 84, 33; line 
and surface: 84, 33; multiple: 85, 
33 ; volume : 86, 33 
Involutory systems: 274, 91; com- 
plete integral : 277, 91 ; Jacobi’s 
method : 277, 92 ; Poisson’s paren- 
thesis : 274, 91 

Isothermal curves : 43, ex. 12 

Jacobi: 11,6; 25, 14; 32, 16; 74,31; 
81, 32 ; 163, 60 ; 269, 89 ; 270, 89 ; 
271, ex. ; 275, 91 ; 277, 92 ; 278, 92 
Jacobi’s equation: 11, 6; 32, 16; re- 
lation to a system of homogeneous 
linear equations : 163, 60 
Jacobi’s method, involutory systems: 
277, 92 

Jacobi’s multipliers: 74, 31 ; 81, 32 
Jacobian system : 269, 89 ; 270, 89 ; 
271, ex. ; 275, 91 ; 278, 92 

Kovalevsky, Madame : 45, 21 ; 283, 94 
and ftn. 

Lagrange: 16, 9 ; 41, ftn. ; 43, ex. 17 ; 
107, 39; 109, ftn.; 115, 42; 203, 
71 ; 204, 72 ; 205, 72 ; 213, ex. 4 ; 
236, 82 ; 239, 82 ; 240, 83 ; 241, 83 ; 
251, 85 ; 255, ftn. ; 258, ex. 1 ; 259, 
86 ; 277, 92 

Lagrange and Charpit’s method : 240, 
83 ; 277, 92 

Lagrange’s equation : 16,6; 204, 72 ; 
205, 72 

Lagrange’s integral of Euler’s equa- 
tion: 43, ex. 17 

Lagrange’s method : 241, 83 ; 251, 85 
Lagrange’s method of the variation of 
constants : 107, 39 ; 109, ftn. ; 255, 
ftn. 

Lagrange’s theory of the complete in- 
tegral : 236, 82 ; 239, 82 ; 258, ex. 
1 ; 259, 86 
Laguerre : 115, 41 
Lam^ : 146, 63 
Lamp’s equation : 146, 63 
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Laplace: 124, 4^; 127, Note 
Laplace's linear equation: 124, 46; 
127, Note 

Legendre : 16, ftnl ; 28, 16 ; 112, ex. 
Legendre’s equation ; 112, ex. 
Legendre’s polynomials : 112, ex. 
Legendre’s transformation : 16, ftn. 
Leibnitz : 118, 43 
Leibnitz’s formula : 118, 43 
Liapunof : ISl, 66 and ftn. ; 166, 62 
Lie : 43, ex. 12 ; 86, ftn. ; 98, 36 ; 

264, Note ; 280, ex. 16 
Lie’s enlarged definition of the inte- 
gral : 264, Note 

Lie’s theory of differential ecpiations : 

86, 34 ; see also Groups 
Lindelofz 61, 27 ; 98, ex. 1 
Linear equations : 0,4 \ 90, 36 ; WO, 
37 ; W6, 30 ; 186, 67 ; coefficients 
depending upon a parameter: 65, 
Note ; depression of order : 109, 40 ; 
general properties of integrals : 100, 
87; see also Homogeneous linear 
equations, Integrals, Non-homoge- 
neous linear equations. Partial differ- 
ential equations, and Singular points 
Linearly independent functions : 103, 
38 ; integrals : 103, 38 ; 105, 38 
Lines of curvature: 206, 72; of an 
ellipsoid : 41, Note ; of a helicoid : 
91, 36 

Liouville : 79, ex. 3 
Liouville’s e(iuation : 79, ex. 3 
Lipschitz ; 68, 30 ; 287, 94 
Lipschitz condition ; 68, 30 ; 287, 94 
Locus, of characteristic curves: 219, 
76; of cusps of integral curves: 
201, 71 ; 202, 71 ; 206, 72 ; 208, 73 ; 
212, 74 ; 213, ex. 2 ; of points of 
inflection of integral curves: 213, 
ex. 2. 

Mayer: 229, 79 
Mayer’s method : 229, 79 
M4ray : 45, 21 
Moigno : 68, 30; 212, ex. 1 
Monge : 41, Note 

Monge’s method of finding the lines of 
curvature of an ellipsoid : 41, Note 


Movable singular points : 181, 66 ; 
185, 67; 197, 70 and ftn.; for 
equations of higher order : 196, 70 ; 
essentially singular: 196, 70; lines 
of : 197, 70 ; poles : 197, ftn. ; tran- 
scendental critical points : 197, 70 

Multipliers : 74, 31 ; 81, 32 ; 85, 33 

Non-analytic integrals : 50, 22 ; 255, 
ftn.; Briot and Bouquet’s theorem : 
175, 64 ; 176, 64 ; 177, 64 ; 178, 66 ; 
see also Analytic integrals amd Briot 
and Bouquet’s method 

Non-homogeneous linear equations : 
100, 37; 106, 39; analytic exten- 
sion of integrals : 101,37; Cauchy’s 
method: 108, 30; 109, ftn.; con- 
stant coefficients : 120, 43 ; corre- 
sponding homogeneous equation : 
107, 39 ; depression of order : 110, 
40 ; general integral : 107, 39 ; La- 
grange’s method of the variation of 
constants: 107, 3^\ 109, ftn.; singular 
points: 37 ; system of equations: 

see Systems of non-homogeneous 
linear equations 

Non-linear di^ercntial e(iuations, 172, 
63; 179, 66; algebraic equations of 
the first order : 180, 66 ; 182, 67 ; 
Briot and Bouquet’s problem : 193, 
ftn.; having .single- valued inte- 
grals: 187, 68; 192, 68; 193, ftn.; 
exceptional initial values: 172,33; 
(derivative infinite): 172, 63; (de- 
rivative indeterminate) : 173, 64 ; 
177, 66 ; integrals ; see Envelope of 
integrals, Integral curves, Integrals, 
Locus of cusps, and Singular inte- 
grals ; functions defined by y' = 
H(x, y): 182, 67; non-analytic inte- 
grals: see Non-analytic integrals; 
singular points: see Critical points, 
Fixed singular points. Movable sin- 
gular points, Singular points; sys- 
tems of: 208, 74; see a&o Equations 
of Briot and Bouquet, Clairaut, 
Euler, Lagrange, and Riccati 

Normal form of a system of partial 
differential equations : 283, 94 
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Order of a differential equation : 4^1; 
depression of ; 36, 19 ; 109, 40; first 
order : 6,2; ISO, 66 ; higher order, 
nth order; 4,1; 6,2 ; 36, 18 ; 196, 
70; integration by raising order: 
41, Note 

Orthogonal trajectories; 14, 7; 33, 
17; 220, ex. 3; 228, 78 
Orthogonal surfaces : 223, 77 

Painlev^i 59,ttn»; 74,80; 196, 70; 

197, 70 ; 213, ex. 7 
Painlev^’s equation: 196, 70; 197, 
70 

Parallel curves : 42, ex. 9 
Parallel surfaces : 289, ex. 19 
Parenthesis (u, r) ; 234, 81 ; Poisson’s ; 
274, 91 

Partial differential equations ; 76, 31 ; 
of first order; see Partial differential 
equations of the first order; of 
higher order; 278, 93; (system of 
equations): 283, 94; of ruled sur- 
faces ; 280, ex. 1 ; 281, ex. 2 ; of 
tubular surfaces : 240, ex. 3 ; 282, 
ex. ; see also Systems of differential 
equations and Existence theorems 
Partial differential equations of the 
first order, linear ; 75, 31 ; 214, 76 ; 
characteristic curves; see Character- 
istic curves ; of conoids : 220, ex. 1 ; 
general integral: 217, 76; geomet- 
ric interpretation : 218, 76 ; general 
method of integration ; 214, 76 ; of 
helicoids: 220, ex. 2 ; 245, 83; initial 
conditions, 221, 76; integral surface: 
218, 76 ; 219, 76; singular integral, 
surface : 224, 77 ; see also Systems 
of differential equations 
Partial differential equations of the 
first order, non-linear; any num- 
ber of variables ; 261, 87 ; Cauchy’s 
equation : 257, ex. 1 ; Cauchy’s 
method : 249, 86 ; 259, 86 ; 260, 
Note; (extended); 87; Cauchy’s 
problem : 246, 84 ; characteristic 
curves, characteristic developable 
surface, characteristic direction, 
characteristic strip: see these titles; 


Clairaut’s equation, generalized : 
239, ex. 1 ; complete integral : 236, 
82, and see also Lagrange’s theory ; 
element: 251, 86; envelope of sur- 
faces: 238, 82; general integral: 
238, 82; integral. Lie’s enlarged 
definition : 264, Note ; integral 

curves: 257, 85; 289, ex. 16; La- 
grange and Charpit’s method : 240, 
83; ;^77, 92; separation of variables: 
244, ex. 3 ; singular integrals : 224^ 
77; 237, 82; 238, ftn. ; 272, 90; 
three variables : 236, 82 ; see also 
Involutory systems 
Particular integral, solution : 3, 1; 
12, 7; 14, 7; 20, 12; 107, 39; 
109, 40 

Periodic coefficients : 128, 47 ; 146, 
64 ; 150, ex. ; 151, ftn. ; elliptic : 
144, 53; 146, 54; Picard’s equa- 
tion : 144, 63 ; system of linear 
equations: 164, 61 ; 166, 62 
Picard: .5.9, ftn.; 61, 27; 74,30; 115, 
42 ; 144, 63 ; 177, 64 
Picard’s equation : 144, 63 
Picard’s method of successive approxi- 
mations : see Successive approxima- 
tions 

Poincar^: 83,88; 126, ftn.; 15 1, ftn.; 

177, 64 ; 180, 66 ; 194, ftn. 

Poisson ; 274, 91 ; .^77, 92 
Poisson’s identity : 277, 92 
Poisson’s parenthesis : 274, 91 
Poles of integrals : 143, 53 ; 183, 67 ; 

185, 67 ; movable ; 186, 67 ; 197, ftn. 
Properties, of differential equations of 
higher order : 196, 70 ; of e^, tan x ; 
213, ex. 6 

Quadratures : 7, 2 ; 10,4; 12,7 ; 13, 
7; 14,7; 16,9; 19, 12 ; 78, 31 ; 7.9, 
Note 1 ; S3, 32 ; 90, 36 ; 108, 39 ; 
no, 40 ; 111, 40 ; 154, 66 ; 278, 92 

Baffy : 44, ex. 21 

Katio, of similitude; ^,3; of two 
integrals : 169, ex. 10 
Rational functions, of constants as in- 
tegrals : 10, 4; 12, 7 ; 186, 67 ; of 
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variables as integrals ; i44, 63 ; 192^ 
68 

Reducible systems : 165^ 62 
Regular differential equations: 134^ 
60 

Regular integrals : 128^ 47 ; JSl^ 47 ; 
134^ 49 ; Euchs’ theorem : 134^ 50 ; 
substitutions : 132^ 48 ; 134^ 48 
Riccati : 7 ; i5, ftn. ; 43, ex. 13 ; 

79, i)X.2; 111,40] 113, 40 and ftn.; 
245, Note; 7.57,67; i6\9,ex. 9; 170, 
ex. 16; 18G, 67; 187, 67 and ftn.; 
194, ftn.; 197, ftn.; 213, ex. 7 
Riccati’s equation : 12,1 \ 43, ex. 13 ; 
7.9, ex. 2; 111,40 ] 22;?, 40 and ftn. ; 
143, Note ; 157, 67 ; 1G9, ex. 9 ; 170, 
ex. 16; 181, 67 and ftn.; 18G, 67; 
194, ftn.; 213, ex. 7; generalization 
of: 2.97, ftn.; linear transformation 
of : 13, ftn.; relation to linear equa- 
tions; 111, 40; 112, ftn. 

Riqwier ; 45, 21 ; 28G, 94 and ftn. 
Roots of characteristic equation : 130, 
47 ; 131, 48 ; 139, 60 ; 149, Note 2 ; 
elementary divisors : 132, ftn. 

Roots of integrals : Sturm’s theorem : 
111, ftn. 

Ruled surfaces ; 280, ex. 1 ; 281, ex. 2 

Saddleback : 27.9, 66 
Sauvdge : 132, ftn. 

Schlbmilch ; 212, ex. 1 

Separation of varia))les : G-;'^ 8, 3 ; 

19, 12 ; 244, ex. 3 
Serret : 212, ex. 1 ; 213, ex. 3 
Similar curves ; 8, 3 
Similar groups : 88, 34 
Single-valued integrals : 144, 63 ; of 
(y')m = u classification of equa- 
tions ; 187, 08 ; 192, 68 ; 193, ftn. 
Singular integral, curve, surface : 27, 
10 ; ;^7, 14 ; 7G, ftn. ; 198, 71 ; 202, 
71 ; 205, 72 ; 206, 72 ; 208, 74 ; 210, 
74 ] 224, 77 ; 237, 82 ; 255, ftn.; as 
an envelope : 203, 71 ; 238, 82; geo- 
metric interpretation : 207, 73 
Singular integral, curves and surfaces: 
determination of : 205, 72 ; of first- 
order equations : 198, 71 ; 202, 71 ; 


206, 72 ; geometric interpretation : 

207, 73 ; of partial differential equa- 
tions : 224, 77 ; 237, 82 ; 238, ftn. ; 
272, 90 ; of a system of equations : 

208, 74 ] 210, 74 

Singular lines, movable : 197, 70 
Singular points ; algebraic critical 
points : 173, 03 ; 183, 67 ; 184, 67 ; 
201, 71; Briot and Bouquet’s theo- 
rem; 17G, 04; center: 180, 65; of 
equations of the first order: 180, 
66 ; essentially ; 131, 47 ; 134, 49 ; 
essentially singular movable ; 190, 
70 ; fixed ; 181 , 66 ; 182, 67 ; focus ; 
ISO, 65; of linear equations; G5, 
28 ; 100, 37 ; 129, 47 ; 140, 61 ; 142, 
62 ; 245, 53 ; indeterminate deriva- 
tive ; 275, 64 ; infinite derivative : 
172, 63 ; infinite number of critical 
points: 185, ttn.; movable; .see 
Movable singular points ; poles x 131, 
47 ; 143, 63 ; 244, 63 ; 183, 67 ; 184, 
67 ; 185, 67 ; 2.97, ftn. ; saddleback ; 
179, 66 

Solution ; see Integral 
Star ; 6*7, 29 
Stationary flovr : 86, 33 
StieUjes: 27, 14 

Stieltjes’s general integral of Euler’s 
equation : 27, 14 

Straight lines, differential eipiation 
of : 4, 1 

Stamii 111, ftn. 

Sturm’s theorem : til, ftn. 
Sub.stitutions ; linear equations : 129, 
47 ; 132, 48 ; 134, 48 ; canonical 
form ; 131, 48 ; 132, 48 ; system of 
linear equations, canonical form : 
165, 61 ; Wronskian : 129, 47 
Successive approximations : Gl, 27 ; 
analytic functions; 66, 29 ; 102, 87 ; 
175, 64 ; Cauchy-Lipschitz method : 
61, 27 ; 68, 30 ; 74, 80; Cauchy’s first 
proof; 68, 30 ; 75, 30; coefficients 
functions of a parameter : 65, Note ; 
Lindelof’s addition: Gl, 27; linear 
equations; 64, 28; Lipschitz condi- 
tion ; 68, 30 ; 287 , 94 ; non-analytic 
integrals; 175, 64; real variables; 
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61, 27; 62, 27; 6S,30; 7S, 30 ; 150, 
65 ; star : 67, 29 

Surfaces, conoids: 220, en, 1; develop- 
able: 240, 82; 257, 86; 282, ex.; 
ellipsoid : 41, Note ; focal ; 209, 
74 ; 224, 77 ; helicoids : 220, ex. 2 ; 
245, 83 ; orthogonal : 223, 77 ; par- 
allel : 280, ex. 19 ; ruled : 280, ex. 
1 ; 281, ex. 2 ; tubular : 240, ex, 3 ; 
282, ex. ; see also Characteristic de- 
velopable surfaces, Envelopes, and 
Integral surfaces 

Symbolic polynomial : 113, 41 ; IIG, 
42; 118,43; divisor: 114,41; great- 
est common divisor : 113, 41 

Systems of differential equations : 60, 
26; 74, 31 ; 79, Note 1; covariant: 
80, Note 2; existence theorem: 
see Existence theorem; first inte- 
grals: see First integrals; general 
integral: 57, 26; integral curve: 
60, 26; invariant integrals: see 
Invariant integrals ; multipliers : 
74, 31 ; 81, 32 ; 85, 38 ; singular inte- 
grals : 208, 74 ; see also Integrable 
combination, Systems of homoge- 
neous linear equations, and Systems 
of non-hoinoge neons linear equations 

Systems of homogeneous linear equa#- 
tions : 152, 66 ; adjoint system : 

156, 67 ; 166, 62 ; auxiliary equa- 
tion : 158, 68 ; canonical form : 
161, 69; 165, 61; 179, 06; con- 
stant coefficients ; 157, 68 ; 160, 
58; (D’Alembert’s method); 161, 
68; fundamental system of inte- 
grals : 158, 66 ; periodic coefficients : 
164, 61 ; 166, 62 ; reducible systems : 
165, 62; relation to Jacobi’s equa- 
tion: 163, 60; substitutions : 165, 61 

Systems of non-homogeneous linear 
equations: 154, 66; Cauchy’s 

method: 15^, ftn.; existence theo- 
rem : 50, 23 

Systems of partial differential equa- 
tions : of first order : 272, 90 ; nor- 
mal form, general existence theo- 
rem : 283, 94 ; see also Existence 
theorems, Involutory systems, and 


Systems of homogeneous linear par; 
tial differential equations of the first 
order 

Systems of partial differential equa- 
tions, homogeneous linear equa- 
tions of the first order: 265, 88; 
independent equations; 265, 88; 
-^ [!"(/)] - 1"[X(/)] : 266, 88 ; see 
also Complete systems ^ 

Tannery : 139, ftn. 

Taylor: 35, 18 

Total differential equations; 5i, 24; 
225, 78 ; 241, 83; 276, 91; Ber- 
trand’s method ; 232, 80 ; 290, ex. 21 ; 
completely integrable : 52, 24 ; 225, 
78; existence theorem: 51 , 24; 
geometric interpretation: 227 , 78; 
integral surface: 227 , 78; Mayer’s 
method : 22 . 9 , 79; method of inte- 
gration: 225 , 78; 232 , 80; Pdx + 
i^dy -f Rdz =0 : 230, 80 ; see also 
Condition of integrability 

Trajectories; 13, 7; 74, 7; 34, 17 ; 
93, 36 

Transcendental critical points : 197,70 

Transformations : 82, 32 ; 83, 32 ; 
84, 33 ; admitting a group of : 89, 35 ; 
96, 36 ; of complete systems : 267, 89 ; 
covariants; 80, Note 2; Cremona; 
198, ftn.; extended group of ; 94, 36 ; 
identical ; 88, 34 ; 91, 36 ; infinites- 
imal ; 86, 34 ; 91, 30 ; 93, 86 ; 98, 86 ; 
inverse; 89, 34; Legendre’s: 16, 
ftn.; of linear equations; 115, 41 ; 
162, 59 ; of liiccati’s equation ; 13, 
ftn. ; see also Groups and Invariants 

Tressei 286, 94 

Tubular surfaces: 240, ex. 3 ; 282, ex. 

Unicursal qiiartic : 19, ex. 2 ; 205, 72 

Variation of constants : 107, 39 ; 109, 
ftn. ; 255, ftn. 

Weieratrass : 45, 21 ; 182, 48 and ftn. 

Weierstrass’s elementaiy divisors : 
132, ftn. 

Wronskian : 129, 47 







